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Some conjugate WP-Bailey pairs and transformation
formulas for q-series

H. M. SRIVASTAVA 1,2 , S. N. SINGH 3, S. P. SINGH3 and VIJAY YADAV4

ABSTRACT. In this paper, the authors prove several theorems involving q-series identities by applying a
certain family of conjugate WP-Bailey pairs. Making use of these theorems in conjunction with some WP-Bailey
pairs, various transformation formulas for q-series are also established.

1. INTRODUCTION, NOTATIONS AND DEFINITIONS

For q, λ, µ ∈ C (|q| < 1), the basic (or q-) shifted factorial (λ; q)µ is defined by (see, for
example, [2], [9] and [10]; see also the recent works [3], [4], [5] and [8] dealing with the
q-analysis)

(λ; q)µ :=

∞∏
j=0

(
1− λqj

1− λqµ+j

)
(|q| < 1; λ, µ ∈ C), (1.1)

so that

(λ; q)n :=


1 (n = 0)

n−1∏
j=0

(
1− λqj

)
(n ∈ N)

(1.2)

and

(λ; q)∞ :=

∞∏
j=0

(
1− λ qj

)
(|q| < 1; λ ∈ C), (1.3)

where, as usual, C denotes the set of complex numbers and N denotes the set of positive
integers (with N0 := N ∪ {0}). For convenience, we write

(a1, · · · , ar; q)n = (a1; q)n · · · (ar; q)n (1.4)

and
(a1, · · · , ar; q)∞ = (a1; q)∞ · · · (ar; q)∞. (1.5)

In our investigation, we shall also make use of the basic (or q-) hypergeometric func-
tion rΦs with r numerator and s denominator parameters, which is defined by (see, for
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example, [6] and [10, p. 347, Eq. 9.4 (272)])

rΦs

 a1, · · · , ar;

b1, · · · , bs;
q, z

 :=

∞∑
k=0

(−1)(1−r+s)k q(1−r+s)(
k
2)

·
(a1; q)k · · · (ar; q)k
(b1; q)k · · · (bs; q)k

zk

(q; q)k
, (1.6)

provided that the generalized basic (or q-) hypergeometric series in (1.6) converges.
In his study of identities of the Rogers-Ramanujan type, Bailey [2] was led to the

following simple, but remarkably important, observation.

Theorem 1.1. [Bailey’s Transform] (see Bailey [2]). If

βn =

n∑
r=0

αrun−rvn+r (1.7)

and

γn =

∞∑
r=0

δr+nurvr+2n, (1.8)

then, under suitable convergence conditions,
∞∑
n=0

αnγn =

∞∑
n=0

βnδn, (1.9)

where {un}n∈N0
, {vn}n∈N0

, {αn}n∈N0
and {δn}n∈N0

are arbitrarily chosen sequences.

The proof of Theorem 1.1 is straightforward and merely requires interchanging of the
order of the sums in double series.

In an application of Theorem 1.1, Bailey [2] chose

ur =
1

(q; q)r
and vr =

1

(aq; q)r
(r ∈ N0)

and derived the following result.

Theorem 1.2. (see Bailey [2]). If

βn =

n∑
r=0

αr
(q; q)n−r(aq; q)n+r

(1.10)

and

γn =

∞∑
r=0

δr+n
(q; q)r(aq; q)r+2n

, (1.11)

then, under suitable convergence conditions,
∞∑
n=0

αnγn =

∞∑
n=0

βnδn, (1.12)

where {αn}n∈N0
and {δn}n∈N0

are arbitrarily chosen sequences.
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By definition, a Bailey pair is a pair of sequences 〈αn, βn〉 that satisfy (1.10). On the
other hand, a pair of sequences 〈γn, δn〉 satisfying (1.11) is called a conjugate Bailey pair
with respect to the parameter a.

Following Andrews’s work on the WP-Bailey lemma (see, for details, [1]; see also [7]), a
WP-Bailey pair relative to the parameter a is a pair of sequences 〈αn(a, k), βn(a, k)〉which
are constrained by

βn(a, k) =

n∑
r=0

(
k
a ; q
)
n−r (k; q)n+r

(q; q)n−r(aq; q)n+r
αr(a, k)

=

(
k, ka ; q

)
n

(q, aq; q)n

n∑
r=0

(kqn, q−n; q)r(
aq1−n

k , aq1+n; q
)
r

(aq
k

)r
αr(a, k). (1.13)

Indeed, in its limit case when k → 0, a WP-Bailey pair reduces to the classical Bailey pair
given in (1.10).

