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Further properties of (7,7')-preopen sets

N. RAJESH and V. VIJAYABHARATHI

ABSTRACT. In [Carpintero, C., Rajesh, N. and Rosas, E., On a class of (,~')-preopen sets in a topological space,
Fasciculi Mathematici, 46 (2011), 25-36], the authors introduced the notion of (v,~’)-preopeness and investi-
gated its fundamental properties. In this paper, we investigate some more properties of this type of open set.

1. INTRODUCTION

Generalized open sets play a very important role in General Topology and they are
now the research topics of many topologists worldwide. Indeed a significant theme in
General Topology and Real Analysis concerns the various modified forms of continuity,
separation axioms etc. by utilizing generalized open sets. Kasahara [2] defined the con-
cept of an operation on topological spaces and introduce the concept of y-closed graphs
of a function. Umehara et. al. [4] introduced the notion of 7(, /) which is the collection
of all (y,~')-open sets in a topological space (X, 7). In [1] the authors, introduced the no-
tion of (v, ')-preopeness and investigated its fundamental properties. In this paper, we
investigate some more properties of this type of open set.

2. PRELIMINARIES

Definition 2.1. Let (X, 7) be a topological space. An operation (y,v’) [2] on the topology
7 is function from 7 on to power set P(X) of X such that V' C V" for each V' € 7, where
V7 denotes the value of vy at V. It is denoted by v : 7 — P(X).

Definition 2.2. Let (X, 7) be a topological space. An operation v on 7 is said to be reg-
ular [2] if for every open neighborhood U and V' of each x € X, there exists an open
neighborhood W of « such that U NVY > W7,

Definition 2.3. A subset A of a topological space (X, 7) is said to be (y,v')-open set [4] if
for each € A there exist open neighborhoods U and V of z such that U UV"" C A. The
complement of (y,7)-open set is called (y,7’)-closed. 7(, ) denotes set of all (,7')-open
sets in (X, 7).

Definition 2.4. [4] Let A be subset of a topological space (X, 7) and v, v’ be operations on
7. Then

(i) the 7, /) -closure of A is defined as intersection of all (-, 7’)-closed sets containing
A. Thatis, 7(,,1-Cl(A) = {F : F'is (,7')-closed and A C F'}.

(ii) the 7(, ,-interior of A is defined as union of all (v, +’)-open sets contained in A.
That is, 7(y,,-Int(A) = {U : Uis (,7')-openand U C A}.

Definition 2.5. A subset A of a topological space (X, 7) is said to be
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(i) (v,7')-regular open [3] if 7(, )-Int(7(, )-CI1(A4)) = A.
(i) (v,7')-preopen [1]if A C 7, 4 -Int(7(, 4)-CI(A)).
(iii) (v,v')-dense [1] if 7(, ,-Cl(4)) = X.

The complement of a (vy,7)-preopen set is called a (v, ~')-preclosed set. The family
of all (vy,~')-preopen (resp. (v,7')-preclosed) sets of (X, 7) is denoted by (y,+')-PO(X)
(resp. (v,7')-PC(X)). The family of all (y,~’)-preopen sets of (X, 7) containing the point
x is denoted by (v,7')-PO(X, z).

Definition 2.6. [1] Let A be subset of a topological space (X, 7) and v, v’ be operations on
7. Then
@) the 7(, )-preclosure of A is defined as intersection of all (y,~’)-preclosed sets
containing A. That is, 7, ,)-p CI(A) = {F : F'is (,7')-preclosed and A C F'}.
(ii) the 7, . -preinterior of A is defined as union of all (v, y’)-preopen sets contained
in A. That s, 7, 4)-pInt(A) = {U : U is (v,7')-preopen and U C A}.
Theorem 2.1. [1] Let A be subset of a topological space (X, T) and -y, v be operations on 7. Then
(i) Ais (7,")-preopen if and only if A = 7 -pInt(A).
(it) A point x € 1( ,-p Cl(A) if and only if U N A # 0 for every U € (v,7')-PO(X, z).
(iii) 7(y~y-p C1(A) is the smallest (vy,~')-preclosed subset of X containing A.
(iv) Ais (v,~')-preclosed if and only if A = (., ,»-p CI(A).
(V) T(yy-pInt(X\A) = X\7(, ,-pCI(A).
(1) T(y4)-p CUX\A) = X\7(;,,)-pInt(A).

Definition 2.7. [1] Let (X, 7) be a topological space and v, 7' be operations on 7. Then a
subset A of X is said to be (v,7')-pre g.closed (written as (v,7')-pg.closed) set if 7, /-
pCl(A) C U whenever A C U and U is (v, y')-preopen.

Theorem 2.2. [1] Let (X, ) be a topological space and ~y, v be operations on 7. Then subset A of
X is (7,7")-pg.closed, then (., ,-p CI(A) \ A does not contain any nonempty (vy,~')-preclosed
set.

3. PROPERTIES OF (,~')-PREOPEN SETS

Through this paper, the operators v and +' are defined on (X, 7) and the operators
and f’ are defined on (Y, o).

Theorem 3.3. For any subset of a space (X, ) the following are equivalent:
(i) S € (v,7)-PO(X).
(it) There is a (v,~')-regular open set G C X such that S C G and 7(, ,-CI(S) = T(5,4)-
ClI(G).
(iii) S is the intersection of a (vy,~")-regular open set and a (y,~')-dense set.
(iv) S is the intersection of a (vy,~')-open set and a (vy,~')-dense set.

Proof. (i)= (ii): Let S € (7,7')-PO(X). Then S C 7, ,/-Int(7(, ,-C1(S)). Let G = 7(4 -
Int(S). Then G is (v,7')-regular open with S C Gand S = G.

