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Some univalence criteria for a family of integral operators

VIRGIL PESCAR and LAURA STANCIU

ABSTRACT. The main objective of this paper is to obtain sufficient conditions for a family of integral opera-
tors to be univalent in the open unit disk ¢/, using new results on univalence of analytic functions. These integral
operators were considered in a recent work, see [Stanciu, L., The univalence conditions of some integral operators,
Abstr. Appl. Anal., 2012, Art. ID 924645, 9 pp.].

1. INTRODUCTION

Let A denote the class of all functions of the form
FE) =2+
n=2

which are analytic in the open unit disk
U={z:2€C and [z|<1}
and satisfy the following usual normalization condition
f(0)=f(0)—=1=0,

C being the set of complex numbers.
Also, let S denote the subclass of A consisting of functions f which are univalent in /.
In [5], Pescar gave the following univalence criteria for an integral operator.

Theorem 1.1. [5] Let o be a complex number, Reaw > 0 and c be a complex number, |c| < 1,
c#—land f € A, f(z) =2+ a2+ ... If

1 _ |Z|2Rea
Rea

2f"(2)
f'(z)

|C| |Z|2RCO¢ + < 1

- )

forall z € U, then the function

Fo(z) = <a/ozta_1f’(t)dt) =2+..

is regular and univalent in U.

Q=

Theorem 1.2. [5] Let o be a complex number, Reaw > 0 and ¢ be a complex number, |c| < 1,

c#—land f € A If

2Rea

2f"(z)
f'(z)

2Rea 1-— |Z|

<1
] 2R 4 2

—= )
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forall z € U, then for any complex number B, Re > Rec, the function
z 5
B = (5 [ 0 0ar)
0

In [9] it is defined the class S(p), which, for 0 < p < 2, includes the functions f € A
which satisfy the conditions:

is in the class S.

f(z)#0, 0<|z|<1

()

Theorem 1.3. [7] If f € S(p), then the following inequality is true

2 1
m—l‘ §p|z|27 zeU. (1.1)

In this paper, we obtain new univalence conditions for the following integral operators:

and

<p, ze€U.

Fi(f,9)(z) = (a /0 (f(t)e“”)ail dt) ; . figeA aeC. (1.2)

Gi(f,9)(z) = (a /Z (tf’(t)eg(t)>a71 dt) , f,ge A, aeC. (1.3)
0

. 1oN\7
M@M@Glﬁlvvado,.meA o feC—{0). (4

In order to derive our main results, we need the General Schwarz Lemma (see, for details
[3D.

Theorem 1.4. (General Schwarz Lemma) [3] Let the function f be reqular in the disk Up =
{z € C:|z| < R}, with |f(2)| < M for fixed M. If f has one zero with multiplicity order bigger
than m for z = 0, then

M m
) < oo™, z€Un.
The equality can hold only if

oM
f(Z) 610 — Zm’
where 0 is constant.

2. MAIN RESULTS

Theorem 2.5. Let f,g € A, where g be in the class S(p), 0 < p < 2, My, My are real positive
numbers and o, c are complex numbers,

Rea > o — 1| (My + M3 (p+1) +1), [¢] <1,c# —1.
If
2f'(2)
f(2)

<M, zelU, |giz)|<Ms, z€elU
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and
|c|§1f%(M1+M22(p+l)+l), (2.5)
then the function Fy(f, g)(z) defined by (1.2) is in the class S.

Proof. We begin by observing that the function Fi(f,g)(z) in (1.2) can be rewritten as

follows: 1
z a—1 o
Fi(f,9)(2) = ( [ (A dt) |

Let us define the function h(z) by

h(z) = /0 (fit)efi“))a_l dt.

The function h is regular in ¢/ and satisfies the following normalization condition h(0) =
R (0) — 1 = 0. Now, calculating the derivatives of h(z) of the first and second orders, we

readily obtain
a—1
W (z) = (f(’z)eg(ﬂ) (2.6)

z
and

R'(2) = (a—1) <M69<Z>) w (Zf/(z);f(z)eg(z> + f(;)g'(z)eg(z)> . 2.7)

z z
We easily find from (2.6) and (2.7) that

2o (51 1) ]

which readily shows that

e of2men 4 L2 BT | 27(2)
Rea W(z)
ca 12 zf'(z
P et T (ARG ( 2 1) +zg'<z>)\

2%g'(2)

[9(2)]

02 522()-

From the hypothesis of Theorem 2.5, we have
2f'(2)
f(z)
then by General Schwarz Lemma for the function g, we obtain

lg(z)] < Ma|z|, zelU.
Using the inequality (2.8), we have

[}

z

’ la2)P®

) . zel. (2.8)

SMla ZEZ/[, |g(Z)‘<M2, Zeua

e ofpren 4 LB | 20(2)
Rea W(z)
a—1 22¢' (2
g|c|+|Rea| <M1+1+< [g(zg]g—l‘H) M§>. (2.9)
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Since g € S(p), 0 < p < 2, using (2.5), from (2.9), we obtain

Rea . 1 — |2 | 20" (2) la — 1]
|C| |Z|2 * Rea h’(Z) = ‘C| + Rea (Ml * M22 (p * 1) + 1)
<1, ze€el.

