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Existence and behaviour of parameter classes of solutions
of a system of quasilinear differential equations

ALMA OMERSPAHIĆ

ABSTRACT. The paper presents some results on the existence and behaviour of parameter classes of solutions
for system of quasilinear differential equations. Behaviour of integral curves in neighborhood of an arbitrary
or a certain curve is considered. The obtained results contain the answer to the question on stability as well
as approximation of solutions whose existence is established. The errors of the approximation are defined by
the functions that can be sufficiently small. To obtain our main results, the theory of qualitative analysis of
differential equations and topological retraction method are used.

1. INTRODUCTION

Let us consider the system of quasilinear differential equations

ẋ = A(x, t)x+ F (x, t), (1.1)

where x(t) = (x1(t), ..., xn(t))T , n ≥ 2 ; t ∈ I = 〈a,∞〉, a ∈ R ;D ⊂ Rn is open set,
Ω = D × I, A(x, t) = (aij(x, t))n×n is the matrix-function with elements aij ∈ C(Ω,R)
(i, j = 1, ..., n). F (x, t) = (f1(x, t), ..., fn(x, t))T is the vector-function with elements fi ∈
C(Ω,R), functions fi(x, t), i = 1, ..., n, satisfy the Lipschitz’s condition with respect to the
variable x.

The above conditions for the functions aij , fi (i, j = 1, ..., n), are guaranting the exis-
tence and uniquenes of solution for every Cauchy’s problem for the system (1.1), in Ω.

Let
Γ = {(x, t) ∈ Ω : x = ϕ(t), t ∈ I}, (1.2)

where ϕ(t) = (ϕ1(t), ..., ϕn(t)), ϕj(t) ∈ C1(I,R), is a certain curve in Ω.
In this paper the behaviour of the solutions of the system (1.1) in the neighborhood of

a curve Γ is considered. The qualitative analysis theory of differential equations and the
topological retraction method of T. Wažewski [8], are used.

2. NOTATIONS AND PRELIMINARIES

We are interested in the study of the behaviour of integral curves (x(t), t), t ∈ I, of
system (1.1) with respect to the set

ω = {(x, t) ∈ Ω : |xi − ϕi(t)| < ri(t) , i = 1, ..., n}, (2.3)
where ri ∈ C1(I,R+), i = 1, ..., n . The boundary surfaces of the set ω with respect to the
set Ω are

W k
i = {(x, t) ∈ Clω ∩ Ω : Bki (x, t) := (−1)k(xi − ϕi(t))− ri(t) = 0}, (2.4)

Received: 04.02.2014. In revised form: 20.10.2014. Accepted: 25.10.2014
2010 Mathematics Subject Classification. 34C05, 34A26.
Key words and phrases. Quasilinear differential equation, parameter classes of solutions, behavior of solutions.

215



216 Alma Omerspahić

where k = 1, 2, i = 1, ..., n . Let us denote the tangent vector field to an integral curve
(x(t), t), t ∈ I, of (1.1) by T. We have

T = (

n∑
j=1

a1jxj + f1, ...,

n∑
j=1

aijxj + fi, ...,

n∑
j=1

anjxj + fn, 1).

The vectors∇Bki are the external normal on surfaces W k
i . We have

∇Bki = ( δ1i , ..., δni , (−1)k+1ϕ′i − r′i),
where δji is the Kronecker delta symbol.

Considering the sign of the scalar products

P ki (x, t) = (∇Bki , T ) on W k
i , k = 1, 2 , i = 1, ..., n ,

we shall establish the behavior of integral curve of (1.1), with respect to the set ω.

Let us denote by Sp(I), p ∈ {0, 1, ..., n}, a class of solutions of the system (1.1), defined
on I,which depends on p parameters. We shall simply say that the class of solutions Sp(I)
belongs to the set ω if graphs of function in Sp(I) are contained in ω. In that case we shall
write Sp(I) ⊂ ω.

The results of this paper are based on the following Lemma in (see [1], [3] ). In the
following (n1, · · · , nn) denote a permutation of the indices (1, · · · , n).

