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On some weak separation axioms

SABIR HUSSAIN

ABSTRACT. We introduce and explore weak separation axioms namely γ-semi-Ti( for i = 0, 1, 2) spaces.
We also define and discuss γ-semi-Di( for i = 0, 1, 2) spaces and develop the relations between these spaces.
Moreover, we initiate the concept of γ-S-continuous function and discuss the behavior of γ-semi-D1 space under
γ-S-continuous function.

1. INTRODUCTION

One of the most important and interesting area of mathematics named as Topology.
The influence of which is evident in almost every other branch of mathematics. Kasahara
S. [14] introduced and discussed an operation γ of a topology τ into the power set P(X)
of a space X . Ogata H. [17], initiated γ-open sets and explored the related topological
properties. Many researchers worked on the investigations of H. Ogata and introduced
many concepts in the literature.

Hussain S. and Ahmad B. [1-13] generalized many classical notions of topology by
exploring and investigating many interesting properties of γ-operations on topological
spaces. Levine N. [15] introduced semi-open sets in topological spaces. Several topologist
generalized many old concepts of topology using semi open sets. In [7], Hussain S., et.
al initiated and discussed γ-semi-open sets in topological spaces as a generalization of
γ-open sets. In [2], [6] they discussed and investigated γ-semi-closure (interior) and γ-
semi-continuous functions. They also obtained some properties of pre γ-semi-open sets
using properties of minimal γ-semi-open sets [10] and maximal γ-semi-open sets [13] in
topological spaces. Recently, Hussain S. [9], discussed and explored the properties of γ-
semi-R0 spaces in terms of γ-semi-open sets which contains the γ-semi-closure of each of
its singletons.

In this paper, we introduce and explore weak separation axioms namely γ-semi-Ti(
for i = 0, 1, 2) spaces. We also define and discuss γ-semi-Di( for i = 0, 1, 2) spaces and
develop the relations between these spaces. Moreover, we initiate the concept of γ-S-
continuous function and discuss the behavior of γ-semi-D1 space under γ-S-continuous
function.

First, we recall some definitions and results used in this paper. Hereafter, we shall write
a space in place of a topological space.

2. PRELIMINARIES

Throughout the present paper X denotes the topological spaces.
Definition [14]. An operation γ : τ → P(X) is a function from τ to the power set of X such
that V⊆ V γ , for each V ∈ τ , where V γ denotes the value of γ at V. The operations defined

Received: 03.12.2014. In revised form: 05.03.2015. Accepted: 31.03.2015
2010 Mathematics Subject Classification. 54A05, 54A20, 54C08, 54D10.
Key words and phrases. γ-semi-open (closed), γ-semi-closure(interior) , γ-semi-Di ( for i = 0, , 1, 2), γ-semi-Ti

(for i = 0, , 1, 2), γ-S-continuous function.

53



54 Sabir Hussain

by γ(G) = G, γ(G) = cl(G) and γ(G) = intcl(G) are examples of operation γ.
Definition [14]. Let A⊆ X. A point x ∈ A is said to be a γ-interior point of A, if there exists
an open nbd N of x such that Nγ ⊆ A and we denote the set of all such points by intγ(A).
Thus

intγ(A) ={x ∈ A : x ∈ N ∈ τ and Nγ ⊆ A} ⊆ A.
Note that A is γ-open [14] iff A = intγ(A). A set A is called γ- closed [1] iff X-A is γ-

