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On decomposition of weak continuity

BISHWAMBHAR ROY and RITU SEN

ABSTRACT. In this paper, the notions of locally µ-regular closed sets, µ̂-t-sets, µ̂-B-sets have been introduced.
Using these concepts, the decomposition of some weak forms of continuity have been studied.

1. INTRODUCTION

The notion of decompositions of continuity was first introduced by Tong [18, 19] by
defining A-sets and B-sets. The decomposition of continuity and some of its weaker forms
have been further studied by different mathematicians like Ganster and Reilly [9], Yalvac
[20], Hatir and Noiri [10, 11], Przemski [15], Noiri and Sayed [14], Dontchev and Przem-
ski [6], Erguang and Pengfei [8], Noiri, Rajamni and Sundaram [13] and many others.
Since then the notion of decompositions of continuity is one of the most important area of
research.

In the last few years, different forms of open sets have been studied. Recently, a sig-
nificant contribution to the theory of generalized open sets was extended by A. Császár.
Especially, the author defined some basic operators on generalized topological spaces. It
is observed that a large number of papers is devoted to the study of generalized open
like sets of a topological space, containing the class of open sets and possessing properties
more or less similar to those of open sets.

We recall some notions defined in [3]. Let X be a non-empty set, expX denotes the
power set of X . We call a class µ j expX a generalized topology [3], (briefly, GT) if
∅ ∈ µ and union of elements of µ belongs to µ. A set X , with a GT µ on it is said to be
a generalized topological space (briefly, GTS) and is denoted by (X,µ). For a GTS (X,µ),
the elements of µ are called µ-open sets and the complement of µ-open sets are called µ-
closed sets. For A j X , we denote by cµ(A) the intersection of all µ-closed sets containing
A, i.e., the smallest µ-closed set containing A; and by iµ(A) the union of all µ-open sets
contained in A, i.e., the largest µ-open set contained in A (see [3, 4]). It is easy to observe
that iµ and cµ are idempotent and monotonic, where γ : expX → expX is said to be
idempotent iff A j B j X implies γ(γ(A)) = γ(A) and monotonic iff γ(A) j γ(B). It is
also well known from [4, 5] that if µ is a GT on X and A j X , x ∈ X , then x ∈ cµ(A) iff
x ∈M ∈ µ⇒M ∩A 6= ∅ and cµ(X \A) = X \ iµ(A).

Throughout the paper (X, τ) and (Y, σ) will represent topological spaces and µ is a GT
on the topological space (X, τ). A subset A of a topological space (X, τ) is called regular
open if int(cl(A)) = A. The complement of a regular open set is called regular closed. The
collection of all regular open sets in a topological space is denoted by RO(X).
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2. LOCALLY µ-REGULAR CLOSED SETS AND DECOMPOSITION OF µ-CONTINUITY

Definition 2.1. Let µ be a GT on a topological space (X, τ). A subset A of X is called
locally µ-regular closed if A = U ∩ F where U ∈ RO(X) and F is µ-closed.

Remark 2.1. Let µ be a GT on a topological space (X, τ). Then
(i) A is locally µ-regular closed if and only if X \A is the union of a regular closed set and
a µ-open set.
(ii) Every regular open set as well as a µ-closed set is locally µ-regular closed.
(iii) Finite intersection of locally regular µ-closed sets is locally µ-regular closed.

Example 2.1. (a) LetX = {a, b, c}, µ = {∅, {a}, {a, b}, {a, c}, X} and τ = {∅, {a}, {b}, {a, b},
{a, c}, X}. Then µ is a GT on the topological space (X, τ). Now it is easy to check that {a}
is open but not locally µ-regular closed and {c} is locally µ-regular closed but not open. It
is also to observe that {b, c} is locally µ-regular closed but not regular open. Again {a, c}
is locally µ-regular closed but not µ-closed.

(b) Let X = {a, b, c}, and τ = {∅, {a}, {b}, {a, b}, {a, c}, X}. If we consider the GT
µ = {∅, {b, c}, {a, c}, X} on the topological space (X, τ), then {a, c} is locally µ-regular
closed but not µ-closed. It is easy to verify that {a} and {b} are two locally µ-regular
closed set but their union {a, b} is not so.