Bailey’s definition of a conjugate Bailey pair can now be extended to define a conjugate
WP-Bailey pair relative to the parameter a to be a pair of sequences 〈γn(a, k), δn(a, k)〉
such that

γn(a, k) =

∞∑
r=0

(
k
a ; q
)
r

(k; q)r+2n

(q; q)r(aq; q)r+2n
δr+n(a, k). (1.14)

Thus, analogous to the Bailey transform involving (1.10), (1.11) and (1.12), we have the
following result.

Theorem 1.3. Let 〈αn(a, k), βn(a, k)〉 be a WP-Bailey pair. Suppose also that 〈γn(a, k), δn(a, k)〉
is a conjugate WP-Bailey pair. Then, under suitable convergence conditions,

∞∑
n=0

αn(a, k)γn(a, k) =

∞∑
n=0

βn(a, k)δn(a, k). (1.15)

In our present study of the Bailey and WP-Bailey pairs, together with their above-
defined conjugates, We shall make use of following known summation formulas (see [6],
[10], [11] and [12]):

2Φ1

 a, b;

c;
q,

c

ab

 =

(
c
a ,

c
b ; q
)
∞(

c, cab ; q
)
∞

(∣∣∣ c
ab

∣∣∣ < 1
)
. (1.16)

(see [6, Appendix II, Entry (II.8)] and [10, p. 348, Eq. 9.4 (277)])

2Φ1

 a, b;

cq;
q,

c

ab

 =

(
cq
a ,

cq
b ; q

)
∞(

cq, cqab ; q
)
∞

(
ab(1 + c)− c(a+ b)

ab− c

)
(1.17)

(∣∣∣ c
ab

∣∣∣ < 1
)
.

(see [11, p. 771, Eq. (1.4)])
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8Φ7

 a, q
√
a,−q

√
a, b, c, d, e, q−n;

√
a,−
√
a, aqb ,

aq
c ,

aq
d ,

aq
e , aq

1+n;
q, q


=

(
aq, aqbc ,

aq
bd ,

aq
cd ; q

)
n(

aq
b ,

aq
c ,

aq
d ,

aq
bcd ; q

)
n

(
a2q = bcdeq−n

)
. (1.18)

(see [6, Appendix II, Entry (II.22)])

2Φ1

 a2, b;

a2q
b ;

q,
q1/2

b

 =
1

2

(a2, q1/2; q)∞(
a2q
b ,

q1/2

b ; q
)
∞

·


(
aq1/2

b ; q1/2
)
∞

(a; q1/2)∞
+

(
−aq

1/2

b ; q1/2
)
∞

(−a; q1/2)∞

 (∣∣∣∣q1/2b
∣∣∣∣ < 1

)
. (1.19)

(see [12, p. 74, Eq. (3.5)])

2Φ1

 a2, b;

a2q
b ;

q,
q3/2

b

 =
1

2a

(a2, q1/2; q)∞(
a2q
b ,

q1/2

b ; q
)
∞

·


(
aq1/2

b ; q1/2
)
∞

(a; q1/2)∞
−

(
−aq

1/2

b ; q1/2
)
∞

(−a; q1/2)∞

 (∣∣∣∣q3/2b
∣∣∣∣ < 1

)
. (1.20)

(see [12, p. 75, Eq. (3.6)])

4Φ3

 a, c, ac q
1
2+m, q−m;

aq
c , cq

1
2−m, aq1+m;

q, q

 =
(a; q)m+1(q1/2; q)m

(√
aq

c ; q1/2
)
2m

2
(
aq
c ; q

)
m

(
q1/2

c ; q
)
m

(a1/2; q1/2)2m+1

+
(a; q)m+1(q1/2; q)m

(
−
√
aq

c ; q1/2
)
2m

2
(
aq
c ; q

)
m

(q1/2/c; q)m(−a1/2; q1/2)2m+1

. (1.21)

(see [12, p. 71, Eq. (1.3)])

4Φ3

 a, c, ac q
1
2+m, q−m;

aq
c , cq

1
2−m, aq1+m;

q, q2

 =
(a; q)m+1(q1/2; q)m

(√
aq

c ; q1/2
)
2m

2
√
a
(
aq
c ; q

)
m

(
q1/2

c ; q
)
m

(a1/2; q1/2)2m+1

−
(a; q)m+1(q1/2; q)m

(
−
√
aq

c ; q1/2
)
2m

2
√
a
(
aq
c ; q

)
m

(
q1/2

c ; q
)
m

(−a1/2; q1/2)2m+1

. (1.22)

