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The generalization of certain results for
Széasz-Mirakjan-Schurer operators

DAN MICLAUS and OVIDIU T. POP

ABSTRACT. The present article continues earlier research by authors, in order to reach two goals. Firstly,
we give a general formula concerning calculation of the test functions by Szdsz-Mirakjan-Schurer operators and
secondly, we establish a Voronovskaja type theorem, the uniform convergence and the order of approximation
using the modulus of continuity for the same operators.

1. INTRODUCTION

Let N be the set of positive integers and Ny = NU {0}.
For any n € N define the operators S, : C2[0, +00) — C[0, +00) given by

Sulsio) = L sus@i (1) a1

(na)*

o and

for any z € [0, +00), where s,, 1,(z) = e ™"

z—oo 1 + 22

C3]0, +0) = {f € C[0,+00) : lim ) exists and is finite }

x
is the space endowed with the norm || f||2 := sup £ ()] )
>0 1+ x?

The operators (S, )nen are called Mirakjan-Favard-Szdsz operators and were first intro-
duced in 1941 by G. M. Mirakjan [7]. They were intensively studied in 1944 by ]. Favard
[3] and in 1950 by O. Szasz [12].

In the following let p € Ny and the operators S, ,, : C2[0, +00) — C[0, +00) be defined by

= k
Suplfie) =Y supale)f (L), (12)
k=0 "
for any z € [0, +00) and any n € N, where
k
_ +
Smp(T) =€ (n+p)w% = Snpi(2).

The operators (S, p)nen are called Szasz-Mirakjan-Schurer operators and were first intro-
duced in 1962, by E. Schurer [9], see also F. Schurer [10] and P. C. Sikkema [11]. Note that
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the series on the right hand side of (1.2) is absolutely convergent for any f € C5[0, +00),

i.e., the following
—nipa N (D)D) (K T e (R JL A s
LD PER S e SHfIIz-e(*p)ZTl—i—n—2

|
k=0 k! k=0
B —(ntp)z n+p e n+p k(k—l)—l—k
|mf<M<z +z Rl
k=0 =0
i o (n+ 237 n+p)x i
— |If]l2 - e~ (n+P)e (e(n+pn I ( 7;) en+p)T ( 21’) .e<n+pn)
n n
n+plx n+ 22
=mn0+(f)ﬂ 7) )
n n

hold.

Remark 1.1. More results and properties concerning Szasz-Mirakjan-Schurer operators
can be found in monographs [1] and [2].

The purpose of this paper is to generalize certain results for Szdsz-Mirakjan-Schurer op-
erators. Firstly, we give a general formula concerning calculation of the test functions and
next, taking this into account we establish the moments up to the fourth order. Secondly,
about some known results which we will cite at the adequate moment, we shall prove uni-
form convergence, general Voronovskaja type formulas and the order of approximation
up to twice continuously differentiable functions, for the same operators.

2. PRELIMINARIES

Of the greatest utility in the calculus of finite differences, in number theory, in the
summation of series are the numbers introduced in 1730 by J. Stirling in his Methodus
differentialis [13], subsequently called ”Stirling numbers” of the first and second kind. For

n—1

any z € R and any n € Ny, let (z),, := [] (x — i), where (z)o := 1 be the falling factorial
i=0

denoted by Pochhammer symbol. It is well known that

=353, )(@); (2.3)
1=0

holds, for any z € R and any j € Ny, where S(j,4) are the Stirling numbers of second
kind. Now, let i,j € Ny be natural numbers, then the Stirling numbers of second kind
have the following properties:

1, ifj=i=0;j=diorj>1i=1

(1) = 0, ifj>0,i=0 (2.4)
0, ifj<i
i-S(j—1,i)+ S —1,i—1), ifji>1.

Let ej(x) = 27, with j € Ny be the test functions. A further way to derive information on
all moments of linear operators is given in:
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Proposition 2.1. [4] For a linear operator L and j € Ny one has

L{(er = 0)i2) = Lieyia) - S (3> DL ((e1 — a)is7)

- 7
=0

We recall some results from [8], which we shall use afterwards in the paper. Let I, J be
real intervals and I N J # (. For any n, k € Ny, n # 0 consider the functions ¢, ; : J — R,
with the property that ¢, ,(z) > 0, for any = € J and the linear positive functionals
A,k E(I) — R. For any n € N define the operator L,, : E(I) — F(J), by

’fL .fa Z Pn, k: ) (25)

where E(I) is a linear space of real-valued functions defined on I, for which the operators
(2.5) are convergent and F'(J) is a subset of the set of real-valued functions defined on J.

