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Note on a Schurer-Stancu-type operator

ADRIAN D. INDREA, ANAMARIA INDREA and PETRU 1. BRAICA

ABSTRACT. The aim of this paper is to introduce a class of operators of Schurer-Stancu-type with the property
that the test functions eg and e; are reproduced. Also, in our approach, a theorem of error approximation and a
Voronovskaja-type theorem for this operators are obtained. Finally, we study the convergence of the iterates for
our new class of operators.

1. INTRODUCTION

Let N be a set of positive integers, Ny = NU {0} and «, 8 real numbers with 0 < o < .
We denote by e; the monomial of j degree, j € Ny. For any m € Nand p € N fixed, F.
Schurer [11] has introduced the linear positive operator

5 o (m+ k
(Bupf)a) = 3 (" P )t amer iy (£ (B
k=0

defined for any f € C([0,1 +p]) and = € [0, 1]. The author proved thatif f € C([0,1 + p]),
then By, ,(f) — f uniform on [0, 1].
For any m € Nand 0 < a < 3, Stancu [12] has introduced the linear positive operator

(P ) @ =3 (et - aynis (£22), 12)

k=0
defined for any f € C([0,1]) and « € [0, 1]. The author proved that if f € C([0,1]) then
PP () — f uniform on [0, 1].

In 2006, Dan Bérbosu [3] introduced for any m € N,p € Nfixed, a, € R,0 < o < fan
operator of Schurer-Stancu type by the form

m-+p
(Fle? ) = (m,jp>w’“(1 )k (:ﬂ‘;) : (13)
k=0

defined for any f € C([0,1 + p]) and z € [0, 1]. The author proved thatif f € C([0,1+ p]),

then Fﬁ{f},ﬁ )( f) — f uniform on [0,1]. Note that the above operators from (1.1)-(1.3)
preserve the test function eg.

In the study of above classes a Bohman-Korovkin theorem was used. Following the
ideas from [1], [4]-[8] and [10], in this paper we introduced a general class which preserves
the test function ey and e;. For our operators a convergence theorem and Voronovskaja-
type theorem are obtained. The paper is organized as follows. In Section 2 we have recall
some results obtained in [9] which are essentially for obtaining the main results of this
paper. Section 3 is devoted to the construction of a class of linear and positive operators
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that preserves the test functions ep and e;. In concordance with [2], in Section 4 we study
the convergence of the iterates of the new class of operators.

2. PRELIMINARIES

In this section, we recall some notions and results which we will use in what follows.
We consider I, J real intervals with the property IN.J # (), let E(I), F(.J) be certain subsets
of a space of all real functions defined on I, respectively J. Set

B(I) = {f|f : I — R, f bounded on T},

CI) ={f|f:I—R,f continuous on I}
and
Cp(I)=B(I)nC(I).
For z € I, we consider the function ¢, : I — R,¢,(t) =t — z,¢t € I. For any m € Ny,
we consider the functions ¢, : J — R, with the property that ¢,, x(z) > 0 for any
x e J, ke {0,1,2,..,m+ p} and the linear positive functionals A,,x : E(I) - R, k €
{0,1,2,...,m + p}. For m € N we define the operator L,, : E(I) — F(J) by

m-+p

= Omk(@) Am (). (2.4)
k=0

Remark 2.1. The operators (L,,)men are linear and positive on E(I N J).

Forany f € E(I),z € INJ, m € Nand i € Ny, we define T}, ; by

m+p

(Tin,iLm)(x) = mz(Lmq/);)(x) =m' Z ‘Pmk(ﬂf)Amk(w;) (2.5)

k=0
In the following, let s be a fixed even natural number and we suppose that the operators
L,,, m € N verifies the following conditions:
there exists the smallest a5, a512 € [0, 00) such that
T L,
lim w = Bj(z) € R, (2.6)
m—»o0 mi
foranyz € INJ,j € {s,s+2} and
Qo < Qg + 2. (2.7)
If I C Risan given interval and f € Cg(I), then, the first order modulus of smoothness
of f is the function w(f;-) : [0,4+00) — R defined for any 6 > 0 by w(f,d) = sup{|f(z') —
f@)] a2 eI, | — 2" <6}
Theorem 2.1. [9] Let f : I — R be a function. If x € I N J and f is s times derivable function
on I, the function f*) is continuous in x, then

im0 (Lo f) (e Z m” N (T iLn) ) =o. 2.8)