Definition 2.2. Let µ be a GT on a topological space (X, τ). A subset A of X is called
locally µ-closed [17] if A = U ∩ F where U ∈ τ and F is µ-closed.

Remark 2.2. Every locally µ-regular closed set is locally µ-closed but the converse is false
as shown by the next example.

Example 2.2. LetX = {a, b, c, d}, τ = {∅, {a, b}, {c, d}, {a, c, d}, X} and µ = {∅, {a, b}, {a, c},
{a, b, c}}. Then µ is a GT on the topological space (X, τ). It can be checked that {a, c, d} is
a locally µ-closed set but not locally µ-regular closed.

Theorem 2.1. Let µ be a GT on a topological space (X, τ). Then a subset A of X is locally
µ-regular closed if and only if there exists a regular open set U j X such that A = U ∩ cµ(A).

Proof. Let A be a locally µ-regular closed subset of X . Then A = U ∩F where U is regular
open in X and F is µ-closed. Thus A j U and A j F . Then A j cµ(A) j cµ(F ) = F .
Therefore, A j U ∩ c

µ
(A) j U ∩ c

µ
(F ) = U ∩ F = A. Thus A = U ∩ c

µ
(A). Conversely,

since c
µ
(A) is µ-closed, A is locally µ-regular closed. �

Theorem 2.2. Let µ be a GT on a topological space (X, τ). If A j B j X and B is locally
µ-regular closed, then there exists a locally µ-regular closed set C such that A j C j B.

Proof. As B is locally µ-regular closed by Theorem 2.1, B = U ∩ c
µ
(B) where U is regular

open. Then A j B j U . So A j U ∩ c
µ
(A) = C (say). Then C is locally µ-regular closed

and A j C j B. �

Proposition 2.1. Let µ be a GT on a topological space (X, τ) such that RO(X) j µ. If A is
locally µ-regular closed then
(i) cµ(A) \A is µ-closed.
(ii) A ∪ [X \ cµ(A)] is µ-open.
(iii) A j i

µ
[A ∪ (X \ c

µ
(A))].

Proof. (i) LetA be a locally µ-regular closed subset ofX . Thus by Theorem 2.1, there exists
a regular open set U such that A = U ∩ c

µ
(A). Now c

µ
(A) \ A = c

µ
(A) \ [U ∩ c

µ
(A)] =
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c
µ
(A)∩ [X \ (U ∩ c

µ
(A))] = c

µ
(A)∩ [(X \U)∪ (X \ c

µ
(A))] = [c

µ
(A)∩ (X \U)]∪ [c

µ
(A)∩

(X \ c
µ
(A))] = c

µ
(A) ∩ (X \ U) which is a µ-closed set.

(ii) Since cµ(A) \ A is µ-closed, then X \ (cµ(A) \ A) is µ-open and X \ (cµ(A) \ A) =
X \ (cµ(A) ∩ (X \A)) = A ∪ (X \ cµ(A)).
(iii) From (ii), it follows that, A j [A ∪ (X \ c

µ
(A))] = i

µ
[A ∪ (X \ c

µ
(A))]. �

That RO(X) j µ is necessary in the above theorem is shown by the next example.

Example 2.3. Consider X = {a, b, c} with the topology τ = {X,∅, {a}, {b}, {a, b}}. Con-
sider the GT µ = {∅, {a}, {a, c}} on the space (X, τ). LetA = {b}. Then cµ(A)\A = {b}\{b}
= ∅ which is not a µ-closed set, but A is a locally µ-regular closed set in X .

Definition 2.3. [16] Let µ be a GT on a topological space (X, τ). Then A j X is called
a regular generalized µ-closed set (or simply a rµg-closed set) if cµ(A) j U whenever
A j U ∈ RO(X). The complement of a rµg-closed set is called a regular generalized
µ-open (or simply a rµg-open) set.