open.
Definition [17]. A point x ∈ X is called a γ-closure point of A⊆ X, if Uγ ∩A 6= φ, for each
open nbd U of x. The set of all γ-closure points of A is called γ-closure of A and is denoted
by clγ(A). A subset A of X is called γ-closed, if clγ(A) ⊆ A. Note that clγ(A) is contained
in every γ-closed superset of A.
Definition [14]. An operation γ on τ is said be regular, if for any open nbds U,V of x ∈ X,
there exists an open nbd W of x such that Uγ ∩ V γ ⊇W γ .
Definition [7]. A subset A of a space X is said to be a γ-semi-open set, if there exists a
γ-open set O such that O ⊆ A ⊆ clγ(O). The set of all γ-semi-open sets is denoted by
SOγ(X). A is γ-semi-closed iff X −A is γ-semi-open in X.
Definition [2]. Let A be a subset of a space X. The intersection of all γ-semi-closed sets
containing A is called γ-semi-closure of A and is denoted by sclγ(A).
Note that A is γ-semi-closed if and only if sclγ(A) = A.
Definition [2]. Let A be a subset of a space X. The union of γ-semi-open subsets of A is
called γ-semi-interior of A and is denoted by sintγ(A).
Definition [11]. A subset A of X is said to be γ-semi-nbd of a point x ∈ X , if there exists a
γ-semi-open set U such that x ∈ U ⊆ A .
Lemma [11]. Let A be a subset of a space X. Then x ∈ sclγ(A) if and only if for any
γ-semi-nbd Nx of x in X, A ∩Nx 6= φ.

3. γ-SEMI-D-SETS

Definition 3.1. Let X be a space and A ⊆ X . Then A is called γ-semi-D-set, if there exists
two γ-semi-open sets U1 and V1 such that U1 6= X and A = U1\V 1.

Clearly every γ-semi-open set U1 6= X is a γ-semi-D-set, if A = U1 and V1 = φ.

Example 3.1. Let X= {a, b, c}, τ = {φ,X, {a}, {a, b}} be topology on X. For b ∈ X , define
an operation γ : τ → P (X) by

γ(A) = Aγ =

{
cl(A), if b ∈ A
A, if b 6∈ A

It is easy to show that SOγ(X) = {φ,X, {a}, {a, b}, {a, c}}, where SOγ(X) represents γ-
semi-open sets in X . Clearly nonempty γ-semi-D sets are {a}, {b}, {c}, {a, b}, {a, c}, X.

Definition 3.2. A space X is said to be γ-semi-D0, if for any x, y ∈ X such that x 6= y,
there exists a γ-semi-D-set U of X such that x ∈ U and y /∈ U or a γ-semi-D-set V of X
such that y ∈ V and x /∈ V .

Definition 3.3. A space X is said to be γ-semi-D1, if for any x, y ∈ X such that x 6= y,
there exists a γ-semi-D-set U of X such that x ∈ U and y /∈ U and a γ-semi-D-set V of X
such that y ∈ V and x /∈ V .

Definition 3.4. A space X is said to be γ-semi-D2, if for any x, y ∈ X such that x 6= y,
there exist γ-semi-D-sets U and V of X such that x ∈ U , y ∈ V and U ∩ V = φ.
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Definition 3.5. A spaceX is said to be γ-semi-T0, if for any x, y ∈ X such that x 6= y, there
exists a γ-semi-open set U of X such that x ∈ U and y /∈ U or a γ-semi open set V of X
such that y ∈ V and x /∈ V .

Definition 3.6. A spaceX is said to be γ-semi-T1, if for any x, y ∈ X such that x 6= y, there
exists a γ-semi-open set U of X such that x ∈ U and y /∈ U and a γ-semi-open set V of X
such that y ∈ V and x /∈ V .

Definition 3.7. A spaceX is said to be γ-semi-T2, if for any x, y ∈ X such that x 6= y, there
exist γ-semi-open sets U and V of X such that x ∈ U , y ∈ V and U ∩ V = φ.

Example 3.2. In above example 3.1, clearly space X is γ-semi-Di(i = 0, 1, 2) space but the
space X is not γ-semi-Ti ( i = 0, 1, 2) space.

Now we characterize γ-semi-T0 in the following Theorem:

Theorem 3.1. A space X is γ-semi-T0 if and only if sclγ({x}) 6= sclγ({y}), for each x, y ∈ X
such that x 6= y.