If f is a s times differentiable function on I, the function f*) is continuous on I and there
exists m(s) € Nand k; € R such that for any natural number m > m(s) and for any x € INJ

we have
(Tm,ij) ()
mei

<k;, 2.9)
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where j € {s, s+ 2}, then the convergence given in ( 2.8) is uniformly on I N J and

f

S, fr@)
m°T% (me)(lli) - Z ml(;') (Tm,iLm)(I) S (210)
i=0 ’
1 (). 1
S g(ké + ks+2)w f 5 \/ﬁ s

forany x € INJand m > m(s).

Now, let «, 5 be fixed real numbers and p € N fixed with the property that0 < a+p < 5.
We observe that if m, mg € N, m > mg, then
o mo—i-p—l—a] { o m—i—p—i—a}

mo+ 3" mo+f m+p m+p (11)

A : . mAp+
Moreover, for a = 8 = p = 0 the interval [m‘i 55 mmi ﬁa} becomes [0,1].

3. A NEW CLASS OF OPERATORS

Let p € Nfixed, 0 < a + p < f and the functions a,, b,, : J — R such that a,,,(z) >
0,bp(z) > Oforany z € Jym € Nand I = [0,1 + p]. We define the operator of the
following form

m—+p
(s )@ =3 ("7 )ab s (£55)). (312)
k=0

forany m € N,z € Jand f € E([0,1 + p]), here E([0, 1 + p]) is the linear space of all real
valued functions defined on [0, 1+p]. In what follows, we impose the additional condition
to be fulfilled by our operators

(Sf,i",f)eo) (x)=1,meN,xz e J (3.13)
We get
(am () 4 by ()" P =1,m e N,z € J, (3.14)
from where
am () + bm(x) =1,m e N,z € J. (3.15)
The second condition will be read as follows
(S,(?f"’pﬂ)el) (x)=x,me N,z € J. (3.16)
We get
L) a0 (0) b ()T - () b ) = (G7)
m € N,z € J. From (3.14), (3.15) and (3.17) it follows
(m+ Bz —«
m(z) = ——2 — 3.18
() = P (318)
and

bm<x):m—|—p—7$lm+—;ﬁ)x+a

forany m € Nand = € J. We fix my € Nand let N; = {m € Ny|m > myg}.

(3.19)
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Lemma 3.1. Let m € Ny, then the following relations are equivalent
(1) apm(x) > 0and by, (z) > 0;

(i) x € Jand J = [ o m"“’*a}.

mo+B87 mo+p

Proof. Taking into account (2.11), after some calculus, it follows immediately. O

Now, considering the relations (3.18) and (3.19), the operator (3.12) becomes

(8371) () = W b (m; p) ((m + Bz — o) (3.20)
k=0

(m+p—(m+ Bz +a)™P . f (:1—:0;)

forany m € Ny,z € Jand f € E([0,1 + p]).
From (3.20) we have

(8%e2) (@) =

m+p—1 4 <2(m+p1)a 1 2a
(

m+p m + B)(m + p) m—i—,@’er—i—5>ghL (321)

N ( m+p—-1 1 > 02 1 N
(m+B)2(m+p) (m+p)? (m+pB)>"
forany m € Ny, z € J, f € E([0,1 + p]). Coming back to Theorem 2.1 and Remark 2.1 for
our operator (3.12) we have I = [0,1 + p|, E([0,1 + p]) = C([0,1 + p]),

1 + .
Pm,k = W (mk p) ((m + B)JJ — Oé)k . (322)
“(m+p—(m+ Bz +a)" P
and .
+«
Api(f)=f (m+[3> ; (3.23)

forany m € Ny, z € [mf—l—ﬁ’ ”ﬁg_’ﬁ;a] and f € C([0,1+ p]).

mo+5°’  mo+8
positive for f € C([0,1 + p]).