Theorem 2.3. Let µ be a GT on a topological space (X, τ). Then A is µ-closed if and only if it is
rµg-closed and locally µ-regular closed.

Proof. Suppose that A is a µ-closed set in X . Let A j U where U is regular open in X .
Then c

µ
(A) = A j U . Thus A is rµg-closed. Since A is µ-closed it is locally µ-regular

closed (by Remark 2.1).
Conversely suppose that A is rµg-closed and locally µ-regular closed. Thus A = U ∩F ,

where U ∈ RO(X) and F is µ-closed. So A j U and A j F . So by hypothesis c
µ
(A) j U

and cµ(A) j cµ(F ) = F . Thus cµ(A) j U ∩ F = A. Thus A is µ-closed. �

Example 2.4. Let X = {a, b, c}, τ = {∅, {a}, {b}, {a, b}, X} and µ = {∅, {a, c}, {a, b}, X}.
Then (X, τ) is a topological space and µ is a GT on X . It is easy to show that {a} is locally
µ-regular closed but not rµg-closed. It can also be shown that {a, c} is not locally µ-regular
closed but rµg-closed.

Definition 2.4. Let µ be a GT on a topological space (X, τ). Then a subset A of X is said
to be (i) µ̂-t-set if int(cl(A)) = int(cl(c

µ
(A)));

(ii) µ̂-B-set if A = U ∩ V , U ∈ RO(X), V is a µ̂-t-set;
(iii) µ′′-open if A j int(cl(cµ(A))).

Proposition 2.2. Let µ be a GT on a topological space (X, τ). Then
(i) If A is a µ-closed set then it is a µ̂-t-set.
(ii) If A is a µ̂-t-set then it is also a µ̂-B-set.
(iii) Every locally µ-regular closed set is a µ̂-B-set.

Proof. (i) Let A be a µ-closed set. Then A = c
µ
(A). Thus int(cl(A)) = int(cl(c

µ
(A))).

Therefore A is a µ̂-t-set.
(ii) Let A be a µ̂-t-set. Then A = X ∩A. The rest follows from the definition of a µ̂-B-set.
(iii) Let A be a locally µ-regular closed subset of X . Then A = U ∩ F , where U is regular
open in X and F is µ-closed. Then by (ii), F is a µ̂-t-set and hence A is a µ̂-B-set. �

Example 2.5. (a) LetX = {a, b, c}, τ = {∅, {a}, {b}, {a, b}, X} and µ = {∅, {a, b}, {a, c}, X}.
Then µ is a GT on the topological space (X, τ). It can be checked that {a, b} is a µ̂-t-set
which is not µ-closed. We observe that here {b} and {c} are two µ̂-t-sets but their union is
not so. It can also be verified that {a} is a µ̂-B-set which is not a µ̂-t-set.
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(b) Let X = {a, b, c}, τ = {∅, {a}, {b, c}, X} and µ = {∅, {c}}. Then µ is a GT on the
topological space (X, τ). It can be checked that {a, b} and {a, c} are two µ̂-t-sets but their
intersection is not so.

(c) Let X = {a, b, c, d}, τ = {∅, {a}, {c}, {a, b}, {a, c}, {c, d}, {a, b, c}, {a, c, d}, X} and
µ = {∅, {a}, {a, b}, {a, c}, {a, b, c}, X}. Then µ is a GT on the topological space (X, τ).
It can be checked that {c} is a µ̂-t-set which is not locally µ-regular closed and {a, b} is
locally µ-regular closed which is not a µ̂-t-set. Also {c} is a µ̂-B-set but not locally µ-
regular closed.

(d) Let X = {a, b, c, d}, µ = {∅, {a, b}, {a, c}, {b, d}, {a, b, c}, {a, b, d}} and τ = {∅, {b},
{b, c}, {b, d}, {b, c, d}, X}. Then µ is a GT on the topological space (X, τ). It can be checked
that {a, b, c} is a µ̂-B-set but not a locally µ-closed set. Also we observe that {a} and {d}
are two µ̂-B-sets but their union is not so.