(see [12, p. 77, Eq. (4.4)])
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2. CONJUGATE WP-BAILEY PAIRS AND RELATED RESULTS

(i) Equation (1.14) can be put in the following form:

γn(a, k) =
(k; q)2n
(aq; q)2n

∞∑
r=0

(k/a; q)r(kq
2n; q)r

(q; q)r(aq1+2n; q)r
δr+n(a, k), (2.23)

where 〈γn(a, k), δn(a, k)〉 is a conjugate Bailey pair. Upon setting

δr(a, k) =

(
a2q

k2

)r
in (2.23), if we evaluate the resulting series by using (1.16), we get

γn(a, k) =
(k; q)2n

(
aq
k ; q

)
∞

(
a2q
k ; q

)
∞(

a2q
k ; q

)
2n

(aq; q)∞

(
a2q
k2 ; q

)
∞

(
a2q

k2

)n
. (2.24)

Here, as indicated above, γn(a, k) given by (2.24) and δn(a, k) form a conjugate Bailey pair.
We are thus led from (2.24) to the following result.

Theorem 2.4. For the WP-Bailey pair 〈αn(a, k), βn(a, k)〉 satisfying (1.13),(
aq
k ,

a2q
k ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

∞∑
n=0

(k; q)2n(
a2q
k ; q

)
2n

(
a2q

k2

)n
αn(a, k)

=

∞∑
n=0

βn(a, k)

(
a2q

k2

)n (∣∣∣∣a2qk2
∣∣∣∣ < 1

)
. (2.25)

(ii) Putting

δr(a, k) =

(
a2

k2

)r
in (2.23) and applying the summation formula (1.17), we get

γn(a, k) =

(
a2q
k , aqk ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

(
k

k + a

)
(k; q)2n(
a2q
k ; q

)
2n

(
a2

k2

)n
(1 + aq2n), (2.26)

which leads us to the following result.

Theorem 2.5. For the WP-Bailey pair 〈αn(a, k), βn(a, k)〉 satisfying (1.13),(
k

k + a

) (a2q
k , aqk ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

∞∑
n=0

(k; q)2n(
a2q
k ; q

)
2n

(a
k

)2n
(1 + aq2n)αn(a, k)

=

∞∑
n=0

βn(a, k)
(a
k

)2n (∣∣∣a
k

∣∣∣ < 1
)
. (2.27)

(iii) If we first take

δr(a, k) =
(a
k
q1/2

)r
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in (2.23) and then apply the summation formula (1.19), we find that

γn(a, k) =
1

2

(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(a
k
q1/2

)r

·


(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)n

(k1/2q1/2; q1/2)∞

(
aq1/2

k1/2
; q1/2

)
n

+

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)n

(−k1/2q1/2; q1/2)∞

(
−aq1/2

k1/2
; q1/2

)
n

 , (2.28)

which yields the following result.

Theorem 2.6. For the WP-Bailey pair 〈αn(a, k), βn(a, k)〉 satisfying (1.13),

1

2

(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2q1/2; q1/2)∞

·
∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2

)n
αn(a, k)

+
1

2

(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2q1/2; q1/2)∞

·
∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2

)n
αn(a, k)

=

∞∑
n=0

βn(a, k)
(a
k
q1/2

)n (∣∣∣aq
k2

∣∣∣ < 1
)
. (2.29)

(iv) By setting

δr(a, k) =
(a
k
q3/2

)r
in (2.23) and applying the summation formula (1.20), we obtain

γn(a, k) =
1

2k1/2
(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(a
k
q1/2

)n

·


(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(k1/2; q1/2)∞
−

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)n(
−aq1/2

k1/2
; q1/2

)
n

(−k1/2; q1/2)∞

 . (2.30)

Theorem 2.7 below is a consequence of (2.30).
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Theorem 2.7. For the WP-Bailey pair 〈αn(a, k), βn(a, k)〉 satisfying (1.13),

1

2k1/2
(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(
aq1/2

k1/2
; q1/2

)
∞

(k1/2; q1/2)∞

·
∞∑
n=0

(k1/2; q1/2)n
(aq1/2/k1/2; q1/2)n

(a
k
q1/2

)n
αn(a, k)

− 1

2k1/2
(k, q1/2; q)∞(
aq, aq

1/2

k ; q
)
∞

(
−aq

1/2

k1/2
; q1/2

)
∞

(−k1/2; q1/2)∞

·
∞∑
n=0

(−k1/2; q1/2)n(
−aq1/2

k1/2
; q1/2

)
n

(a
k
q1/2

)n
αn(a, k)

=

∞∑
n=0

βn(a, k)
(a
k
q3/2

)n (∣∣∣∣aq3/2k

∣∣∣∣ < 1

)
. (2.31)

3. FAMILIES OF WP-BAILEY PAIRS

In this section, we shall investigate some families of WP-Bailey pairs.