Proof. (⇒) Suppose that sclγ({x}) 6= sclγ({y}), for x, y ∈ X such that x 6= y. Let p ∈ X
such that p ∈ sclγ({x}) and p /∈ sclγ({y}). We claim that x /∈ sclγ({y}). Contrarily
suppose that, if x ∈ sclγ({y}) then sclγ({x}) ⊆ sclγ({y}). This is contradiction to the fact
that p /∈ sclγ({y}). Consequently x ∈ [sclγ({y})]c, where [sclγ({y})]c is a γ-semi-open set
and y /∈ [sclγ({y})]c.
(⇐) Suppose thatX be a γ-semi-T0 space and x, y ∈ X such that x 6= y. Then by definition,
there exists a γ-semi-open set U containing x or y. Let we suppose that x ∈ U but y /∈ U .
Then U c is a γ-semi-closed set such that x /∈ U but y ∈ U . Since sclγ({y}) is the smallest γ-
semi-closed set such that y ∈ sclγ({y}) [2], sclγ({y}) ⊆ U c and thus x /∈ sclγ({y}). Hence
sclγ({x}) 6= sclγ({y}). This completes the proof. �

Proposition 3.1. Let γ : τ → P (X) be a regular operation. If X is γ-semi-T1, then for each
x ∈ X , {x} is γ-semi-closed.

Proof. Suppose thatX is γ-semi-T1 and x ∈ X . Let y ∈ {x}c. Then x 6= y and by definition
of γ-semi-T1 space, there exists a γ-semi-open set Gy such that y ∈ Gy and x /∈ Gy . In
consequence, y ∈ Gy ⊆ {c}c implies that {x}c =

⋃
{Gy : y ∈ {x}c}. Since γ is regular

operation, so {x}c is γ-semi-open and thus {x} is γ-semi-closed. This completes the proof.
�

Proposition 3.2. LetX be a space. If for each x ∈ X , {x} is γ-semi-closed. ThenX is γ-semi-T1.

Proof. Suppose that for each x ∈ X , {x} is γ-semi-closed. Let p, q ∈ X such that p 6= q
implies q ∈ {p}c. Hence {p}c is a γ-semi-open set such that q ∈ {p}c and p /∈ {p}c. In
similar way {q}c is a γ-semi-open set such that p ∈ {q}c and q /∈ {q}c. Hence X is a
γ-semi-T1 space. This completes the proof. �

Combining Propositions 3.1 and 3.2, we have:

Proposition 3.3. Let γ : τ → P (X) be a regular operation. A space X is γ-semi-T1 if and only
if for each x ∈ X , {x} is γ-semi-closed.

From Proposition 3.3 and by definitions of γ-semi-Di (for i = 0, 1, 2) sets and γ-semi-
Ti(for i = 0, 1, 2) spaces, we obtain the following:
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(A) γ-semi-T2⇒ γ-semi-T1⇒ γ-semi-T0
(B) γ-semi-Ti⇒ γ-semi-Di; for i = 0, 1, 2

(C) γ-semi-D2⇒ γ-semi-D1⇒ γ-semi-D0

Theorem 3.2. Let X be a space. Then
(1) X is γ-semi-D0⇔ X is γ-semi-T0.
(2) X is γ-semi-D1⇔ X is γ-semi-D2.

Proof. (1) (⇐) This follows from above implication (B).
(⇒) Suppose that X be a γ-semi-D0 space. Then for each x, y ∈ X such that x 6= y, there
exists γ-semi-D-set U such that U contains any one of x or y. Let us assume that x ∈ U ,
y /∈ U . Consider U = V1\V2 , where V1 and V2 are γ-semi-open sets and V1 6= X . Then
x ∈ V1 and for y /∈ U , we consider two cases.:
Case i. y /∈ V1. In this case, x ∈ V1 and y /∈ V1.
Case ii. y ∈ V1 and y ∈ V2. In this case y ∈ V2 and x /∈ V2.
This implies that X is a γ-semi-T0 space.
(2)(⇐) This follows from above implication (C).
(⇒) Suppose that X be a γ-semi-D1 space. Then for each x, y ∈ X such that x 6= y, there
exist γ-semi-D-sets U and V such that x ∈ U , y /∈ U and y ∈ V and x /∈ V . Let us assume
the γ-semi-open sets G1, G2, G3 and G4 such that U1 = G1\G2 and U2 = G3\G4. From
x /∈ U2, we have either x /∈ G3 or x ∈ G3 and x ∈ G4. We consider two possibilities:
(i). If x /∈ G3. Since y ∈ U1 then either y ∈ G1 and y ∈ G2 or y /∈ G1. If y ∈ G1 and y ∈ G2.
Then x ∈ G1\G2, y ∈ G2 and (G1\G2) ∩G2 = φ.
If y /∈ G1. Since x ∈ G1\G2 implies x ∈ G1\(G2 ∪ G3) and y ∈ G3\G4 implies y ∈
G3\(G1 ∪G4). Clearly, (G1\(G2 ∪G3)) ∩ (G3\(G1 ∪G4)) = φ.
(ii). If x ∈ G3 and x ∈ G4. Then y ∈ G3\G4, x ∈ G4 and (G3\G4) ∩G4 = φ.
This implies that the space X is γ-semi-D2 space. Hence the proof. �

