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On a generalization of Euler constant in connection to
di-Gamma function

LASzZLO BALOG

ABSTRACT. In this paper we study the sequences {zn}, {yn } defined for each n > 1 by

1 1 1 a+n
(0.1) Ty = — + + -4 7111( +b>,
a a+1 a+n—1 a
and
1 1 1 a+n—1
0.2 = - —1 b,
02) Yn a+a+1+ +a+n—1 n( a +)

1
where a € (0,+00) and b € {0, 2—} ,in connection to Gamma and di-Gamma function.
a

Our results generalize some previous ones in [Berinde, V. A new generalization of Euler’s constant, Creat.
Math.Inform. 18 (2009), No. 2, 123-128] and [Santamarian, A., A generalization of Euler constant, Mediamira,
Cluj-Napoca, 2008] and are inspired from the paper [Mortici, C., Improved convergence towards generalized Euler-
Mascheroni constant, Appl. Math. Comput., 2009, doi: 10.1016/j.amc.2009.10.039].

1. INTRODUCTION

The Euler-Mascheroni constant, v, is the limit of the sequence (H,, —Inn), -, where
H,, is a harmonic number, so
n 1
Vznlgrréo Z% —Ilnn

k=1

1 1
(1.3) Yn=14+=-+...+——Inn, n>1,
2 n

is convergent, since (7;,),,~ is decreasing and bounded, with
O0<y <1, n>1.

The sequence (7,,)n>1 and the constant v have numerous applications in many areas
of mathematics and science in general, as analysis, theory of probability, physics, applied
statistics, special functions, or number theory. But, the sequence given by (1.3) is slowly
convergent to 7. To compute the value of Euler-Mascheroni constant it is required the
study of some inequalities. Examples of such inequalities are mentioned below

1
14 <
(14) mrl TV g,
1 1
15 < —,
(1.5) 2(n+1)</y TS o
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14 L. Balog

where n > 1. There are many attempts to improve the inequalities which approximate
the value of v, for the detailes see [6, 5, 3] and there in bibliography.
It is well known that the sequence

1 1 1 a+n—1
-+ + ...+ —1In
a a—+1 a+n—1 a n>1

is convergent for all a € (0,00). Therefore, we can define the function v : (0,00) — R
given by

1 1 1 a+n-—1
1.6 = li -+ —+... -1
(1.6) 7 (a) n1—>n;o(a+a+1+ toa o T, )
It is easy to see that
v (1) =7
Using the sequences with general terms given by
1 1 1
(1.7) Tpn=—+ +...+ —1na+n,nzl7
a a+1 a+n—1 a
respectively
1 1 1 a+n—1
1.8 n = — -1 , n>1
(18) Y a+a+1 +a+n71 . a "

in [7] are proved the following inequalities
a) Tp < Zpy1 <v(a) < Yng1 < yn foralln >1

1 1 1
b) O<—ln(1+)<'y(a)<foralla>0
a a a

1
—ry, < — f >1
C) St a) <v(a)—z <2(n+a—1) or every n >
1 1
d) —— <y, — — > 1.
) 2(n+a)<y 'y(a)<2(n+a_1) or every n >
Much more, we have
. 1
(1.9) Jim nly(a) —an] =5
(1.10) lim 1 [y, — 7 (a)] =+
: Jimnfy, —v(a)] = 5
(1.11) lim n? [z —v(a)}:1
’ n—o0 " 6’
where
zn:$”+y”:1+ ! + ...+ ! —ln\/(a+n_1)(a+n), n > 1.
2 a a+1 a+n-—1 a

The above equalities ensure that the order of convergence of (z,,),>1 and (¥, )n>1 is the

1
same as of the sequence () , while the order of convergence of (z,),>1 is the same
n n>1 B

1
as of the sequence (n?>

n>1
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2. A GENERALIZATION OF EULER-MASCHERONI CONSTANT
In this part of the paper, following the ideas from [2, 3, 5], we enrich the inequalities

from above.
Recently, V. Berinde [3] introduced the sequences with general terms given by

1 1 1
212)  wn(ab) =~ + SR R L
a a-+1 a+n—1 a
respectively
1 1 a+n—1
2.1 n (a,b) = — it ——— —In|{——+b), n>1
(213) Yn (a,0) a+a—|—1+ +a—|—n—1 n( a +> "

The sequences {z;, (a,b)},~, and {y, (a,b)},-, are both convergent to ~ (a,b) for all

1
a>0andb e [O, 2@} . We have the next results:

Theorem 2.1. Let {x,, (a,b)}, 5, and {y, (a,b)},~, be the sequences given by (2.12), respec-
tively (2.13). The next inequalities

a) xn (a,b) < zpy1 (a,b) < y(a,b) < ypt1 (a,b) < yn (a,b) for every n > 1;
b) 0<1—ln <1+b+1> <7 (a,b) < 1—1n(1—+—b)f0ralla>0;
a a a
hold.