(ii)= (iii): Let D = SU (X\G). Then D is (v,~')-dense and S = GN D.

(iii)= (iv): This is trivial.

(iv)= (i): Suppose S = GN D with G is (v,~')-open and D (v, +')-dense. Then S = G,
hence S C G C 7(,,,1-Cl(G) = S. O

Theorem 3.4. If every subset of X is either (v,~')-open or (v,~')-closed, then every (v,~')-
preopen set in X is (v, ~')-open.
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Proof. Let A be a (y,7')-preopen in X. If A is not (v,7')-open, then A is (v,~’)-closed
by hypothesis. Hence A = 7, ,/-Cl(A), and 7, ,-Int(7(, ,/-CI(A)) = 7y ,)-Int(A) is a
proper subset of A. Thus, A € 7(, ., -Int(7(,,,-CI(A)), so that A is not (,')-preopen,
contradiction. O

Theorem 3.5. Let (X, T) be a topological space in which every (v,~)-preopen set in X is (y,~')-
open. Then each singleton in X is either (vy,~')-open or (vy,~")-closed.

Proof. Let + € X, and suppose that {z} is not (v,7')-open. Then {z} is not (v,')-
preopen. Hence {z} € 7, -Int(7(,,,)-Cl({z}), so that 7 . -Int(7(,,,/-Cl({z}) = 0. We
have that T(%,y/)—Int(T(,Y’,Yr)-Cl(X\{I}) D T(,%,y/)—Int(7'(%7/)-Cl(X\(T(,Y,,Y/)-Cl({I}))) =T(y ')~
Int (X\(7(4,4/y-Int (7, ,1-Cl({})))) = X D X\{z}. Thus, X\{z} is (v,7')-preopen and
hence (v,7')-open. Therefore, {z} is (y,~)-closed. O

Theorem 3.6. For a topological space (X, 1) and v, v be reqular operations on T, the following
are equivalent:

(i) Every (y,~')-preopen set is (vy,~')-open.
(ii) Every (vy,~')-dense set is (y,~')-open.

Proof. (i)= (ii): Let A be a (v,7')-dense subset of X. Then 7(, ,-Int(7(,,,-Cl(4) = X, so
that A C 7, )-Int(7(,,,)-Cl(A)) and A is (,')-preopen. Hence A is (v,7')-open.

(ii)= (i): Let B be a (7,7')-preopen subset of X, so that B C 7(, ,/-Int(7(,,,-Cl(B)) =
G, say. hen T(,Y’,Y/)-CI(B) = T(,Y’,Y/)-CI(G), so that T(,Y,.Y/)-CI(X\G) UB) = T(.yy.y/)-CH(X\G) U
T(yy)-CU(B) = (X\G)UT(,41-Cl(G) = X, and thus (X\G)UB s (7,7')-dense in X. Thus,
(X\G)U Bis (v,7')-open. Now, B = (X\G) U B) N G, the intersection of two (v,~')-open
sets is (,7')-open ([4], Proposition 2.7), so that B is (vy,+')-open. O

Theorem 3.7. (X, 7) is a topological space in which every subset is (vy,~')-preopen if and only if
every (vy,~')-open set in (X, 1) is (,~")-closed.

Proof. Let G be (v,7')-open. Then X\G = 7(,,,)-CI(X\G) which is (,7’)-preopen, so
that T(%,Y/)-CI(X\G) C 7'(%7/)—Int(T(%A/r)-Cl(T(%,Y/)- Cl(X\@))) :T(,yﬁ/)-Int(T(%,\/r)-Cl(X\G))
= T(y,,)-Int(X\G). Thus, X\G = 7, ,-Int(X\G), so that X\G is (7,7)-open, and G is
(7,7')-closed. Conversely, let A be any subset of X. Then X\ 7, ,,-CI(A) is (v,v')-open,
and hence (y,7')-closed. Thus, X\7(, ,-Cl(A) = 7(;,4/)-CUX\7(y ,1-Cl(A)) = X\7(4,4)-
Int(7(,4)-C1(A)), so that A C 7, 4)-Cl(A) = 7y -Int(7(,-Cl(A4)), and hence A is
(7,7)-preopen. O

Theorem 3.8. Let (X, T) be a topological space, G be a (vy,~')-open subset of X and b be a point
0of T(v,4)-CUG)\G. Then {b} is not (y,~")-preopen in (X, 7).

Proof. Suppose {b} is (7,7')-preopen, so that {b} C 7(, ,/)-Int(7(, ,/-Cl({b})). Thus, G N
T(’Y,'Y’)-Int(T(%’Y')-Cl({b})) 75 (Z) Letce GN T(’y,'y’)'Int(T('y,’y/)'CK{b}))/ SO c € T(.yy,y/)-CH({b})
and hence {b} N (G N7y, 4/)-Int(7(4,,)-C1({b})) # 0. This contradicts the fact that {b} NG =
(. Hence {b} is not (v, ~')-preopen. O

Theorem 3.9. Let (X, T) be a topological space, G be a (vy,~')-reqular open subset of X and b be
a point of 7(y -Cl(G)\G. Then G U {b} is not (y,~')-preopen in (X, 7).

Proof. We have, since 7(, -C1({b}) C 7(,,4)-Cl(G), so that 7, -Int(7( -Cl{GU{b})) =
T(,Y},Y/)-Int(T(%,Y/)—Cl(G) UT(%,YI)-CI({Z)})) = T(’Y”.Y/)_Int(T(’Y”Z,)_Cl(G) = G, and thus GU{b} g
T(y,y)-Int(7(y,4)-Cl(G U {b})). Hence G U {b} is not (y,7')-preopen. O
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Theorem 3.10. Let (X, T) be a topological space. Then every singleton of X is either (vy,~')-open
or (vy,~")-preclosed.