The proof of the following proposition directly follows form the implication (C) and The-
orem 3.2.

Proposition 3.4. Let X be a space. The X is γ-semi-D1 implies X is γ-semi-T0.

Definition 3.8. Let X be a space and x ∈ X . Then x is said to be a γ-semi-neat point of X ,
if x has only one γ-semi-nbd which is X itself.

Theorem 3.3. Let X be a space. If X is a γ-semi-T0 space, then the following are equivalent:
(1) X is a γ-semi-D1 space.
(2) There exists no any γ-semi-neat point of X .

Proof. (1) ⇒ (2). Suppose that X is γ-semi-D1, then for each x, y ∈ X such that x 6= y,
there exists γ-semi-D-set, say, G = G1\G2 of X and so is G1. Which implies that G1 6= X .
Hence x is not a γ-semi-neat point. Since x is arbitrary, this proves (2).
(2) ⇒ (1). Suppose that X is γ-semi-T0. Then by definition, for each x, y ∈ X and x 6= y,
there exist γ-semi-open-nbdG such that x ∈ G and y /∈ G. SoG is a γ-semi-D-set such that
G 6= X . If there is no γ-semi-neat point of X , then y ∈ X is not a γ-semi-neat point. Thus
there exists a γ-semi-open-nbd U of y such that U 6= X . Thus (U\G) with x /∈ (U\G) is a
γ-semi-D-set such that y ∈ (U\G) and x /∈ (U\G). This implies that X is a γ-semi-D-set.
Hence the proof. �

Definition 3.9. Let X be a space. Then X is said to be γ-semi-symmetric, if for x, y ∈ X ,
x ∈ sclγ({y}) implies y ∈ sclγ({x}).
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Definition 3.10. Let X be a space and A ⊆ X . Then A is said to be a (γ, γ)-semi-
generalized closed set (in short (γ, γ)-sg-closed), if sclγ(A) ⊆ G, for γ-semi-open set G
in X and A ⊆ G.

Proposition 3.5. Let X be a space and A ⊆ X . If A is γ-semi-closed, then it is (γ, γ)-sg-closed.

Theorem 3.4. Let X be a space. The X is γ-semi-symmetric if and only if for each x ∈ X , {x} is
(γ, γ)-sg-closed.

Proof. (⇐) Suppose that x ∈ sclγ({y}). Assume contrarily that y /∈ sclγ({x}). This implies
that y ∈ (sclγ({x}))c. Therefore {y} ⊆ (sclγ({x}))c. Hence sclγ({y}) ⊆ (sclγ({x}))c. So
x ∈ (sclγ({x}))c. A contradiction. This gives as desired.
(⇒) Contrarily suppose that for x ∈ X and a γ-semi-open set G in X such that {x} ⊆
G and sclγ({x}) * G. This implies that sclγ({x}) ∩ Gc 6= φ. Let us suppose that y ∈
(sclγ({x}) ∩ Gc). Here we have x ∈ sclγ({y}). Thus we have sclγ({y}) ⊆ Gc and x /∈ G.
This is a contradiction to the fact. Hence the proof is completed. �

Theorem 3.5. Let X be a space and γ : τ → P (X) be a regular operation. If X is a γ-semi-T1
then it is γ-semi-symmetric.

Proof. By Proposition 3.3, X is γ-semi-T1 implies that for each x ∈ X , {x} is γ-semi-
closed. So by Proposition 3.5, {x} is (γ, γ)-sg-closed. Hence by Theorem 3.4, {x} is γ-
semi-symmetric. Hence the proof.