Remark 2.1. For b = 0 we have
7(a,0) = v(a).
Remark 2.2. Fora = 1 and b = 0 we have

7(1,0) =~(1) = 7.

1
Remark 2.3. Fora=0and b = 3 from (y,)n>1 we have

1 . 1 1 1

This limit was used by De Temple [4] to construct a sequence convergent to v with the

1
same order of convergence as the sequence | — .
n
n>1

Theorem 2.2 (Berinde [3]). Let a € (0, 00) and (ay,)n>1 given by

1 1 1 a+n—1 1
an = — + ot ——— —In[ ——+ — ).
a a+1 a+n—1 a 2a

Then (ay)n>1 is convergent to y(a) and the next inequlities

(2.14) v(a) < apg1 < ap, n>1
hold.

The order of convergence to {z,, (a,b)},>, and {y, (a,b)}, >, is given in the next result

Theorem 2.3. The following equalities

(2.15) lim n(y(a,b) —z,(a,b)) = E + ab,

n—0o0 2
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. 1
(2.16) Jim 7 (yn(a,0) = (a,0)) = 5 —ab
hold.

In that follows, we construct some sequences of type (2.12), respectively (2.13), to estab-
lish bounds for the « function. A general class of these type of sequences where proposed
by Mortici [5] and are

n—2

1 +n—1
(2.17) ﬂn(a,b,c)zza+k+a+2_l—ln<aZ+b>, n>1,
k=0

where a, b, c are real constants which fulfil some requirements.
We will construct {o, (a,b)},~; an increasing sequence, respectively {f, (a,b)},~; a
decreasing sequence, which converge to 7 (a, b) and

(2.18) n (a,b) < an(a,b) <7 (a,b) < fn(a,b) <yn(a,b), n=>1.

To construct the sequence {f, (a,b)}, -, we use a general form

n—1
1 a+n—1 k (a,b)
2.19 n (a,b) = - —1 b|+————, n>1,
e men=% n( " +)+a+n_1 0
where the function & (a, b) is such that we can obtain increasing and decreasing sequences
which converge to 7 (a, b).

Remark 2.4. If £ = 0, then

Bn (a,b) =y (a,b),n > 1.
1
Remark 2.5. For k (a,b) = —5 we get the sequence studied in the paper of Santamarian

[8].

1
We consider k (a,b) = 3~ ab, wherea > 0and 0 < b < i So, we have the sequence
(up (a, b))n21 given by
n—1
(2200 un(a,b) =Y L : —1n<“+”1+b) PN (;—ab>, n>1,

k:Oa—i— a a+n—1

Lemma 2.1. The sequence (uy, (a, b)), given by (2.20) is decreasing.

Remark 2.6. For b = 0 we obtain

1 a+n—1 1
2.21 n=— -1 , n>1
@21) “ aJra—i—lJr Jra—i—n—l . a +2(a—|—n)—2 "=
The sequence (uy,),,~; given by (2.21) is used to proove the inequalities
1 1

o/ N < n - < a7/ 14\ 2 ]‘)

2(n+a) yn=v(a) 2(n+a—1) "
where y, is given by (1.8).

We consider k (a,b) = —% + ab, where a > 0 and 0 < b < 5-. So, we have the sequence

(vn (a, b))n21 given by

n—1
1 +n—1 1 1
2.22) vn(a,b)_za_i_kln(az+b)a+n_1-<2ab>,n21,
k=0
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Lemma 2.2. The sequence (vy, (a, b)), given by (2.22) is increasing.
Now, we can establish the next result

Theorem 2.4. The sequences {yn (a,b)}, >, {un (a;b)},5, and {v, (a,b)},~, with general
terms given by (2.13), (2.20), respectively (2.22), are all convergent to -y (a,b). Moreover, the
inequalities

(223) Un (a7 b) < Un+41 (a7 b) <7 (a7 b) < Up (a7 b) < Unp+1 (aa b) , n>1,
(2.24) Up (a,0) < yn (a,b) <up(a,b), n>1.
hold.

In order to complete the inequalities from (2.18), we construct an increasing sequence
{an, (a,b)},,~, - To do that, we consider the general form

n—1
1 a+n h(a,b)
. n 5 = N _1 ) Z 1a
(2.25) ap (a,b) ;aJrz n< . +b>+a+n n
where the function h (a, b) is such that we can obtain increasing and decreasing sequences,
convergent to v (a, b).
Remark 2.7. If h = 0, then
ap (a,b) =z, (a,b) ,n > 1.

If we consider h (a,b) = 3 — ab then we obtain the sequence (w,, (a, b)), >, with the

general term given by

n—1

1 a+n 1 1
2.26 n(a,b) = —1 b | =z—ab), n>1,
(2.26) wy, (a,b) I;)aJrk n( P +>+a+n (2 a) n

Lemma 2.3. The sequence (wy, (a,b)),,, given by (2.26) is increasing.