Remark 2.2. [8] The operators (L, ),en are linear and positive on E(I N J).
Forn € Nand i € No define T}; ; by

T} (Ly;x) = n'L, (¥1; ) —nngnk kW), zelnd (2.6)

In what follows s € Ny is even and we assume that the next two conditions:
e there exists the smallest a5, 12 € [0, +00), so that
T (Lp;x
lim Tngllni@) _ B;(z) € R, (2.7)

n—oo ni
foranyxz € INnJand j € {s,s+ 2},
Qgro < g +2 2.8)

e /N Jis an interval
hold.

Theorem 2.1. [8]If f € E(I) is a function s times differentiable in a neighborhood of x € I N J,

then
lim n®" ( Z T Ln,a:)> =0. (2.9)

Assume that f is a s times differentiable ﬁmctzon on I and there exists an interval K C 1N J,
such that, there exist n(s) € N and the constants k; € R depending on K, so that for n > n(s)
and x € K, the following

T;;,j (Ln§ .13)
nei
hold, for j € {s, s + 2}. Then, the convergence expressed by (2.9) is uniform on K and moreover

fo 1 ) 1
Z il TL" nz na-T) Si(ks—i-ks-s-g).wl f 7\/ﬁ ,(211)

forany x € K and n > n(s), where wi(f,-) denotes the modulus of continuity [1], of the function

f.

< kj, (2.10)

S—as

n
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3. MAIN RESULTS

In order to reach the first aim of this paper, we need to recall the following result, which
had been proved earlier by S. Karlin and Z. Ziegler [5]. The authors established a general
formula concerning the computation of the test functions by Bernstein operators, in terms
of the Stirling numbers of second kind

U o
Bu(ejia) = — >80, i) ()i
i=1

for any j,n € N, j < n. Having in mind this result, we want to establish an appropriate
relation for Szdsz-Mirakjan-Schurer operators, given by the following:

Proposition 3.2. Forany j,n € Nand any x € [0, +00), the following holds

j—1

Snplesi) = = 32805~ )(n+pay (3.12)
=0

Proof. For the proof of proposition we use the relation (2.3) expressed in the following
form
j—1
2l =" 8,5 — i) (&), (3.13)

=0

because S(j,0) = 0, see (2.4). Taking into account the relation (3.13), we get

%) k :
) p)x)* kI
S7L,p(€j7 ~(n+p) Z E
k=0
—(n+p)xz X n+p k
LS I S
k=0
14 e ((n+ p)a)*
:EZSjjfz ~(n+p) Z(k)J—lT
k=0
) k—j+i
_ o j—ti,—(n+p)x ((n+p)$)
7nJZZSj] )((n+p)x) e k;i(k_j‘*‘i)!
1 Jj—

ni

ZS] j—i)((n+p)z) "
=0
O

Application 3.1. For checking the correctness of the relation (3.12) in Proposition 3.2,
we present the first four cases concerning computation of the test functions by Szasz-
Mirakjan-Schurer operators.

Casel.j=1

1 +
Snpler; ) = ﬁS(l,l)(n +p)x = w =+ %
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Case2.j=2
1
1 o ; (m+p22? (n+p
Snplea; T **22 (2,2 =1)((n+p)z) :( n2) +( n2)
=0
_ o (2op+p®)a®+ (ntp)a
=x" + 5 .
n
Case 3. j=3

(n+p)3z3  3(n+p)%z? (n+p)x
n3 + n3 + n3

2
Suafesn) =15 32 5(3,3=)(n-+ )=
=0

s (3n2p + 3np® + p?) 23 + 3(n + p)?2® + (n+ p)z

=X -
n3

where 5(3,2) =2-5(2,2) + 5(2,1) = 3.

Case4.j=14
1< ,
Suplesia) = — >S4 =)((n+pa)' =
i=0
n+p)*zt  6(n+p)3z®  T(n+ p)a? n+p)x
( z;) L f) L f) 4 4p)
n n n n
g (4n3p+6n2p2+4np3 +p4) 22 4+6(n + p)3x3+7(n + p)22®+(n + p)x
= — ,

where S(4,2) =2-5(3,2) +5(3,1) = 7and S(4,3) = 3-5(3,3) + 5(3,2) = 6.