(i) In the summation formula (1.14), if we put

d = kqn and e =
a2q

bck
,

then it takes the following form:

8Φ7

 a, q
√
a,−q

√
a, b, c, a

2q
bck , kq

n, q−n;

√
a,−
√
a, aqb ,

aq
c ,

bck
a ,

a
k q

1−n, aq1+n;

q, q

 =

(
aq, aqbc ,

bk
a ,

ck
a ; q

)
n(

aq
b ,

aq
c ,

k
a ,

bck
a ; q

)
n

. (3.32)

Now, by putting

αn(a, k) =

(
a, q
√
a,−q

√
a, b, c, a

2q
bck ; q

)
n(

q,
√
a,−
√
a, aqb ,

aq
c ,

bck
a ; q

)
n

(
k

a

)n
in (1.13), we find that

βn(a, k) =

(
k, aqbc ,

bk
a ,

ck
a ; q

)
n(

q, aqb ,
aq
c ,

bck
a ; q

)
n

. (3.33)

Thus, clearly, 〈αn(a, k), βn(a, k)〉 given in (3.33) forms a WP-Bailey pair.

(ii) If we set

c =
a

k
q1/2
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in (1.21), we get

4Φ3

 a, ak q
1/2, kqn, q−n;

kq1/2, ak q
1−n, aq1+n;

q, q

 =

(
1 +
√
a

2

)
(aq,
√
q; q)n(

kq1/2, ka ; q
)
n

(
k√
a
, k
√

q
a ; q
)
n

(
√
aq, q
√
a; q)n

+

(
1−
√
a

2

)
(aq,
√
q; q)n(

kq1/2, ka ; q
)
n

(
− k√

a
,−k

√
q
a ; q
)
n

(−√aq,−q
√
a; q)n

. (3.34)

Now, if we choose

αn(a, k) =

(
a, aq

1/2

k ; q
)
n

(q, kq1/2; q)n

(
k

a

)n
in (1.13), then we find that

βn(a, k) =

(
1 +
√
a

2

) (
k,
√
q, k√

a
, k
√

q
a ; q
)
n

(q, kq1/2,
√
aq, q
√
a; q)n

+

(
1−
√
a

2

) (
k,
√
q,− k√

a
,−k

√
q
a ; q
)
n

(q, kq1/2,−√aq,−q
√
a; q)n

. (3.35)

Thus, clearly, 〈αn(a, k), βn(a, k)〉 given in (3.35) forms a WP-Bailey pair.

(iii) Putting

c =
a

k
q1/2

in (1.22), we obtain

4Φ3

 a, ak q
1/2, kqn, q−n;

kq1/2, ak q
1−n, aq1+n;

q, q2

 =

(
1 +
√
a

2
√
a

)
(aq,
√
q; q)n(

kq1/2, kq
1/2

a ; q
)
n

(
k√
a
, k
√

q
a ; q
)
n

(
√
aq, q
√
a; q)n

−
(

1−
√
a

2
√
a

)
(aq,
√
q; q)n(

kq1/2, kq
1/2

a ; q
)
n

(
− k√

a
,−k

√
q
a ; q
)
n

(−√aq,−q
√
a; q)n

. (3.36)

Thus, if we choose

αn(a, k) =

(
a, aq

1/2

k ; q
)
n

(q, kq1/2; q)n

(
kq

a

)n
in (1.13), we find that

βn(a, k) =

(
1 +
√
a

2
√
a

) (
k,
√
q, k√

a
, k
√

q
a ; q
)
n

(q, kq1/2,
√
aq, q
√
a; q)n

−
(

1−
√
a

2
√
a

) (
k,
√
q,− k√

a
,−k

√
q
a ; q
)
n

(q, kq1/2,−√aq,−q
√
a; q)n

. (3.37)

Clearly, therefore, 〈αn(a, k), βn(a, k)〉 given in (3.37) forms a WP-Bailey pair.
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4. TRANSFORMATION FORMULAS FOR q-SERIES

In this section, we propose to establish several transformation formulas for q-series.

