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A Banach algebra which is generated by idempotents

A. ZIVARI-KAZEMPOUR

ABSTRACT. In this paper we show that the Banach algebra C0(X), where X is a locally compact Hausdorff
space, is generated by idempotents if and only if X is totally disconnected.

1. MAIN RESULTS

Let X be topological space and C(X) denote the space of all continuous complex-
valued functions on X . Then it is well-known that if X is compact, the space C(X) is
a Banach algebra with pointwise multiplication and the sup-norm. We say that the con-
tinuous function f on locally compact Hausdorff space X vanishes at infinity if for every
ε > 0 the set {x : |f(x)| ≥ ε} is compact, and define

C0(X) = {f ∈ C(X) : f vanishes at infinity}.

Then C0(X) is a Banach algebra with pointwise multiplication and the sup-norm and
C0(X) = C(X), if X is compact. The Banach algebra C0(X) is one of the example in Har-
monic analysis which has important properties. We say that a subset A of C(X) vanishes
at x ∈ X , if f(x) = 0 for all f ∈ A and that it separates points, i.e, if for all distinct x, y ∈ X
there exists f ∈ A such that f(x) 6= f(y).

The support of f ∈ C(X) is the smallest closed set outside of which f vanishes, that is,
the closer of {x : f(x) 6= 0}.

The collection of all continuous complex-valued functions onX , whose support is com-
pact is denoted by Cc(X).

It is well-known that for locally compact Hausdorff space X , C0(X) is the closure of
Cc(X), in the uniform norm [6].

A topological space X is called totally disconnected if for every distinct x, y ∈ X , there
exist disjoint open sets G1 and G2 such that x ∈ G1, y ∈ G2 and X = G1 ∪G2, [11].

Let G be a locally compact group and B(G) denote the Fourier-Stieltjes algebra of G. It
is shown [7] that the closed algebra BI(G), where BI(G) denote the closure of the span of
all idempotents in G, generated by the idempotents in B(G).

Bart et al. in [1] studied the relation between logarithmic residues and sums of idem-
potents in the Banach algebra generated by the compact operators and the identity in the
case when the underlying Banach space is infinite dimensional. Krupnik et al. in [9] dis-
cussed on certain Banach algebra generated by two idempotents which are C∗-algebras.

The aim of this paper is to show that the Banach algebra C0(X), where X is a locally
compact Hausdorff space, generated by idempotents if and only if X is totally discon-
nected.
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The reader is referred to [2], [3], [4], [5], [8] and [10] for more information about the
Banach algebras generated by two idempotents.

For the proof of the main Theorem we need the Urysohn’s Lemma, which it’s proof
contained in [6].

Urysohn’s Lemma: Let X be an locally compact Hausdorff space and K ⊂ U ⊂ X
where K is compact and U is open. Then there exists f ∈ C(X, [0, 1]) such that f = 1 on
K and f = 0 outside of a compact subset of U .

Theorem 1.1. For a locally compact Hausdorff space X , the Banach algebra C0(X) is generated
by idempotents if and only if X is totally disconnected.

Proof. Suppose C0(X) is generated by idempotents and let x, y ∈ X . Then by Urysohn’s
Lemma there exists f ∈ C0(X) such that f(x) = 1 and f(y) = 0. Since every element of
the self-adjoint subalgebra generated by idempotents is of the form

F =

k∑
i=1

αifi, (†)

for some fi ∈ C0(X) and αi ∈ C, thus there is a sequence Fn of elements of the form (†),
such that Fn −→ f uniformly on X . Hence,

lim
n
Fn(x) = 1, and lim

n
Fn(y) = 0.

So there exists a number N such that |FN (x)| > 1/2 and |FN (y)| < 1/2. Take

G1 = F−1
N ({z ∈ C : |z| > 1/2}) and G2 = F−1

N ({z ∈ C : |z| < 1/2}).
Then x ∈ G1, y ∈ G2, X = G1 ∪G2 and G1 ∩G2 = ∅. Thus, X is totally disconnected.

Conversely, suppose that X is totally disconnected. Let x 6= y, x ∈ G1, y ∈ G2, where
G1 and G2 are open sets and X = G1 ∪ G2. Then the continuous function f(x) = 1 for
x ∈ G1 and f(x) = 0 for x ∈ G2, separates x and y. So the closed self-adjoint subalgebra
generated by idempotent, is C0(X), by the Stone-Weierstrass Theorem [6]. �

Theorem 1.2. IfCc(X), for locally compact Hausdorff spaceX , is generated by idempotents, then
X is totally disconnected.

Proof. Suppose Cc(X) is generated by idempotents and let x, y ∈ X . Then by Theorem
2.12 of [12] there exists f ∈ Cc(X) such that f(x) = 1 and f(y) = 0. The rest of proof is
similar to the proof of Theorem 1.1. �
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