The computation of higher order moments is tedious, but rather mechanical work. Us-
ing the Proposition 2.1, once we know the moments of low orders, we get the ones of
higher order. So, it follows the following:

Lemma 3.1. The Szisz-Mirakjan-Schurer operators satisfy

pT
Snpler —x;7) = —,

(px)* + (n +p)x
n? !

(px)? + 3p(n + p)a® + (n+ p)x
n3

(pz)* + 6p%(n + p)a® + (3n + Tp)(n + p)a® + (n + p)x

n4 ’

Sn.p ((61 — x)2;x) =
Sh.p ((61 — a:)?’,x) =

Snp ((61 - J;)4;x) =

7

Proof. Taking into account the Proposition 2.1 and the Application 3.1 the computation of
the moments up to the fourth moment is established. g

Now, using the construction form preliminaries, we assume that I = J = [0, +00),
E(I) = C3[0,+0), F(J) = C[0,400), the role of n is played by n + p, then the functions
Ontpk : [0,400) = R be defined by ¢nipk(z) = sppx(2), for any z € [0, +00), any
n,k € Nyg, n # 0 and the functionals A,,4, 1 : C2[0,+00) — R be defined by A4, x(f) :=

k
f(n),fOranyn,k e Ng, n # 0.

In this way we get the Szasz-Mirakjan-Schurer operators.
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Lemma 3.2. Forany x € [0, +00) and any n € N, the following hold

)T, 0(Snpiz) =1,

it) Ty 1 (Snp; ) = pz,

iii) T}; o (Sp.p; ) = (pr)* + (n + p)z,

iv) Ty 3(Snp; ) = (p2)® + 3p(n + p)a* + (n + p)z,

0) T 4(Snp; ) = (px)* 4 6p*(n 4 p)a® + (3n + Tp)(n + p)2® + (n + p)z.

Proof. Taking into account the fact that Szasz-Mirakjan-Schurer operators reproduce con-
stants, the relation (2.6), Application 3.1 and Lemma 3.1, it follows the identities i)-v). O

Lemma 3.3. Forany z € [0,+400), the following
lim T 6(Snp;w) = 1, (3.14)

n—roo

T:{Q(Sn,p;x)

lim —m27 (3.15)
n— oo n
T 4(Snp;
fim et GnpiT) g (3.16)
n—oo n
hold, then there exists n(0) € N, so that
T, o(Snp;x) =1 = ko, (3.17)
T 5(Sn.p;
Mgbﬂ:k% (3.18)
T ,(Sn.p;
TralSnwi®) oy g (3.19)

n2
forany x € K =[0,b],b>0,anyn € N, n > n(0).

Proof. The relation (3.14)—(3.16) follow immediately from Lemma 3.2, while (3.17)—-(3.19)
follow from (3.14)—(3.16) by taking the definition of the limit into account. 0

Theorem 3.2. Let f € C3]0,400) be a function. If x € [0,+00) and f is s times differentiable
in a neighborhood of x, then

T Snp(Fi0) = (2), 3:20)
fors =0;
Jim 1 (S0 (f:0) = £(2) = pf D a) + 321 ) 21
fors=2;
Jm o (S,(0) = ) - E () - PP ) )
= BT 0 ) 1 L (),
fors =4.

Assume that f is s times differentiable on [0, +00), then the convergence from (3.20)—(3.22) is
uniform, on any compact interval K = [0,b] C [0, +00). Moreover, we get for any x € K and
any n € N, n > n(0)

Su(fi2) — F()] < (b 4+ 2 (f, \}ﬁ)
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for s =0and
€T €T 2 n €T b2 b
n Smp(f;z)_f(x)_% (1)($)_Wﬂ2)(z) < #M <f(2)7\/15> 7
fors=2.

Proof. It follows from Theorem 2.1, with oy = 0, e = 1 and oy = 2, taking into account
Lemma 3.2 and Lemma 3.3. O

Remark 3.3. The above theorem generalizes the asymptotic behavior of Szasz-Mirakjan-
Schurer operators. From among particular cases presented, we recover formula (3.21),
which represents a Voronovskaja type formula for twice continuously differentiable func-
tions, in the sense of Voronovskaja formula [14] and in the case when p = 0, we get the
asymptotic behavior for the classical Mirakjan-Favard-Szédsz operators, (see [6] or [8]).

Concerning quantitative form of Voronovskaja result, in terms of the modulus of con-
tinuity, we get estimates for continuously function, respectively for twice continuously
differentiable functions.
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