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Blending surfaces generated using the Bernstein operator

MARIUS BIROU

ABSTRACT. In this paper we construct blending surfaces using the univariate Bernstein operator. The sur-
faces have the properties that they stay on a curve (the border of the surfaces domain) and have a fixed height
in a point from the domain. The surfaces are generated using a curve network, instead of the control points
from the case of classical Bezier surfaces. We study the monotonicity and we give conditions to obtain concave
surfaces.

1. INTRODUCTION

The blending surfaces are surfaces which contain some given contours (curves, seg-
ments, points). They have been created by Coons S.A. [3]. In some previous papers (see
[1, 2] and references therein), there were constructed blending surfaces that stay on a rec-
tangle or a triangle (the border of the surfaces domain) and having a fixed height in the
point (0,0). In this paper we use the univariate Bernstein polynomial to get the surfaces
which stay on a curve (the surfaces domain are bounded by this curve). We assume that
the point (0,0) belongs to the surfaces domains and we fix the height of the surfaces in
this point. We construct two families of surfaces for which we study the monotonicity
and we give conditions to obtain concave surfaces. These surfaces can be used in civil
engineering (roof surfaces) or in Computer Aided Geometric Design (CAGD).

2. PRELIMINARIES

The univariate Bernstein polynomial of a function f : [0,1] — R is given by
- J
B0 = 301 (7). e
=

where the functions b;,, are given by formula

bjn(t) = (?) #(1— t)n

for j =0, ..., n. It has the interpolation properties
and the shape properties given by the following two theorems (see [7])

Theorem 2.1. If the function f : [0,1] — R is increasing (decreasing) then the function B, f is
increasing (decreasing).

Theorem 2.2. If the function f : [0, 1] — R is convex (concave) then the function B,, f is convex
(concave).
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Next we give some definitions and remarks about the monotonicity and convexity of
the bivariate functions (see [5, 6, 4]).

Definition 2.1. The bivariate function G : A — R, A C R? is increasing (decreasing) in a
direction d = (di, d>) € R? if and only if

G(xz+ M1,y + Adz) > (L)G(z,y),
for every (z,y) € A and every A\ > 0.

Remark 2.1. If G is a C! function on the set A we have that the function G is increasing
(decreasing) in the direction d = (d1, d2) if

DyG > (>0)

on A, where D,G is the first order directional derivative in the direction d = (d1,dz) of
the function G, i.e.
DG = d1Gy + doGy.

Definition 2.2. The bivariate function G : A — R, A C R? is convex (concave) on the
convex set A if and only if

G(Az1 + (1= N2, Ay + (1 = MNy2) < (Z)AG (21, 41) + (1 = NG (22, 92)
for every (z1,31), (z2,y2) € Aand every A € [0,1].

Remark 2.2. If G is a C? function on the convex set A we have that the function G is
convex (concave) if

D3G > (<)0 (2.2)
on A for every (di,ds) € R?, where DG is the second order directional derivative in the
direction d = (d;, d2) of the function G

D3G = di Gy + 2d1d2 Gy + d3Gyy.
The condition (2.2) holds if and only if

We note
Avhj=hjy1—hj, 7=0,..,n—1,
Ashj = hjio —2hjp1+hy, 5=0,...,n—2.
3. THE FIRST FAMILY OF SURFACES
LetneN,n>2and h;,h € R,i=1,...,n — 1 such that
O0=h,<..<hi<hyg=h
and let f : [0,1] — R be a function with the properties

f(0) = h,
f(%) :hja j=1.,n—-1, (33)
f(1)=0.

From (2.1) and (3.3), we obtain

(Baf) () = bou (1)1 + Z bin(t)h;. (3.4)
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The function in (3.4) has the properties

Let u(z,y) be a bivariate positive function such that the curve C : u(z,y) = 1 is simple
and closed. Let

D= {(z,y) € R*: 0 < u(z,y) <1}

the domain bounded by the curve C. We assume that D is a convex set with (0,0) € D
and that the curve u(z,y) = 0 is reduced at the point (0, 0).
If we make the substitution

t=u(z,y)

in (3.4), we obtain the bivariate function

= bonue, 0+ 3 by, ), (2,9) € D.

The function F' from (3.5) has the properties
Flop =0, F(0,0) = h.

It follows that the surfaces z = F(x,y) match the curve u(x,y) = 1, z = 0 (the surfaces
stay on the border of domain D), and the height of the surfaces in the point (0, 0) is h.
Next theorem gives conditions for the monotonicity of the function F.

Theorem 3.3. If the function w is increasing (decreasing) in the direction (d., d2) then the func-
tion F' is decreasing (increasing) in the same direction.