Proof. If {x} isnot (,7')-open, then 7, ,-Int({x}) = 0. Thus, 7, )-Cl(7(4,,-Int({z})) =
0; hence {x} is (v, 7')-preclosed. The proof of the second part is straightforward. O

Theorem 3.11. If Aisa (vy,~')-preopen and (v,~")-pg.closed subset of (X, 7), then Ais (vy,~')-
preclosed.

Proof. Since Ais (y,7)-preopenand (v, v')-pg.closed, 7, ,-p CI(A) C Aand hence 7., /-
p Cl(A) = A. This implies that A is (v, v’)-preclosed by Theorem 2.1 (iv). O

Theorem 3.12. If A is a (v,7')-pg.closed subset of (X, ) such that A C B C 7, -pCI(A),
then B is also (,~')-pg.closed subset of (X, 7).

Proof. Let U be a (v,7')-preopen set in (X, 7) such that B C U. Then A C U. Since A is
(7,7')-pg.closed, then 7, ,-p CI(A) C U. Now, since 7(, )-p Cl(4) is (v,~’)-preclosed,
T(y) P CUB) C T(y,4P CU(7(y,4)-p CI(A)) = T(y,41-p CI(A) C U. Therefore, B is also a
(v,7')-pg-closed. a

Theorem 3.13. A set A in a topological space (X, 7) is (7,7')-pg.open if and only if F' C 7( -
pInt(A) whenever F is (vy,~')-preclosed in (X, 7) and F C A.

Proof. Let Abe (v,~')-pg.open. Let F be (v,~')-preclosed and F C A. Then X \ A C X \
F,where X \ Fis (v,7')-preopen. (v,7')-pg.closedness of X \ A implies 7, ,,-p CI(X \
A) C X \ F. By Theorem 2.1, X \ 7(, 4 -pInt(A) C X \ F. That is, F' C 7(, ,,-pInt(A).
Conversely, Suppose if F'is (v,7')-preclosed and F' C A implies F' C 7(, )-pInt(A). Let
X \ A C U where U is (v,7')-preopen. Then X \ U C A where X \ U is (v,+’)-preclosed.
By supposition, X \ U C 7, ,-pInt(A). Thatis, X \ 7, )-pInt(A) C U. By Theorem
2.1, 7(4,4-p CI(X\A) C U. This implies X \ A is (v,7')-pg.closed and hence A is (7,v')-
pg-open. g

Theorem 3.14. If 7, ,-pInt(A) C B C Aand Ais (v,7')-pg.open, then B is (v,~')-pg.open.
Proof. Easily follows from Theorems 2.1 and 3.12. O

Theorem 3.15. Ifa set A is (vy,~')-pg.open in a topological space (X, T), then G = X whenever
G is (7,7')-preopen in (X, T) and 7, n-pInt(A) U X\A C G.

Proof. Suppose that G is (v,v')-preopen and 7, ./ -pInt(A) U X\A C G. Now X\G C
Ty P CHX\A) N A = 74 ,-p CL{X\A)\ X\ A. Since X\G is (v,7')-preclosed and X\ A
is (y,v')-pg-closed, by Theorem 2.2, X\G = @ and hence G = X. O

Proposition 3.1. Let (X, 7) be a topological space and A, B C X. If B is (~y,~')-pg.open and if
A D7y y)-pInt(B), then AN Bis (y,7')-pg.open.

Proof. Since B is (y,7')-pg.open and A D 7(, ,-pInt(B), 7,4 -pInt(B) C AN B C B. By
Theorem 3.14, AN B is (,7)-pg.open. O

Proposition 3.2. Let the family (v,~')-PO(X) of all (vy,~')-preopen subsets of (X, T) be closed
under finite intersections i.e., let (y,~")-PO(X) be the topology on X. If A and B are (~y,7')-
pg.openin (X, T), then AN B is (v,~")-pg.open.
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Proof. Let X \ (AN B) = (X\A) U (X\B) C U, where U is (v,7')-preopen. Then X \
A CcUand X\ BCU. Since A and B are (v,7')-pg.open, 7y -p CI(X\A) C U and
T(+,y)-Pp C{X\B) C U. By hypothesis, 7, ,-p CI((X \ A) U (X \ B)) = 7(y,,/-pCl(X \ A)
U T(y,y1-p CI(X \ B) C U. Thatis, 7, ,/)-pCI(X \ (AN B)) C U. This shows that AN B is
(7,7")-pg-open. U

Theorem 3.16. If A C X is (v,7')-pg.closed, then 7(, . -p CI(A) \ Ais (v,~")-pg.open.
Proof. Let A be (v,7')-pg.closed. Let F be a (v,')-preclosed set such that F' C 7, /-

pCl(A) \ A. Then by Theorem 2.2 F'=@. So, F' C 7y )-pInt(7(, 4)-pCl(A) \ A). This
shows 7, ,1-p Cl(A) \ Ais (v,7')-pg.open. O

Definition 3.8. A topological space (X, 7) with operations v and + on 7 is called (v,~’)-
preregular if for each (y,7')-preclosed set F' of X not containing z, there exists disjoint
(v,7')-preopen sets U and V such that z € U and F C V.

The following examples show that regularity and (v, ’)-preregularity are independent
concepts.