(e) Let X = {a, b, c}, µ = {∅, {b}, {c}, {b, c}} and τ = {∅, {a}, {a, b}, X}. Then µ is a
GT on the topological space (X, τ). It can be checked that {b} is not a µ̂-B-set but a locally
µ-closed set.

Proposition 2.3. Let µ be a GT on a topological space (X, τ). Then A is regular open if and only
if A is µ′′-open and a µ̂-B-set.

Proof. Let A be regular open. Then A = int(cl(A)) j int(cl(cµ(A))) and hence A is µ′′-
open. Also A = A ∩X where A is regular open and X is a µ̂-t-set. Hence A is a µ̂-B-set.

Conversely, since A is a µ̂-B-set, A = U ∩ V , where U is regular open in X and V
is a µ̂-t-set. As A is µ′′-open, A j int(cl(c

µ
(A))) j int(cl(c

µ
(U ∩ V ))) j int[cl(c

µ
(U)) ∩

cl(cµ(V ))] = int(cl(cµ(U)))∩int(cl(V )). HenceA = U ∩V = (U ∩V )∩U j int(cl(cµ(U))∩
int(cl(V ))) ∩ U = int(cl(c

µ
(U)) ∩ U) ∩ int(cl(V )) = U ∩ int(cl(V )). Thus A is a regular

open set. �

Example 2.6. Consider Example 2.1(a). It can be shown that {a, b} is a µ′′-open set but not
a µ̂-B-set. Also {c} is a µ̂-B-set but not µ′′-open.

Definition 2.5. Let µ be a GT on a topological space (X, τ). Then a function f : (X, τ) →
(Y, σ) is said to be rµg-continuous (resp. contra µ-lrc-continuous) if f−1(F ) is rµg-closed
(resp. locally µ-regular closed) for each regular closed set F of (Y, σ).

Definition 2.6. Let µ be a GT on a topological space (X, τ). Then a function f : (X, τ) →
(Y, σ) is said to be weakly (µ, σ)-continuous if for each x ∈ X and for each regular open
set V of Y containing f(x), there exists U ∈ µ containing x such that f(U) j V .

Theorem 2.4. Let µ be a GT on a topological space (X, τ). Then for a function f : (X, τ) →
(Y, σ) the followings are equivalent :
(i) f is weakly (µ, σ)-continuous;
(ii) for every regular open set V of Y , f−1(V ) is µ-open in X ;
(iii) for every regular closed set F of Y , f−1(F ) is µ-closed in X .

Proof. (i) ⇒ (ii): Let V be a regular open set in Y and x ∈ f−1(V ). Then there exists a
µ-open set U in X containing x such that f(U) j V . Then x ∈ U j f−1(V ). Thus f−1(V )
is µ-open.

(ii) ⇒ (iii): Let F be a regular closed subset of Y . Then by (ii), f−1(Y \F ) = X \ f−1(F )
is µ-open. Thus f−1(F ) is µ-closed.

(iii) ⇒ (i): Let V be a regular open set in Y containing f(x). Then by (iii), f−1(Y \ V ) =
X \ f−1(V ) is a µ-closed set in X . Thus f−1(V ) is a µ-open set containing x. Thus there
exists a µ-open set U containing x such that x ∈ U j f−1(V ). Thus f(U) j V . �
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Theorem 2.5. Let µ be a GT on a topological space (X, τ). Then a function f : (X, τ) → (Y, σ)
is weakly (µ, σ)-continuous if and only if it is rµg-continuous and contra µ-lrc-continuous.

Proof. This follows from Theorem 2.4 and Theorem 2.3. �

Example 2.7. (a) LetX = Y = {a, b, c}, τ = {∅, {a}, {b}, {a, b}, X}, σ = {∅, {b}, {a, c}, Y },
µ = {∅, {c}, {a, b}, {a, c}, X}. It can be checked that the identity function f : (X, τ) →
(Y, σ) is rµg-continuous but not contra µ-lrc-continuous.