Remark 2.8. For b = 0 we obtain a new sequence (wy,),,~, with

1+ 1 I 1 1 a+n+ 1 > 1
Wy, = — —1In , n>1
a a+1 a+n—1 a 2(a+n)

This one was used to prove the inequlities
1 1
Smta) <7v(a)—zy < I CE—
where x,, is given by (1.7).

Theorem 2.5. The sequences {x,, (a,b)},~, and {wy, (a,b)},  with genereal terms given by
(2.12), respectively (2.26), are both convergent to ~ (a,b). Moreover, the next inequalities

(227) wn (@,5) < wns1 (@,5) < (), n>1,
(2.28) Zn (a,b) < wp (a,b), n>1
hold.

From Theorem 2.4 and Theorem 2.5 we obtain that

(2.29) 2o (a,0) < w, (a,0) < 7 (4,0) < Y (a,5) < wn (0,0), 0> L.
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3. SOME GENERALIZATIONS OF ~y

1
Theorem 3.6. Let a € (0,400) and b € [O, 2| We consider the sequences {uy,}, {v,} given
a

by
1 a+n+ab

(3.30) Up = (1 + a+n+ab> foralln >1
and

1 a+n+ab+1
(3.31) Uy = <1 + a—&—n—i—ab) foralln > 1.
Then
(i)
(3.32) Up < Upt1 < €< Upy1 <Up, Vn=12...
(ii)
(3.33) ;<L(a,b,n)<¥, Yn=12,...,

a+n+ab+1 a+n+ab

where

1
L(a,b,n)—ln(a+n+ab+l)1n(a+n+ab)—ln(l+).
a+n-+ab

We remind that Gamma function is defined by

o0
I(z) = /tzfleftdt, z>0
0
and the digamma is its logarithmic derivative, that is

U() = T1ogT(z) = T

We note that
') =+ Q1) = -,

qp(;) =—v—2In2,

Theorem 3.7. The function v : (0,00) — (0, 00) given by

where 7 is the Euler’s constant.

1 1 1 a+mn-—1
34 = li -+ —+... -1
(3.34) v (a) im (a+a+1+ Jra—l—n—l n . )
for any a € (0, 00) is strictly decreasing.

1
Theorem 3.8. Let b € [0, 2(1} be a real parameter. The function v, : (0,00) — (0, 00) given by

(335  (a) = lim [1+ Lo _ln<a+n—1+bﬂ

nsoola a4+1 a+n—1 a

forall a € (0,00) is strictly decreasing.



On a generalization of Euler constant in connection to di-Gamma function 19
Proof. The function 7, is differentiable, so we have to prove that
v (a) < 0foralla > 0.
We consider the function y,, : (0, 00) — (0, c0) given by

(3.36) yb””(a):i+ai1+"'+(mlz_1_ln<a+zl+b>-
By differentiation with respect to a we obtain
/ 1 1 1 n—1
yb,n(a) :_ﬁ_m—...— (a+n—1)2 + a(a+n_1+ab).

Thus, for any a > 0 and n € N\ {0, 1} we have

n

1 n—1
3.37 r (a,b) = — .
(3.37) Yn (0,0) ;(a+k_1)2+a(a+n—l+ab)

Since, for any a > 0 and n € N\ {0, 1} the inequality
1 < 1
(a+n—-1)7°  (n—1)

holds, it results that
nzl (a+n—1)° g (n—1)>
The series Z ao1)? Is convergent, hence the series Z m is uniformly convergent
n=1
foralla > 0
The sequence (ay),,-, defined by
n—1
n = ,V =1,2,...
“ a(a+n—1+ab) "

is uniformly convergent for alla > 0 and b € [O, 21} .
a

Therefore, y; ,, (a) is uniformly convergent on (0,0c0) and +; is derivable on (0, o).
Moreover, we have

1
Yy (@) = lim g, (a) foreverya > 0,b € [O, 2@}

and

1 1
(3.38) v(a) < —=<0, Va>0, be {0, } )
a 2a

1
Remark that 7, (a) = v (a,b) foralla > 0and b € [0, 2}.
a
In that follow, we make some estimations for
D (n,a,b) =y, —v(a,b), Yn=1,2,...,

where {y,, } is the sequence given by

1 1 1 a+n—1
3.39 n = — -1 b,
(3:39) Y a+a—|—1+ +a—|—n—1 n( a +)
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foranyn=1,2,....

Theorem 3.9. Let a € (0, 00). Then

(3.40) 7(a,0) =Ina -y (a),
where v (a, b) is the limit of sequence given by (3.39) and 1 is the digamma function, i.e.,
_ (@

Proof. We prove these inequalities using the logarithmic derivative of the gamma func-
tion. First, we have

. 1 1 1 a-+n-+ab
~v(a,b) = lim | —+ + —1In
n—oco \a a-+1 a+n a

1 . 1 1
1+-4+...+——1nn
a n—oo 2 n

I
I
Jr
g

I

\
+

2
=
_|_
=2

S

|

IS

3

:%—Hna—w(l—l—a):lna—w(a).

In conclusion, we have
v(a,b) =Ina — 1 (a).
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