Example 3.1. Let X = {a, b, c} and 7 be the discrete topology on X. Lety : 7 — P(X) and
7' : 7 — P(X) be operations defined as follows: for every A € 7

v _ {a} if A={a},
4 _{Au{c} A 2 (a)

A’y' — A if 7é {a}r
Cl(4) ifA={a}.
Then this space regular but not (v, v')-preregular.

Example 3.2. Let X = {a,b,c} and 7 = {0, X, {a},{c},{a,c}}. Lety : 7 — P(X) and
v : 7 — P(X) be operations defined as follows: for every A € 7

A — A ifacA,
AuU{a} ifaéA.
e A %fceA,
AuU{c} ifcéA.

Then this space (v, y’)-preregular but not regular.

Theorem 3.17. The following are equivalent for a topological space (X, T) with operations -y and
~ont:
(i) X is (vy,~')-preregular.
(ii) For each v € X and each U € (v,+')-PO(X, x), there exists a V € (v,7')-PO(X, x)
such that x € V C 7(, -pCL(V) C U.
(iii) Foreach (vy,~')-preclosed set F of X, "{7(y,n-pCUV): FF CV,V € (7,7)-PO(X)} =
F
(iv) For each A subset of X and each U € (v,7')-PO(X) with ANU # 0, there exists a
V € (7,7")-PO(X) such that ANU # @ and 1 ,»-p CI(V) C U.
(v) Foreach nonempty subset A of X and each (v, ~")-preclosed subset F of X with ANF = (),
there exists V,W € (v, )-PO(X) suchthat ANV £ 0, FCWand WNV =0
(vi) For each (v,~')-preclosed set F and = ¢ F, there exists U € (v,7')-PO(X) and a
(v,7')-pg.open set V such that x e U, F CV and U NV = .
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(vii) Foreach A C X and each (v,~')-preclosed set F with ANF = (, there exists U € (vy,7')-
PO(X)and a (v, )-pg.open set V such that ANU # 0, F CVandU NV = (.
(viii) For each (v,~')-preclosed set F' of X, F = N{1(4,,-pCl(V) : F C V,V is (v,7)-
pg-open}
Proof. (i)= (ii) Letz ¢ X\U, where U € (v,+')-PO(X, z). Then there exists G,V € (v,7')-
PO(X) such that (X\U) € G,z € Vand GNV = (. Therefore V C (X\G) and so
r €V C14,pClHV) C(X\G)CU.

()= (iii) Let (X\F) € (v,7)-PO(X,z). Then by (2) there exists an U € (v,%')-
PO(X,z) such that x € U C 7(4,,/-pClU) C (X\F). So, F C X\7(,,-pCl(U) =V,
V e (7,7)-PO(X)and VNU = (. Then by Theorem 2.1, x ¢ 7(,.,-pCI(V). Thus
F D {1(4,,HpClV):F CV,V e (y,7)-PO(X)}.

(iii)= (iv) Let U € (~,v)-PO(X) withz € UN A. Then x ¢ (X\U) and hence by (iii)
there exists a (v, 7’)-preopen set W such that (X\U) C W and z ¢ 7, . -p CI(W). We put
V' = X\7(4,41-p CL(W), which is a (7,7)-preopen set containing = and hence VN U # 0.
Now V' C (X\W) and so 7(,,)-pCI(V) C (X\W) C U

(iv)= (v) Let F be a set as in hypothesis of (v). Then (X\F) is (v,7’)-preopen and
(X\F) N A # (. Then there exists V' € (v,7')-PO(X) such that ANV # 0 and 7(,,,/-
pCIV) C (X\F). If we put W = X\7(,,,)-pCL(V), then F C Wand W NV = 0. (v)=
(i) Let F' be a (v,7')-preclosed set not containing . Then by (v), there exist W,V € (v,7/)-
PO(X)suchthatF c Wandz € Vand WNV = 0.

()= (vi) Obvious.

(vi)= (vii) For a € A, a ¢ F and hence by (vi) there exists U € (vy,7')-PO(X) and a
(7,7")-pg-openset Vsuchthata € U, F C VandUNV =0.So, ANU # 0.

(vii)= (i) Let = ¢ F', where Fis (v, 7)-pg.closed. Since {z} N F' = (), by (vii) there exists
U € (v,7)-PO(X) and (v,v')-pg.open set W such thatz € U, F C Wand UNW = (.
Now put V' = 7, ,-pInt(W). Using definition of (v, +")-pg.open sets we get F' C V" and
VnU=40.

(iii)= (viii) We have F' C N{7(,,,-p CI(V):F C V and V'is (v, 7')-pg.open} C N{7(4 -
pClV):F C V and V is (v,7')-preopen} = F. (viii)= (i) Let F be a (v,~’)-preclosed
set inX not containing x. Then by (viii) there exists a (,7)-pg.open set W such that
F c Wandxz € X\7(,,)-pCl(W). Since F'is (vy,7')-preclosed and W is (v,+')-pg.open,
F C 1y ynpInt(W). Take V = 7, ,-pInt(W). Then F C V, z € U = X\7(,,4)-pCI(V)
andUNV =0. O
Definition 3.9. A topological space (X, 7) with operations v and v’ on 7 is called (v, ~')-

prenormal if for any pair of disjoint (y,~")-preclosed sets A and B of X, there exist disjoint
(7,7")-preopen sets U and V such that AC U and F C V.

The following examples show that normality and (v, v’)-prenormality are independent
concepts.

Example 3.3. Let X = {a,b,c} and 7 = {0, X, {a}, {a, b}, {a,c}}. Lety : 7 — P(X) and
7' : 7 — P(X) be operations defined as follows: for every A € 7

A7 = Cl(A) and
e A %f c¢A,
Cl(4) ifceA.
This space is (7,7)-prenormal but not normal.