Lemma 2.1. If, for the system (1.1), the scalar products

P ki = (∇Bki , T ) < 0 on W k
i , k = 1, 2, i = n1, · · · , np, (2.5)

and
P ki = (∇Bki , T ) > 0 on W k

i , k = 1, 2, i = np+1, · · · , nn, (2.6)
where p ∈ {0, 1, · · · , n}, then the system (1.1) has a p−parameter class of solutions which belongs
to the set ω (graphs of solutions belong to ω) for all t ∈ I.

Notice that, according to this Lemma, the case p = 0 means that the system ( 1.1) has at
least one solution belonging to the set ω for all t ∈ I.

The conditions (2.5) and (2.6) imply that the set U =
np

∪
i=n1

(W 1
i ∪W 2

i ) has no point of

exit and V =
nn∪

i=np+1

(W 1
i ∪W 2

i ) is the set of points of strict exit from set ω with respect to

the set Ω, for integral curves of system (1.1),which according to the retraction method [8],
makes the statement of Lemma valid (see [1], [2], [7] ). In the case p = n this Lemma gives
the statement of Lemma 1, and for p = 0 the statement of Lemma 2 in [6].

3. MAIN RESULTS

Let

Xi(x, t) : =

n∑
j=1

aij(x, t)xj + fi(x, t)− ϕ′i(t),

Φi(x, t) : =

n∑
j=1

aij(x, t)ϕj + fi(x, t)− ϕ′i(t), i = 1, ..., n.
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Theorem 3.1. Let ri ∈ C1(I,R+). If, on W k
i , k = 1, 2,

|Xi(x, t)| < r′i(t), i = n1, ..., np, (3.7)

and
|Xi(x, t)| < −r′i(t), i = np+1, ..., nn, (3.8)

(p ∈ {1, ..., n}), then the system (1.1) has a p−parameter class of solutions Sp(I) which belongs
to the set ω for all t ∈ I, i.e. Sp(I) ⊂ ω.

Proof. Let us consider the behavior of the integral curves of system (1.1) with respect
the set ω, which are defined by (2.3). For the scalar products P ki (x, t) on W k

i , k = 1, 2 ,
i = 1, ..., n , we have

P ki (x, t) = (−1)k(

n∑
j=1

aijxj + fi)− (−1)kϕ′i − r′i(t) = (−1)kXi(x, t)− r′i(t) .

According to (3.7) and (3.8) we have

P ki (x, t) ≤ |Xi(x, t)| − r′i(t) < 0 , on W k
i , k = 1, 2 , i = n1, ..., np,

and
P ki (x, t) ≥ −|Xi(x, t)| − r′i(t) > 0 , on W k

i , k = 1, 2 , i = np+1, ..., nn .

Hence, in direction of p axis we have P ki (x, t) < 0 on W k
i , and in the direction of other

n−p axis P ki (x, t) > 0 onW k
i , k = 1, 2. These estimates, according to Lemma 2.1., confirm

the statements of this Theorem. �

Theorem 3.2. Let ri ∈ C1(I,R+). If

|Xi(x, t) + aii(x, t)(ϕi(t)− xi(t))| < −aii(x, t) ri(t) + r′i(t) (3.9)

on W k
i , k = 1, 2 , i = n1, ..., np, and

|Xi(x, t) + aii(x, t)(ϕi(t)− xi(t))| < aii(x, t) ri(t)− r′i(t) (3.10)

on W k
i , k = 1, 2 , i = np+1, ..., nn, then the system (1.1) has the p−parameter class of solutions

Sp(I) ⊂ ω.

Proof. Let us consider the behavior the integral curves of system (1.1) with respect the set
ω, which defined by (2.3). For the scalar products P ki (x, t) on W k

i , k = 1, 2 , i = 1, ..., n ,
we have

P ki (x, t) = (−1)k[

n∑
j=1

aij(x, t)xj + fi(x, t)− ϕ′i(t)]− r′i(t)

= (−1)kaii(x, t)(xi − ϕi(t)) + (−1)kaii(x, t)ϕi(t) +

+(−1)k(

n∑
j=1(j 6=i)

aij(x, t)xj + fi(x, t)− ϕ′i(t))− r′i(t) (3.11)

= aii(x, t)ri(t) + (−1)k[Xi + aii(x, t)(ϕi(t)− xi)]− r′i(t)
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According to (3.9) and (3.10), we have on W k
i , k = 1, 2 ,

P ki (x, t) ≤ aii ri(t) + [Xi + aii(ϕi − xi)]− r′i(t) < 0, i = n1, ..., np,

P ki (x, t) ≥ aii ri(t)− [Xi + aii(ϕi − xi)]− r′i(t) > 0, i = np+1, ..., nn.