(b) LetX = Y = {a, b, c}, τ = {∅, {a}, {b}, {a, b}, X}, σ = {∅, {a}, {b}, {a, b}, {b, c}, Y },
µ = {∅, {c}, {a, b}, {a, c}, X}. It can be checked that the identity function f : (X, τ) →
(Y, σ) is contra µ-lrc-continuous but not rµg-continuous.

Definition 2.7. A function f : (X, τ) → (Y, σ) is said to be contra R map [7] if f−1(F ) is
regular open in X for each regular closed set F of (Y, σ).

Theorem 2.6. Let µ be a GT on a topological space (X, τ). Then a contra R map f : (X, τ) →
(Y, σ) is weakly (µ, σ)-continuous if and only if it is rµg-continuous.

Proof. Let f be a contra R map and rµg-continuous. Let F be a regular closed set in (Y, σ).
Then f−1(F ) is regular open in X (as f is R map). Thus f−1(F ) is locally µ-regular closed
in X . Since f is rµg-continuous, f−1(F ) is rµg-closed. Thus by Theorem 2.3, f−1(F ) is
µ-closed, showing f to be weakly (µ, σ)-continuous.

Converse part is obvious as every µ-closed set is rµg-closed. �

Definition 2.8. Let µ be a GT on a topological space (X, τ). A mapping f : (X, τ) →
(Y, σ) is said to be contra rµg-continuous (resp. contra rµ-continuous, µr -lc-continuous)
if f−1(V ) is rµg-closed (resp. µ-closed, locally µ-regular closed) in X for each regular
open set V of Y .

Theorem 2.7. Let µ be a GT on a topological space (X, τ). A mapping f : (X, τ) → (Y, σ) is
contra rµ-continuous if and only if it is µ

r
-lc-continuous and contra rµg-continuous.

Proof. Follows from Theorem 2.3. �

Example 2.8. Let X = {a, b, c}, τ = {X,∅, {a}, {b}, {a, b}, {a, c}}, µ = {∅, {a}, {a, b},
{a, c}, X}. Then the mapping f : (X, τ) → (X, τ) defined by f(a) = c, f(b) = b, f(c) = c
is not contra rµg-continuous but µ

r
-lc-continuous. Also the mapping h : (X, τ) → (X, τ)

defined by h(a) = a, h(b) = c, h(c) = b is contra rµg-continuous but not µr -lc-continuous.

Definition 2.9. Let µ be a GT on a topological space (X, τ). A mapping f : (X, τ) → (Y, σ)
is said to be µ′′-continuous (resp. µ̂-B-continuous) if for each regular open set V of Y ,
f−1(V ) is µ′′-open (resp. a µ̂-B-set).

Definition 2.10. A mapping f : (X, τ) → (Y, σ) is β-continuous (simply βC) [1] or an R
map [2, 12] if f−1(V ) ∈ RO(X) for each V ∈ RO(Y ).

Theorem 2.8. Let µ be a GT on a topological space (X, τ). A mapping f : (X, τ) → (Y, σ) is
β-continuous or an R map if and only if it is µ′′-continuous and µ̂-B-continuous on X .

Proof. Follows from Proposition 2.3. �

Example 2.9. (a) Let X = Y = {a, b, c, d}, µ = {∅, {a}, {a, b}, {a, c}, {a, b, c}}, τ = {∅, {a},
{a, b}, {c, d}, {a, c, d}, X}, σ = {∅, {a}, {b, d}, {a, c}, {a, d}, {a, b, d}, {a, c, d}}. Then (X, τ)
and (Y, σ) are two topological spaces. Consider the identity mapping f : (X, τ) → (X,σ).
It can be checked that f is not µ̂-B-continuous but µ′′-continuous.
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(b) Let X = {a, b, c}, µ = {∅, {a}, {a, b}, {a, c}, X}, τ = {∅, {a}, {b}, {a, b}, {a, c}, X}.
Then (X, τ) is a topological space. Consider the mapping f : (X, τ) → (X, τ) defined
by f(a) = c, f(b) = a, f(c) = b. It can be checked that f is µ̂-B-continuous but not
µ′′-continuous.
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