Remark 3.2. If z € { ~ 7”"+p+°‘} and m € Ny, then the operators Sfﬁ ” ) are linear and

Lemma 3.2. Form € Ny and x € [m()ojr ik ”ﬁ?;_’;;”‘} , the following identities

(TmoSiey?) (@) =1, (3.24)
(Tm,ls,(gff)) () =0 (3.25)

and
(TWQS,(,S‘)f)) (x) = m? ((S,(,‘f‘,’pﬁ)eg) (z) — xz) (3.26)

hold.
Proof. We take (2.5), (3.13) and (3.16) into account. O

In concordance with Theorem 2.1, from (3.24)-(3.26) we obtain kg = 1, m(0) = 1, ko =
716&228a+5, Qg = 0 and Qg = 1.

The main results are obtained from the next theorems
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Theorem 3.2. If f : [0,1 + p] — R is a continuous function on [0, 1], then we have

lim S = f (3.27)

m—>00

mo+B’ mo+pB
There exists m* = max(mg, m(0)) such that

(s500) () )| < SR (5

uniformly on J = { a mo+p+a}

1
m) , (3.28)

forany x € [mgaw’ m;r);r%a} m e N,m > m*.

Proof. We used (3.24) and Theorem 2.1 to obtain (3.27). From the relation (3.26) we obtain
that

T, Sﬁ‘gﬁ 1602
(’ani’p)(x)gx(gla_'_l_x)_'_léw. (329)
Taking into account (3.24) and (3.29) we obtain (3.28). O

Theorem 3.3. If f : [0,1 + p] — R is a continuous function on [0, 1] and is two times differen-
tiable on [0, 1] having the second-order derivative continuous on [0, 1], then we have

. o A (x
tim_m ((S,(mipﬁ) f) (z) — f(x)) - #x(éla F1-a). (3.30)
Proof. Using that
T 2898
lim —227MP (4o + 1 — z)
m—» 00 m
and taking into account Theorem 2.1 and Lemma 3.2, we obtain the relation (3.30). |

Theorem 3.3 is a Voronovskaja-type theorem.

4. APPLICATION
Following [2], for our new operator, we obtain

Theorem 44. Let [ =[c,d], f: I = R, Sy(ﬁ’pﬁ), m € Ny be defined by (3.8) such that ¢, o(c) =
Cm,m+p(d) = L If f € C([c,d]), then the iterates sequence ((Sf,‘ﬁ’pﬁ)) ) . verifies

n d _
i ((se2)" 1) @) = £l + LOTO ) @3
uniformly on [c, d], where ¢ = 85, d = mﬂtﬁgo‘.

Proof. At first we define

Xy5 :={f € Clle,d])|f(c) =, f(d) = 6}, (7,0) e RXR.

Clearly, every X, s is a closed subset of C([c, d]) and the system X, 5, (7, d) € R xR, makes
up a partition of this space. Since ¢.,,0(¢) = ©m m+p(d) = 1, the relation (3.13) implies

(S’ffi’pﬁ)f) (¢) = f(c) and (Sfffﬁfﬁ) (d) = f(d), in other words for all (v,d) € R x R and

m € Ny, X, s is an invariant subset of Sﬁfﬁf),
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Further on, we prove that 55 |x,.s : Xy,5 — X, is a contraction for every (v,d) €
R x R and m € Nj. Let us denote u,,, := mind]((pm’o(x) + @m,m+p(x)). If f and g belong to

z€le,

X, s then, for every z € [c, d], we can write

m+p—1

‘(Sﬁ,‘i’pﬁ)f) (x) - ( ﬁ) ) ‘ = Z Sﬁmk f_g)(wm,k)

m+p 1

=(1- Wm,O(I) - ‘Pm,m+p(x))||f — 9l

<A =um)llf = 9lloo,

where z,, = 1]761-:—%’ ke {0,....,m+ p}.

Consequently we obtain H (S(a 5 f) (x) — ( ﬁpﬁ)g> H (1 —um)|| f — glloo- In our
case, from Lemma 3.1 we have u,, > 0, which guarantees our statement. On the other
hand, the function p 5 := v + ((6 —v)/(d — ¢))(e1 — ¢) belongs to X, 5 and since Sﬁ;ﬁ)
reproduces the affine functions p? ; is a fixed point of Sm (a ; ).

For any f € C([c,d]) one has f € X{(e),f(a) and, by usmg the contraction principle, we

get lim (Sf,‘fﬂ) f= pf(c) £(a)- We obtained the desired result in (4.31). O
n—> o0 ’ ’
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