Example 3.4. Let X = {a,b, ¢} and 7 be the discrete topology on X. Lety : 7 — P(X) and
7' : 7 — P(X) be operations defined as follows: for every A € 7



Further properties of (v, y")-preopen sets 109

L ) ifA={b,
A —{ AU A £ D)

and

L[ Ci4) ifA={b},
A { A A 2 ()

Then this space is normal but not (y,y')-prenormal.

Theorem 3.18. For a topological space (X, ) with operations ~y and ~' on 7, the following are
equivalent:

(i) X is (vy,~')-prenormal.
(ii) For each pair of disjoint (vy,~')-preclosed sets A and B of X, there exist disjoint (,~')-
pg.open sets U and V such that A C U and B C V.
(iii) For each (vy,~')-preclosed set A and any (vy,~')-preopen set V containing A, there exists
a (7,7')-pg.open set U such that A C U C 7(, ,n-pClU) C V.
(iv) For each (vy,~')-preclosed set A and any (v,~')-pg.open set B containing A, there exists
a (7,7')-pg.open set U such that A C U C 7(y 4-p CLU) C 7y )-pInt(B).
(v) For each (vy,~')-preclosed set A and any (v,~')-pg.open set B containing A, there exists
a (7,7')-preopen set G such that A C G C 7(, 4-p CU(G) C T(,)-p Int(B).
(vi) For each (v,~')-pg.closed set A and any (v, ~')-preopen set B containing A, there exists
a (vy,~')-preopen set U such that 7 ,n-p Cl(A) C U C 1(4,,1-pCl(U) C B.
(vii) For each (vy,~")-pg.closed set A and any (vy,~')-preopen set B containing A, there exists
a (7,7')-pg.open set G such that 7, ,-p Cl(A) C G C 7(,,,-pCl(G) C B.

Proof. (i) = (ii): Follows from the fact that every (v,~')-preopen set is (v, 7’)-pg.open.

(if) = (iii): let Abea (y,7)-closed set and V any (v,~’)-preopen set containing A. Since
A and (X\V) are disjoint (y,v’)-preclosed sets, there exist (,7’)-pg.open sets U and W
such that C U, (X\V) € Wand UNW = (. By Theorem 3.13, we get (X\V) C 7(y,/)-
pInt(W). Since U N7y 4y -pInt (W) = 0, we have 7(, ,-p CL(U) N 7(, 4y -p Int (W) = (), and
hence 7, ,-p CI(U) C X\7(4,,)-pInt(W) C V. Therefore, A C U C 7, ,»-pCl(U) C V.

(iii) = (i): Let A and B be any disjoint (-, y’)-preclosed sets of X. Since (X\B) is an
(7,7)-preopen set containing A, there exists a (vy,7')-pg.open set G such that A C G C
T(v~)-P Cl(G) C X\B. Since G is a (v,7')-pg.open set, using Theorem 3.13, we have
A C 7(y 40 -pInt(G). Taking U = 7(4 ,n-pInt(G) and V' = X\7(, ,-p CI(G), we have two
disjoint (vy,~’)-preopen sets U and V such that A ¢ U and B C V. Hence X is (v,7)-
prenormal.

(v) = (iii): let Abea (y,7')-closed set and V any (v,~’)-preopen set containing A. Since
every (v,7’)-preopen set is (7,7’)-pg.open, there exists a (v,7')-preopen set G such that
A C G C1yy)pCUG) C T(y,4)-pInt(V). Also. we have a (v,')-pg.open set G such that
ACGC 1y y)pCUG) C Ty yy-pInt(V) C V.

(iii) = (v): Let A be a (7,~')-closed set and B by a (v,7’)-pg.open set containing A.
Using Theorem 3.13 of a (v,7')-pg.open set we get A C 7, ,-pInt(B) = V, say. Then
applying (iii), we get a (v,7')-pg.open set U such that A = 7, ,)-pCl(A) C U C 7(4,4)-
pCl(U) C V. Again, using the same Theorem 3.13 we get A C 7, )-pInt(U), and
hence A C 7, ,)-pInt(U) C U C 7(4,,y-pCl(U) C V; which implies A C 7, /-
pInt(U) C T(yy')P Cl(T(%,YI)-p Int(U)) C T(yy')D Cl(U) C V, thatis, A C G C T(yy')~
pCl(G) C 7(y,4)-pInt(B), where G = 7, ,-pInt(U).
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(iii) = (vii): Let A be a (v,7')-pg.closed set and B any (v,~')-preopen set containing
A. Since Ais a (v,7')-pg.closed set, we have 7(, ,-p C1(4) C B, therefore, we can find a
(7,7')-pg-open set U such that 7(, ,-p C1(4) C U C 7(,,y-pCl(U) C B.

(vii) = (vi): Let Abe a (v,v')-pg.closed set and B any (y,~’)-preopen set containing A,
then by (vii) there exists a (7, 7')-pg.open set G such that 73-Cl(A4) C G C 7(,,,-pCl(G) C
B. Since G is a (v,7')-pg.open set, then by Theorem 3.13, we get 7(, )-p C1(A) C 7y /)~
pInt(G). If we take U = 7, ,)-p Int(G), the proof follows. O

Definition 3.10. Let (X, 7) be a topological space and A C X.
(i) The set denoted by 7 ,)-pD(A) and defined by {x : for every (v, ~')-preopen set
U containing z, U N (A\{xz}) # 0} is called the 7(, ,/)-prederived set of A.
(ii) The 7, -prefrontier of A, denoted by 7(,, ,-pF'r(A) is defined as 7, )-p C1(A4)N
T(v,4)-P CL{X\A).