�

Theorem 3.6. Let X be a space and γ : τ → P (X) be a regular operation. Then the following
statements are equivalent:
(1) X is γ-semi-symmetric and γ-semi-T0.
(2) X is γ-semi-T1.

Proof. (2)⇒ (1). This follows directly from Theorem 3.5 and Implication (A).
(1)⇒ (2). Since X is γ-semi-T0, so for x, y ∈ X such that x 6= y, we have γ-semi-open sets
U (say) such that x ∈ U ⊆ ({y})c. Then x /∈ sclγ({y}) and hence y /∈ sclγ({x}). Therefore,
there exists a γ-semi-open set V such that y ∈ V ⊆ ({x})c. Hence X is a γ-semi-T1 space.
This completes the proof. �

The following theorem follows from Implication (A), Theorems 3.2, 3.6 and Proposition
3.3.

Theorem 3.7. Let X be a space and γ : τ → P (X) be a regular operation. If X is γ-semi-
symmetric, then the following statements are equivalent:
(1) X is γ-semi-T0.
(2) X is γ-semi-D1.
(3) X is γ-semi-T1.

4. γ-S-CONTINUOUS FUNCTIONS

Definition 4.11. Let X and Y be two spaces. A function f : X → Y is γ-S-continuous, if
and only if for any γ-semi-open sets U in Y , f−1(U) is γ-semi-open in X .

Example 4.3. Let X = {a, b, c}, τ = {φ,X, {a}, {a, b}} be topology on X. For b ∈ X , define
an operation γ : τ → P (X) by

γ(A) = Aγ =

{
cl(A), if b ∈ A
A, if b 6∈ A
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Clearly SOγ(X) = {φ,X, {a}, {a, b}, {a, c}}, where SOγ(X) represents γ-semi-open sets
in X . The function f : X → X is defined by setting f(a) = f(b) = a and f(c) = b.
Calculations show that f is γ-S-continuous function.

Theorem 4.8. Let X and Y be two spaces. A function f : X → Y is γ-S-continuous, if for each
x ∈ X and each γ-semi-open set B such that f(x) ∈ B, there exists a γ-semi-open set A ∈ X
such that f(A) ⊆ B. Where γ is a regular operation.

Proof. Suppose that f is γ-S-continuous. Therefore for γ-semi-open set B in Y , f−1(B) is
γ-semi-open in X . We prove that for each γ-semi-open set B containing f(x), there exists
γ-semi-open set A in X such that x ∈ A and f(A) ⊆ B . Let x ∈ f−1(B) ∈ SOγ(X) and
A = f−1(B) . Then x ∈ A and f(A) ⊆ ff−1(B) ⊆ B, where B is γ-semi-open.

Conversely, let B be γ-semi-open set in Y . We prove that inverse image of γ-semi-
open set in Y is γ-semi-open set in X . Let x ∈ f−1(B) . Then f(x) ∈ B. Thus there
exists an Ax ∈ SOγ(X) such that x ∈ Ax and f(Ax) ∈ B . Then x ∈ Ax ⊆ f−1(B) and
f−1(B) =

⋃
x∈f−1(B)Ax implies f−1(B) ∈ SOγ(X), since γ is regular operation [2]. This

proves that f is γ-S-continuous. Hence the proof. �

Definition 4.12. Let X be a space. A net (xi)i∈I is said to be γ-S-converges to x ∈ X , if for
each γ-semi-open set G with x ∈ G, there exists i0 ∈ I such that i ≥ i0 implies xi ∈ G.

Definition 4.13. Let X be a space. A filterbase Γ in X , γ-S-converges to x ∈ X , if for each
γ-semi-open set G with x ∈ G, there exists F ∈ Γ such that F ⊆ G.

Definition 4.14. Let X be a space. A filterbase Γ in X , γ-S-accumulates to x ∈ X , if for
each γ-semi-open set G with x ∈ G and each F ∈ Γ, F ∩G 6= φ.

The following theorem directly follows from the above definitions:

Theorem 4.9. If a filterbase Γ in X , γ-S-converges to x ∈ X , then Γ γ-S-accumulates to x.