Proof. Taking into account that A1h; <0, j =0,...,n — 1 and Theorem 2.1 we have
F(a+ Adi, g+ Ada) = (Baf)(u(z + A,y + Ada)) < (2)(Baf)ul, 9)) = F(z, )
for every (z,y) € D and every A € [0, 1]. Thus F is decreasing (increasing) in the direction
(d1,da). O
We give sufficient conditions for the concavity of the function F'.

Theorem 3.4. If Ash; < 0,5 =0,...,n — 2and the function w is convex then the function F is
concave.

Proof. Using Theorem 2.1 and Theorem 2.2 together with the conditions Ajh; < 0, j =
0,..,n—1land Axh; <0,j =0,...,n —2we have
FQzi+(1=Nz2, Ay +(1=A)ya) = (Buf)(u(Azy + (1=A)z2, Ayr + (1 = A)y2))
> (Bnf)QAu(zr,y1) + (1 = Nu(a2,y2))
= A(Bnf)(u(z1,y1)) + (1 = X)(Bnf)(u(z2,92))
= AF(z1,91) + (1 = AN F(22,92))

for every (z1,v1), (z2,y2) € D and every A € [0, 1].
Thus the function F' is concave. O
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4. THE SECOND FAMILY OF SURFACES

LetnEN,nEQandei,heR i=1,...,n — 1such that
0—h0<h1< hn 1<h =h

and let f : [0,1] — R be a function with the properties

70 =0,
f(E)=hj,j=1,..,n-1, (4.6)
f) =
From (2.1) and the conditions (4.6) we get
n—1
(Baf)(t) =" bju(t)hj + b (t)h. (47)
j=1

The function in (4.7) has the properties
(Baf)(0) =0, (Buf)(1) =

Let u(z,y) be a bivariate positive function such that the curve C:u(z,y) =0is simple
and closed. Let

D={(z,y) e R?: 0 < t(z,y) <1}

the domain bounded by the curve C. We assume that D is a convex set with (0,0) € D
and that the curve u(x, y) = 1 is reduced at the point (0, 0).
If we make the substitution

t=u(z,y)
in (4.7) we obtain the bivariate function

F(a,y) = (an)(ﬂ(x y))

—me By + bun (@(@, y))h, (z,y) € D. 48)

The function F' from (4.8) has the properties
F|,5 =0, F(0,0) = h.

It follows that the surfaces z = F(x,y) match the curve @(z,y) = 0, z = 0 (the surfaces
stay on the border of domain D), and the height of the surfaces in the point (0, 0) is h.
Next theorems give conditions for monotonicity and concavity of the function F.

Theorem 4.5. If the function u is increasing (decreasing) in direction (dy,dz) then the function
F is increasing (decreasing) in the same direction.

Theorem 4.6. If AJL]» <0,j=0,...,n — 2and the function u is concave then the function Fis
concave.

The proofs of Theorem 4.5 and Theorem 4.6 are analogous with the proofs of Theorem
3.3 and Theorem 3.4 respectively.
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5. EXAMPLES
Example 5.1. We take

and the domain bounded by a ellipse

2 2

D={(z,y) e R?: ‘i#l; <1}
We obtain the surfaces
Y2
F(z,y) = ( b2> h+ Z bin ( ) hj, (z,y) € D. (5.9)
The first order directional derivative of the function u is

dll’ dgy
Ddu — 2 ( a2 + bT .

day

From Theorem 3.3 it follows that 1f ary b—z > 0(< 0) then the function F is decreasing
a?

(increasing) in the direction (d1, d2). We have

4

2 2 -
Upy = g > 0, Uy = > O7 uxy — UggUyy = _a2b2 < 0.

b2
Using Remark 2.2 it follows that the function v is convex. From Theorem 3.4 we have that
if Agh; <0,5=0,...,n — 2 then the surface F' is concave.

In Figure 5.a we plot the surface F for a = 3, b = 2, n = 3 and {ho, h1, ho, h3} =
{4,3,1.7,0}.

Example 5.2. We take

_ 22 g2 1/2

The function u generates the same domain as in Example 5.1
_ 2 42

We get the surfaces

- 22 y2 1/2 n—1 22 y2 1/2 B N
j=1

The first order directional derivative of the function u is

dlx dgy)

a? b2

Ddu:f
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(b) z = F(z,y)

d d
From Theorem 4.5 it follows that if aL;: + bizy

(increasing) in the direction (di, d2). We have

> 0(< 0) then the function Fis decreasing

2 2 2
~ y°—0b - ¢ —a
’U/za:(x7 y) = ) 5 3/2 < 07 uyy(%?/) =
ab? (1 N %)

—_

uiy — Ugalyy = — : 2 < 0.
a?b? (1 - & — %2)
Using the Remark 2.2 it follows that the function u is concave. From Theorem 4.6 we have
that if Agﬁj <0,5=0,...,n— 2 then the surface F is concave.
In Figure 5.b we plot the surface Ffora=3b=2mn=3and {EO,El,Tlg,TLg} =
{0,1.7,3,4}.
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