Proposition 3.3. Let (X, ) be a topological space and A C X. Then the following properties
hold:

(l) T(y )P Int(A) = A\(7(4 4-pD(X\A).
(ii) T(yy')P Cl(A) =AU T(’Y»'Y’)_pD(A)'

Proof. Clear. O

4. (v, )-PRECONTINUOUS FUNCTIONS

Definition 4.11. A function f : (X,7) — (Y,0) is said to be (v, 3)-precontinuous [1] at
a point z € X if for each (8, 8')-preopen subset V in Y containing f(xz), there exists a
(v,7')-preopen subset U of X containing x such that f(U) C V.

Theorem 4.19. For a function f : (X,7) — (Y, 0), the following statements are equivalent:

(i) fis (v, B)-precontinuous;
(ii) The inverse image of each (3, B')-preopen set in Y is (vy,~')-preopen in X;

(iii) For each subset B of Y, 7( ,-p CL(f~*(B)) C f~*(o(s,8)-p CI(B));

(iv) For each subset A of X, f(7(,4)-pCl(A)) C o5,5)-pCI(f(A));
(v) For each subset A of X, f(7(y,,-PD(A)) C o(5,8)-p CI(f(A));

(vi) For any subset Bof Y, f~(o(5,51-pInt(B)) C 7(y,,)-pInt(f 1 (A));

(vii) For each subset C of Y, 7(, »-pFr(f~H(C)) C f~ (o(s,5-pFr(B)).

Proof. Easy proof and hence omitted. O

Theorem 4.20. Let f : (X, 1) — (Y, 0) be a (v, B)-precontinuous function. Then for each subset
VofY, f‘l(a(,g,g/)—p Int(V')) C 7(y,4y2 CU(T(y,4)P Int(f=1(V))).
Proof. Let V' be any subset of Y. Then o g-pInt(V) is (3, 3’)-preopen in Y and so
Yo s,pn-pInt(V)) is (v,7')-preopen in X.

Hence [~ (o(s,5)-pInt(V)) C 75,40 CUT(y 412 Int(f (05,8 -pInt(V)))) C 74,41~
P CUT(y 4y p It (f (V). O

Corollary 4.1. Let f : (X, 7) — (Y, 0) be a (v, B)-precontinuous function. Then for each subset
Vv OfY, ’7'(,),7,)//)—]) IHt(T(%,y/)-p Cl(fil (V))) C fil (0(5713/)_17 CI(V))

Theorem 4.21. Let f : (X,7) — (Y,0) be a bijection. Then f is (v, 8)-precontinuous if and
only if o gy-pInt(f(U)) C f(7(y,4-pInt(U)) for each subset U of X.
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Proof. Let U be any subset of X. Then by Theorem 4.19, f~! (05 g)-pInt(f(U))) C 7,4/
pInt(f~1(f(U))). Since f is bijection, g g)-pInt(f(U)) = f(f~ (7(y,4)-pInt(f(U))) C
f(7(4,4n-pInt(U)). Conversely, let V be any subset of Y. Then o4 g/)-pInt(f(f~1(V))) C
J (g2 Int(f~1(V))). Since f is bijection, oz g -pInt(V) = o(s,5)-pInt(f(f~1(V))) C
S (g2 Int(f~1(V))); hence f~ (o 5)-pInt(V) C 7(y,4)-pInt(f~(V)). Therefore, by
Theorem 4.19, f is (v, 5)-precontinuous. O

Theorem 4.22. Let f : (X,7) — (Y, 0) be a function. Then X\7(y ,n-pC(f) = U{7(y,4)-
pFr(f~Y(V)):V e (8,8") — PO(Y), f(z) € V,x € X}, where 7, ,-pC( f) denotes the set of
points at which f is (v, B)-precontinuous.

Proof. Let x € X\7(y,,-pC(f). Then there exists V' € (3, 3") — PO(Y) containing f(x)
such that f(U) is not a subset of V, for every (v,~')-preopen set U containing x. Hence
Un(X\f1(V)) # 0 for every (v,7')-preopen set U containing x. Then, z € 7(, -
pCUX\ (V). Thenz € f~HV) N 7(y-p CUX\ (V) C 7(4,4-pEr(f~H(V)). So,

X\T(W,V/) -pC(f) C U{T(W,v’) —pF’r(f_l(V)) Ve (6,6/) - PO(Y), f(z) e V,z € X}.
Conversely, let ¢ X\7(, ,-pC(f). Then for each V' € (3, 3’) — PO(Y) containing f(z),
f71(V)is a (v,7)-preopen set U containing z. Thus, z € 7(, ,-pInt(f~*(V)) and hence
& & T(y 4)-pFr(f~1(V)), for every V € SO(Y) containing f(z). Therefore,

X\T(y01) = PO(f) D Ul 5y = pFr(f7H(V)) 1 V € (B, 8)PO(Y), f(z) € V,x € X}.
]

Theorem 4.23. Let f : (X,7) — (Y,0) be a (v, B)-precontinuous, (v, 3)-preclosed, (v, 5)-
preopen surjective function on (X, 7). If X is (y,~')-prereqular, then Y is (3, B8')-preregular.