Finally, by applying Theorem 1.1, we conclude that the integral operator F(f,g)(z) de-
fined by (1.2) is in the class S. O

Setting M; = 1 and My = 1 in Theorem 2.5, we immediately arrive at the following
application of Theorem 2.5.

Corollary 2.1. Let f,g € A, where g be in the class S(p), 0 < p < 2 and «,c are complex
numbers, Rea > | — 1| (p+ 3), |¢| < 1.

If
zf'(2)
<1, ze€el, Z)| <1, zeld
o | S l9(2)]
and
la — 1]
< P
el <1 =5 —(p+3),

then the function Fy(f, g)(z) defined by (1.2) is in the class S.

Theorem 2.6. Let f, g € A, where g be in the class S(p), 0 < p < 2, My is a real positive number
and «, c are complex numbers,

Rea > o — 1| (M7 (p+1)+1), e <1.

If
I"(2)
) <1, zelU, lglr)|<Ml, =zelU (2.10)
and
le] <1— |01;;a1‘ (ME(p+1)+1), (2.11)

then the integral operator G1(f, g)(=) defined by (1.3) is in the class S.
Proof. We observe that

Gi1.9):) = (o [ (r0er®) ar)

Let us consider the function

Q=

h(z) = /O ’ ( f’(t)eg(t)>a_1 dt. 2.12)

The function & is regular in /. From (2.12), we have

W) = (f(2)er)”

W) ()

and
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which readily shows that

_ Z2Rea p 17 P
e L 1
o~ 1] (12£")| . |29G)| |
Sk+%a<ﬂ@+MWJ z)
o 1] (|2£"()| . (]22(2) ()12
<l Rea ( 7 | T ( s *'1>‘ - )'

From (2.10), (2.11) and applying General Schwarz Lemma for the function g(z), we obtain
lg(2)| < M |z], = € U, we obtain

oRea | 1— |27 |20 (2) o — 1]
el =7 4 g | | € e+ e (1 ME (2 1)
<1, zel.

Applying Theorem 1.1, we conclude that the integral operator G (f, ¢g)(z) defined by (1.3)
is in the class S. 0

Setting M = 1 in Theorem 2.6, we obtain the following consequence of Theorem 2.6.

Corollary 2.2. Let f,g € A, where g be in the class S(p), 0 < p < 2 and «, c are complex
numbers, Rea > |a — 1| (p+2), |¢| < 1,c # —1.

If
f"(2)
<1, ze€l, Z) <1, zel
72 lg(2)]
and
lo — 1]
<1—— 2
el < Rea (p+2),

then the integral operator G1(f, g)(z) defined by (1.3) is in the class S.

Theorem 2.7. Let f,g € A, where g be in the class S(p), 0 < p < 2, My, My are real positive
numbers, «, c are complex numbers, |c| < 1, ¢ # —1 and
M; +M3(p+1)+1

Rea > . (2.13)
ol

If
2f'(2)
f(2)

<M, zelU, |g(z)|<M, z€lU

and
Mi+M;(p+1)+1

<1-
el < || Rear

)

then for any complex number 3, ReS > Rea the integral operator H1(f, g)(z) defined by (1.4) is
in the class S.

Proof. Let us consider the function

h(z) = /0 ’ (Jcit)eg@) dt. (2.14)

Q=
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The function & is regular in /. From (2.14), we have

W(z) = (f(z)eg(@) ;

z

(R )

which readily shows that

and

‘C| ‘z|2Rea + 1- |Z|2Rea Zh//(Z)
Rea K (z)
. 1 zf'(z) 22q'(2) _ [g(2)]?
<lel+ |a|Rea< ) “*( BEP 1’“)‘ 2 ) 219

By the general Schwarz Lemma for the function g(z), we obtain |g(z)| < M |z|, z € U,
since g € S(p), 0 < p < 2 and using the inequality (2.15), we have

2Rea

2Rea 1- |Z| Zh//(Z)
el I<1 + Rea W(z)
1
< —— (My+1+ M? 1 ) 2.16
Il o (M 41+ MG 1), s @1

From (2.13), we have

and using (2.16), we obtain

1 _ |Z|2Rea
Rea

2" (z)

2Rea
] |22 + e

<1, zel.

Applying Theorem 1.2, we conclude that the integral operator Hy(f, g)(z) defined by (1.4)
is in the class S. O

Setting M; = 1 and M3 = 1 in Theorem 2.7, we obtain

Corollary 2.3. Let f,g € A, where g be in the class S(p), 0 < p < 2, «, ¢ are complex numbers,
lc| <1,¢# —1and Rea > 3%

lee]

If
zf'(2)
<1, =ze€el, z)l <1, =z€U

B l9(2)]

and
3+p
<1-
el < || Rear”

then for any complex number 3, Ref8 > Rec, the integral operator H(f, g)(z) defined by (1.4) is
in the class S.
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