(i) Upon substituting the WP-Bailey pair given by (3.33) into Theorem 2.4, we find that

(
aq
k ,

q2q
k ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

10Φ9

 a, q
√
a,−q

√
a, b, c, a

2q
bck ,
√
k,−
√
k,
√
kq,−

√
kq;

√
a,−
√
a, aqb ,

aq
c ,

bck
a ,

aq√
k
,− aq√

k
, a
√

q
k ,−a

√
q
k ;

q,
aq

k


= 4Φ3

 k, bka ,
ck
a ,

aq
bc ;

aq
b ,

aq
c ,

bck
a ;

q,
a2q

k2

 (∣∣∣a
k

∣∣∣ < 1
)
. (4.38)

(ii) Using the WP-Bailey pair given by (3.33) in Theorem 2.5, we get

(
k

k + a

) (a2q
k , aqk ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

·10 Φ9

 a, q
√
a,−q

√
a, b, c, a

2q
bck ,
√
k,−
√
k,
√
kq,−

√
kq;

√
a,−
√
a, aqb ,

aq
c ,

bck
a ,

aq√
k
,− aq√

k
, a
√

q
k ,−a

√
q
k ;

q,
a

k


+

(
ka

k + a

) (a2q
k , aqk ; q

)
∞(

aq, a
2q
k2 ; q

)
∞

·10 Φ9

 a, q
√
a,−q

√
a, b, c, a

2q
bck ,
√
k,−
√
k,
√
kq,−

√
kq;

√
a,−
√
a, aqb ,

aq
c ,

bck
a ,

aq√
k
,− aq√

k
, a
√

q
k ,−a

√
q
k ;

q,
aq2

k


= 4Φ3

 k, bka ,
ck
a ,

aq
bc ;

aq
b ,

aq
c ,

bck
a ;

q,
a2

k2

 (∣∣∣a
k

∣∣∣ < 1
)
. (4.39)

(iii) Substituting the WP-Bailey pair given by (3.33) into Theorem 6, we find that

(k, q1/2; q)∞

(
aq1/2

k1/2
; q1/2

)
∞

(aq, aq1/2/k; q)∞(k1/2q1/2; q1/2)∞

·
∞∑
n=0

(k1/2q1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(
a, q
√
a,−q

√
a, b, c, a

2q
bck ; q

)
n(

q,
√
a,−
√
a, aqb ,

aq
c ,

bck
a ; q

)
n

qn/2

+
(k, q1/2; q)∞

(
−aq

1/2

k1/2
; q1/2

)
∞(

aq, aq
1/2

k ; q
)
∞

(−k1/2q1/2; q1/2)∞
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·
∞∑
n=0

(−k1/2q1/2; q1/2)n(
−aq1/2

k1/2
; q1/2

)
n

(
a, q
√
a,−q

√
a, b, c, a

2q
bck ; q

)
n(

q,
√
a,−
√
a, aqb ,

aq
c ,

bck
a ; q

)
n

qn/2

= 2 4Φ3

 k, bka ,
ck
a ,

aq
bc ;

aq
b ,

aq
c ,

bck
a ;

q,
aq1/2

k

 . (4.40)

(iv) Putting the WP-Bailey pair given by (3.33) in Theorem 7, we obtain

(k, q1/2; q)∞

(
aq1/2

k1/2
; q1/2

)
∞(

aq, aq
1/2

k ; q
)
∞

(k1/2; q1/2)∞

·
∞∑
n=0

(k1/2; q1/2)n(
aq1/2

k1/2
; q1/2

)
n

(
a, q
√
a,−q

√
a, b, c, a

2q
bck ; q

)
n(

q,
√
a,−
√
a, aqb ,

aq
c ,

bck
a ; q

)
n

qn/2

−
(k, q1/2; q)∞

(
−aq

1/2

k1/2
; q1/2

)
∞(

aq, aq
1/2

k ; q
)
∞

(−k1/2; q1/2)∞

·
∞∑
n=0

(−k1/2; q1/2)n(
−aq1/2

k1/2
; q1/2

)
n

(
a, q
√
a,−q

√
a, b, c, a

2q
bck ; q

)
n(

q,
√
a,−
√
a, aqb ,

aq
c ,

bck
a ; q

)
n

qn/2

= 2k1/2 4Φ3

 k, bka ,
ck
a ,

aq
bc ;

aq
b ,

aq
c ,

bck
a ;

q,
aq3/2

k

 . (4.41)

Each of the WP-Bailey pairs given in (3.35) and (3.37), when substituted into Theorems
4 to 7, will similarly yield four (presumably new) transformation formulas analogous to
the above results (4.38) to (4.41).
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