Proof. Let K be a (8, 8)-preclosed in Y and y € K. Since f is (v, 8)-precontinuous and X
is (7, 7')-preregular for each point z € f~!(y), there exist disjoint V,W € (v,7)-PO(X)
such that z € V and f~'(K) Cc W. Now, since f is (v, 3)-preclosed, there exists a (3, 3')-
preopen set U containing K such that f~'(U) C W. As f is a (v, 8)-preopen function, we
have y = f(z) € f(V)and f(V) is (8, 8')-preopen in Y. Now, f~1(U) NV = (); hence
Un f(V) = 0. Therefore, Y is (8, 3')-preregular. O

Theorem 4.24. If f : (X,7) — (Y,0) is a (v, B)-precontinuous, (v, 3)-preclosed surjective
function and X is (y,~')-prenormal, then 'Y is (3, 5')-prenormal.

Proof. Let A and B be two disjoint (3, 5’)-preclosed sets in Y. Since f is (v, 3)-precontinu-
ous, f~1(A) and f~!(B) are disjoint (v,7)-preclosed sets in X. Now as X is (v,7')-
prenormal, there exist disjoint (vy,7’)-preopen sets V and W such that f~1(A4) C V and
f~1(B) c W. Since f is (v, 3)-preclosed, there exist (3, 3')-preopen sets M and N such
that AC M,BC N, f~Y(M)c Vand f~}(IN) C W.Since VNW = (), wehave MNN = {);
hence Y is (3, 8’)-prenormal. |

Definition 4.12. A function f : (X, 7) — (Y, o) is said to be:
(i) (v, 8)-preopenif f(U)isa (3, 8")-preopen set of Y for every (v,~')-preopen set U
of X.
(ii) (v, B)-preclosed [1]if f(U)isa (8, 8')-preclosed set of Y for every (v, y')-preclosed
set U of X.

Theorem 4.25. For a bijective function f : (X, 1) — (Y, o), the following statements are equiv-
alent:
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(i) fis (v, B)-preopen;
(ii) fis (y, B)-preclosed;
(iii) f is (vy, B)-precontinuous.

Proof. The proof is clear. O

Theorem 4.26. For a function f : (X, 1) — (Y, 0), the following statements are equivalent:
(i) fis (v, B)-preopen;
(it) f(T(yr)-pInt(U)) C o(g,py-pInt(f(U)) for each subset U of X;
(iii) T(ny-pInt(f~1(V)) C = (o(p,5)-pInt(V)) for each subset V of Y.

Proof. (i) = (i1): Let U be any subset of X. Then 7, ,/-pInt(U) is a (y,7')-preopen set of
X. Then f(7(,~)-pInt(U)) is a (3, #’)-preopen set of Y. Since f(7(,,,-pInt(U)) C f(U),
f(T(%.y/)-pIIlt U)) = a(ﬁ_ﬂ/)—pInt(f(T(,Yﬁ/)-pInt(U))) - a(ﬁ’ﬁ/)-plnt(f(U)).

(i4) = (iii): Let V be any subset of Y. Then f~*(V) is a subset of X. Hence f(7(,,/)-
pInt(f~1(V))) C o, g )-pInt(f(ffl(V))) C os,p-pIt(V)). Then 7, ,-pInt(f~H(V)) C
FHf (T pInt(f7H(V)))) € f~Ho(s,6n-p Int(V)).

(iii) = (i): Let U be any (y,7)-preopen set of X. Then 7, , ) -pInt(U) = U and f(U )
is a subset of Y. Now, V = T(77 N-pInt(V) C 7y -2 Int(f~H(f (V) C f~Hosp)
pInt(F(V)). Then f(V) C F(F~ (oo pInt(F(V))) C (g -pInt(f(V)) o o550

pInt(f(V)) C f(V). Hence f(V)is a (8, 8')-preopen set of Y; hence fis (v, B)-preopen.
U

Corollary 4.2. Let f : (X,7) — (Y,0) be a function. Then f is (v, 3)-preclosed and (v, 5)-
precontinuous if and only if f(7(,,1-p CL(V)) = 05,50 CL(f(V))) for every subset V of X.

Corollary 4.3. Let f : (X, ) (Y,0) be a function. Then f is (v, 8)-preopen and (v, 3)-
precontinuous if and only sz Yo, pCUV))) = T(3,-2CLf 1 ((V))) for every subset V
of Y.

Theorem 4.27. Let f : (X,7) — (Y, 0) be a function. Then f is a (v, B)-preclosed function if
and only if for each subset V of X, o3 gy-p CL(f(V')) C f(7(,4-p CL(V)).

Proof. Let f be a (v, §)-preclosed function and V' any subset of X. Then f(V') C f(7(y,4/-
pCl(V)) and f(7(y,4)-pCI(V'))is a (3, B')-preclosed set of Y. We have o3 5)-p CI(f(V)) C
a8,8)P CUf(T(y,4)2 CUV))) = f(7(y,4)p CL(V)). Conversely, let V be a (y,7')-preopen
set of X. Then f(V) C o,3)-pCI(f(V)) C f(7(y,4)-pCL(V)) = f(V); hence f(V) is a
(8, B')-preclosed subset of Y. Therefore, f is a (v, 8)-preclosed function. O

Theorem 4.28. Let f : (X,7) — (Y o) be a function. Then f is a (v, B)-preclosed function if
and only if for each subset V of Y, [~ o, pCUV)) C 7(54n-p CLfH(V)).