The proof of the following theorem is easy and thus omitted:

Theorem 4.10. Let X and Y be two spaces and f : X → Y be a function. The the following
statements are equivalent:
(1) f is γ-S-continuous.
(2) f(Γ) γ-S-converges to f(x), for each x ∈ X and each filterbase Γ which γ-S-converges to x.
(3) The net (f(xi))i∈I of Y , γ-S-converges to f(x) in Y , for each x in X and each net (xi)i∈I in
X which γ-S-converges to x.

Definition 4.15. Let X and Y be two spaces. A function f : X → Y is γ-S-D-continuous
if and only if for any γ-semi-D set U in Y , f−1(U) is γ-semi-D in Y .

Theorem 4.11. Let X and Y be two spaces. A function f : X → Y is γ-S-D-continuous, if for
each x ∈ X and each γ-semi-D set U such that f(x) ∈ U , there exists a γ-semi-D set G ∈ X such
that f(G) ⊆ U . Where γ is a regular operation.

Definition 4.16. Let X be a space. A net (xi)i∈I is said to be γ-S-D-converges to x ∈ X , if
for each γ-semi-D sets G with x ∈ G, there exists i0 ∈ I such that i ≥ i0 implies xi ∈ G.

Definition 4.17. Let X be a space. A filterbase Γ in X , γ-S-D-converges to x ∈ X , if for
each γ-semi-D set G with x ∈ G, there exists F ∈ Γ such that F ⊆ G.

Theorem 4.12. Let X and Y be two spaces and f : X → Y be a function. The the following
statements are equivalent:
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(1) f is γ-S-D-continuous.
(2) f(Γ) γ-S-D-converges to f(x), for each x ∈ X and each filterbase Γ which γ-S-D-converges
to x.
(3) The net (f(xi))i∈I of Y , γ-S-D-converges to f(x) in Y , for each x in X and each net (xi)i∈I
in X which γ-S-D-converges to x.

Theorem 4.13. LetX and Y be two spaces and f : X → Y be a function. If f is a γ-S-continuous
surjective function, then f−1(U) is a γ-semi-D set in X , for each γ-semi-D set U in Y .

Proof. Let U be a γ-semi-D set in Y . Then by definition , there exist γ-semi-open sets V1
and V2 in Y such that V1 6= Y and U = V1\V2. Since f is γ-S-continuous, so f−1(V1) and
f−1(V2) are γ-semi-open in X . Also since f is surjective, V1 6= Y implies f−1(V1) 6= X .
Thus f−1(U) = f−1(V1)\f−1(V2) is a γ-semi-D set. This completes the proof. �

Theorem 4.14. LetX and Y be two spaces and f : X → Y is a γ-S-continuous bijective function.
If Y is a γ-semi-D1 space then X is a γ-semi-D1 space.

Proof. Let x, y ∈ X such that x 6= y. Since Y is γ-semi-D1 and f is injective, therefore there
exist γ-semi-D sets U and V in Y such that f(x) ∈ U , f(y) ∈ V and f(y) /∈ U , f(x) /∈ V .
Thus f−1(U) and f−1(V ) are γ-semi-D sets in X such that x ∈ f−1(U) and y ∈ f−1(V ), by
Theorem 4.13. This shows that X is a γ-semi-D1 space. Hence the proof. �

Theorem 4.15. LetX and Y be two spaces. ThenX is γ-semi-D1 if and only if for x, y ∈ X with
x 6= y, there exists a γ-S-continuous surjective function f : X → Y , where Y is a γ-semi-D1

space such that f(x) 6= f(y).

Proof. (⇒) The proof of necessity follows by taking the identity function on X such that
x, y ∈ X and x 6= y.
(⇐) Suppose x, y ∈ X such that x 6= y. By hypothesis, there exist a γ-S-continuous
surjective function f : X → Y , where Y is a γ-semi-D1 space such that f(x) 6= f(y).
Therefore, there exist γ-semi-D sets U and V in Y such that f(x) ∈ U , f(y) ∈ V and
U ∩V = φ. Since f is γ-S-continuous and surjective, by Theorem 4.14, f−1(U) and f−1(V )
are γ-semi-D sets in X such that x ∈ f−1(U), y ∈ f−1(V ) and f−1(U)∩ f−1(V ) = φ. Thus
by Theorem 4.13, X is a γ-semi-D1 space. This completes the proof. �
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