These estimates for P ki (x, t) on W k
i imply the statement of the Theorem. �

Theorem 3.3. Let ri ∈ C1(I,R+). If
n∑

j=1(j 6=i)

|aij(x, t)| rj(t) + |Φi(x, t)| < −aii(x, t) ri(t) + r′i(t) (3.12)

on W k
i , k = 1, 2 , i = n1, ..., np, and

n∑
j=1(j 6=i)

|aij(x, t)| rj(t) + |Φi(x, t)| < aii(x, t) ri(t)− r′i(t) (3.13)

on W k
i , k = 1, 2 , i = np+1, ..., nn, then the system (1.1) has a p− parameter class of solutions

Sp(I) which belongs the set ω for all t ∈ I, i.e. Sp(I) ⊂ ω.

Proof. Using (3.11) for the scalar products P ki (x, t) on W k
i , k = 1, 2 ,we have

P ki (x, t) = (−1)k[

n∑
j=1

aij xj + fi − ϕ′i]− r′i

= (−1)kaii(xi − ϕi) + (−1)kaiiϕi +

+(−1)k(

n∑
j=1(j 6=i)

aij(xj − ϕj) +

n∑
j=1(j 6=i)

aijϕj + fi − ϕ′it)− r′i

= aiiri + (−1)k
n∑

j=1(j 6=i)

aij(xj − ϕj) + (−1)kΦi − r′i

Now, it is enough to note that, on W k
i , k = 1, 2, according to (3.12) and (3.13)

P ki (x, t) ≤ aii ri +

n∑
j=1(j 6=i)

|aij | rj + |Φi| − r′i < 0, i = n1, ..., np,

P ki (x, t) ≥ aii ri −
n∑

j=1(j 6=i)

|aij | rj − |Φi| − r′i > 0, i = np+1, ..., nn.

�

Using Theorem 3.1. and Theorem 3.2 we can give special results. For example,
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Corollary 3.1. Let ri ∈ C1(I,R+) and let the curve Γ be t-axis (ϕ(t) = 0). If∣∣∣∣∣∣
n∑

j=1(j 6=i)

aij (x, t)xj + fi(x, t)

∣∣∣∣∣∣ < r′i(t) , (3.14)

on W k
i , k = 1, 2 , i = n1, ..., np, and∣∣∣∣∣∣

n∑
j=1(j 6=i)

aij(x, t)xj + fi(x, t)

∣∣∣∣∣∣ < −r′i(t) , (3.15)

on W k
i , k = 1, 2 , i = np+1, ..., nn, then the system (1.1) has a p−parameter class of solutions

Sp(I) which belongs the set ω for all t ∈ I, i.e. Sp(I) ⊂ ω.

Corollary 3.2. Let ri ∈ C1(I,R+). If∣∣∣∣∣∣
n∑

j=1(j 6=i)

aij(x, t)xj + fi(x, t)

∣∣∣∣∣∣ < −aii(x, t) ri(t) + r′i(t) , (3.16)

on W k
i , k = 1, 2 , i = n1, ..., np, and∣∣∣∣∣∣

n∑
j=1(j 6=i)

aij(x, t)xj + fi(x, t)

∣∣∣∣∣∣ < aii(x, t) ri(t)− r′i(t) , (3.17)

on W k
i , k = 1, 2 , i = np+1, ..., nn, then the system (1.1) has a p−parameter class of solutions

Sp(I) which belongs the set ω for all t ∈ I, i.e. Sp(I) ⊂ ω.

4. APPLICATIONS

Let us consider the system of differential equations of Volterra type
.
xi = (qi + gi (x)) xi , i = 1, ..., n , (4.18)

where gi ∈ C (D,R) , i = 1, ..., n. Functions gi satisfy the Lipschitz’s condition with re-
spect to the variable x on D.