Proof. Let V be any subset of Y. Then by Theorem 4.27, o3 3)-pCl(V) C f(7(y,4)-
pCI(f~*(V))). Since f is bijection, f~!(o(s,3)-p CL(V)) = f~(o(s,8)-pCIf(f~*(V)))) C
S (T2 CLF (V) = 08,5n-p CL(f (V). Conversely, let U be any subset of X.
Since f is bijection,

U(gi?g)Z;Cl(f( ) = F(f 05,60 P CUSU))) C (702 CUSTHSO))) = f(T(32)7
3 Therefore, by Theorem 4.27, f is a (v, 8)-preclosed function. O

Theorem 4.29. Let f : (X, 7) — (Y, 0) bea (v, B)-preopen function. If V' is a subset of Y and U

is a (7y,~')-preclosed subset of X containing f~1(V'), then there exists a (3, B')-preclosed set F of
Y containing V such that f~*(F) C U.
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Proof. Let V be any subset of Y and U a (v, ~')-preclosed subset of X containing f~(V),
and let F = Y\(f(X\V)). Then f(X\V) C f(f~Y(X\V)) ¢ X\V and X\U is a (7,7)-
preopen set of X. Since f is (v, 8)-preopen, f(X\U) is a (8, 8')-preopen set of Y. Hence
Fisa (3,8 )-preclosed setof Y and f~1(F) = f~1(Y\(f(X\U)) C U. O

Theorem 4.30. Let [ : (X,7) — (Y, 0) be a (v, B)-preclosed function. If V is a subset of Y and
U is a (v,7)-preopen subset of X containing f~(V'), then there exists (3, 3')-preopen set F of
Y containing V such that f~(F) C U.

Proof. The proof is similar to the Theorem 4.29. O

Theorem 4.31. Let f : (X,7) — (Y, 0) be a (v, B)-preopen function. Then for each subset V of
Y, fil (U(ﬂﬁ/)_p Int(a([gﬁl)-p CI(V)) C T(y )P Cl(f71 (V)

Proof. Let V be any subset of Y. Then 7, ,-p C1(f~*(V) is a (v,7/)-preclosed set of X
containing f~(V). Since f is (v, 3)-preopen, by Theorem 4.29, there is a (3, 3')-preopen
set F' of Y containing V' such that f~!(o(g g-pInt(o(s,5)-p CUV)) C 7(yy)-p It (7 /)
pCIUF)) € f1(F) C 3.4 QU1 (V).

Theorem 4.32. Let f : (X,7) — (Y,0) be a bijection such that for each subset V of Y,
Y os,pn-pInt(os 5)-pCUV)) C 740 CL(f (V). Then f is a (v, B)-preopen function.

Proof. LetU bea (v,7')-preopen subset of X. Then f(X\U)isasubsetof Y and f~* (o 4-
plnt(o(s p-pCUFXND))) C 0 CUFHFAD)) = 730 p CUX\D) = X\D,

and so O'(Ig)ﬁ/)—plnt(a(/gﬁ/)-p CI(f(X\U))) C f(X\U). Hence f(X\U)isa (8, 8')-preclosed
set of Y and f(U) = X\(f(X\U)) is a (3, 8’)-preopen set of Y. Therefore, f is a (v, 5)-
preopen function. O

Deﬁnition 4.13. [1] A function f : (X,7) — (Y, 0) is said to be (v, B)-prehomeomorphism if f
and f~1 are (v, B)-precontinuous.

Theorem 4.33. Let f : (X, 7) — (Y, 0) be a bijection. Then the following statements are equiva-
lent:

(i) fis (v, B)-prehomeomorphism;

(i) f~Vis (v, ﬂ) prehomeomorphism;

(iti) f and f=1 are (v, B)-preopen ((, B)-preclosed);

(iv) fis (v, B)-precontinuous and (v, 3)-preopen ((~y, 5)-preclosed);

() f(7(y 2 CUV)) = 0(3,8)-p CL(f(V)) for each subset V of X;

(vi) f(T(,y vy pInt(V)) = o -pInt(f(V')) for each subset V of X;

wii) f~Yo(s,p)-pInt(V)) = 7(y,4)-pInt(f (V) for each subset V of Y;
(viii) Ty AP CUf~H(V)) = f~ (o(s,81-p CU(V)) for each subset V of Y.

Proof. (i) =(i1): It follows immediately from the definition of a (vy, 3)-prehomeomorphism.

(i) = (i41) = (iv): It follows from Theorem 4.25.

(tv) = (v): It follows from Theorem 4.28 and Corollary 4.2.

(v)= (vi): Let U be a subset of X. Then by Theorem 2.1, f(7(y,,/)-p Int(U)) = X\ f(7(y,4/)-
pCUX\U)) = X\o(,51)p CLf(X\U)) = 0(s,61)-p It (f(U)).

(vi) = (vii): Let V be a subset of Y.
Then f(T(%,),/)-p Int(ffl (V))) = o0@,p) P Int(f(ffl (V))) = o0@,p) P IHt(f(V)) Hence
S (e Int(f~H(V)))) = [~ (o(s,89-pInt(V)). Therefore, f~*(o(5,5-pInt(V)) =
T(y,4")™P Int(f71 (V))
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(vii) = (viii): Let V be a subset of Y.
Then by Theorem 2.1, 7, ,)-p CI(f~1(V)) = X\(f ! (o(g,8)-pInt(Y\V))) = X\(7(,4/)-
pInt(f~H((X\V)))) = £~ (o s,51)-p CLUV)).

(viit) = (4): It follows from Theorem 4.28 and Corollary 4.3. O

Theorem 4.34. Every topological space (X, ) with operations v and ~' on 7 is (y,~')-pre-Ty /.

Proof. Let x € X. We prove (X,7) is (v,7')-pre-Ty 5, it is sufficient to show that {z}
is (v,v')-preopen or (v,~')-preclosed. Now, if {z} is (v,7')-open, then it is obviously
(7,7")-preopen. If {x} is not (,7')-open, then 7(, -Int({z}) = 0; hence 7, ,/)-CL(7( -
Int({z})) = 0 C {x}. Therefore, {z} is (v,+')-preclosed. O
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