We consider the behavior of the integral curves of the system (4.18) in neighborhoods
of the curve

(
x0, t

)
, t ∈ I, where x0 =

(
x01, . . . , x

0
n

)
∈ Rn.

Theorem 4.4. Let ri ∈ C1 (I,R+) and let

r (t) =
√
r21 (t) + · · ·+ r2n (t)

and
|gi (x)− gi (y)| 6 Li ‖x− y‖ for all x, y ∈ D.

If
Li
∣∣x0i ∣∣ r (t) < − (qi + gi (x)) ri (t) + r′i (t)

on W k
i , k = 1, 2 , for i = n1, ..., np , and

Li
∣∣x0i ∣∣ r (t) < (qi + gi (x)) ri (t)− r′i (t)
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onW k
i , k = 1, 2 , for i = np+1, ..., nn, then the system (4.18) has a p-parameter class of solutions

x (t) satisfying the conditions∣∣xi (t)− x0i
∣∣ < ri (t) , i = 1, . . . , n, t ∈ I.

Proof. For the scalar product P ki (x, t) we have

P ki (x, t) = (qi + gi (x)) ri (t) + (−1)
k

(qi + gi (x))x0i − r′i (t)

= (qi + gi (x)) ri + (−1)
k [
qi + gi

(
x0
)

+ gi − gi
(
x0
)]
x0i − r′i (t)

= (qi + gi (x)) ri + (−1)
k [
gi (x) + gi

(
x0
)]
x0i − r′i (t)

In view of assumptions of the theorem, we have

P ki (x, t) 6 (qi + gi (x)) ri (t) +
∣∣gi (x) + gi

(
x0
)∣∣ ∣∣x0i ∣∣− r′i (t)

6 (qi + gi (x)) ri (t) + Li
∣∣x0i ∣∣ r (t)− r′i (t) < 0

on W k
i , k = 1, 2 , for i = n1, ..., np , and

P ki (x, t) > (qi + gi (x)) ri − Li
∣∣x0i ∣∣ r (t)− r′i (t) > 0

on W k
i , k = 1, 2 , for i = np+1, ..., nn.

The conclusion of the theorem now follows according to Lemma 2.1. �

As an example, we can can consider the following system which is known as predator-
prey ecosystem model, (see [4]):

·
x1 = (1− x1 − ax2)x1, (4.19)
·
x2 = (−b+ ax1)x2, a, b ∈ R+.

For the system (4.19) we may state the following result:

Corollary 4.3. Let α, β ∈ R+.
a) If 1 + β > α (1 + a) and b > αa + β then system (4.19) has a one-parameter class of

solutions x (t) which satisfying conditions

|x1 (t)| < αe−βt, |x2 (t)| < αe−βt for t > 0.

b) If β > (1 + a) (1 + α) , b > a (1 + α) + β then system (4.19) has a one-parameter class of
solutions x (t) wich satisfying conditions

|x1 (t)− 1| < αe−βt, |x2 (t)| < αe−βt for t > 0.

This Corollary follows from Theorem 4.4. In this example we consider x0 = (0, 0) in case
a) and x0 = (1, 0) in case b). Here we have on W k

i (i, k = 1, 2) :

a)

P k2 (x1, x2, t) = (−b+ ax1)αe−βt + βαe−βt < (−b+ aα+ β)αe−βt ≤ 0,

P k1 (x1, x2, t) = (1− x1 − ax2)αe−βt + βαe−βt > (1− α− aα+ β)αe−βt ≥ 0;

b)

P k2 (x1, x2, t) = (−b+ ax1)αe−βt + βαe−βt < (−b+ a(1 + α) + β)αe−βt ≤ 0,
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P k1 (x1, x2, t) = (1− x1 − ax2)αe−βt + (−1)k(1− x1 − ax2) + βαe−βt

≥ (−αe−βt − aαe−βt + β)αe−βt − αe−βt − aαe−βt + βαe−βt

> (−α− aα− 1− a+ β)αe−βt ≥ 0.

Remark 4.1. The obtained results also contain answers to questions on approximation
and stability or instability of solutions x(t) whose existence is established. The errors of
the approximation and the function of stability or instability (including autostability and
stability along the coordinates) are defined by functions ri(t), i = 1, ..., n.
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