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On H;(1) Hankel determinant for concave univalent
functions

SAHSENE ALTINKAYA and SIBEL YALCIN

ABSTRACT. In this paper we study the class Co(a) (a € (1,2]) - the class of the so-called concave univalent
functions. The main aim is to obtain an upper bound to the third Hankel determinant for concave univalent
functions.

1. INTRODUCTION

Let A denote the class of analytic functions f(z) of the form

f(z)=z+ Zanz”, (1.1)
n=2
in the open unit disk
U={z:|z|<1}.

We shall denote by S the class of all functions f(z) € A which are univalent in U.

We also denote by S* the subclass of starlike functions of §, i.e., the class of functions
f € S satistying
zf'(z)

f(z)

for z € U. In 1976, Noonan and Thomas [9] defined the ¢!* Hankel determinant of f, for

Re

>0,

n>0and g > 1, by

anp Ap41 Tt an-l—q—l
Ap+1 An+2 " OGnigq

H,(n) = : : : : (a1 =1).
Qp4q—1 Qni4q Up42q—2

This determinant has also been considered by several authors. For example, Noor [10]
determined the rate of growth of H,(n) as n — oo for functions f given by (1.1) with
bounded boundary. In particular, sharp upper bounds on H;(2) were obtained by the
authors of articles ([10], [12]) for different classes of functions.

Note that

ap ag 2

H 1 = = —
2(1) as  az a3z — Qg

and

az a3 2
Hy(2) = = —as.
2(2) a5 ay | = 020403
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The Hankel determinant H(1) = a3 — a3 is well-known as Fekete-Szego functional. The
Fekete-Szegd functional |ag — pa3| for normalized univalent functions

f(z):z+a222+---

is well known for its rich history in the theory of geometric functions. Its origin was in the
disproof by Fekete and Szeg6 of the 1933 conjecture of Littlewood and Paley that the coef-
ficients of odd univalent functions are bounded by unity (see [8]). The functional has since
received great attention, particularly in many subclasses of the family of univalent func-
tions. Nowadays, it seems that this topic had become of interest among the researchers
(see, for example, [2], [3], [6], [11], [13]).

For our discussion in this paper, we consider the Hankel determinant in the case ¢ = 3
and n = 1, denoted by H3(1), and given by

a; a2 as
H3 (1) = sz a3 Qa4
as a4 Qs

For f € A,a; =1, we have
H3(1) = as(azay — a3) — as(as — asaz) + as(az — a3)
and. by applying triangle inequality, we get

|Hs5(1)| < |as| |a2a4 — a%’ + |a4||ag — azas| + |as] |a3 — a§| )

2. PRELIMINARIES

A function f : U — Cis said to belong to the family Cy(«) if f satisfies the following
conditions:

e f is analytic in U with the standard normalization f(0) = f(0) —1 = 0. In
addition, it satisfies f(1) = occ.

e f maps U conformally onto a set whose complement with respect to C is convex.

o The opening angle of f(U) at oo is less than or equal to wa, o € (1,2].

The class Cy(«) is referred to as the class of concave univalent functions and for a
detailed discussion about concave functions, we refer to Avkhadiev et al. [1], Cruz and
Pommerenke [7] and references therein.

Bhowmik et al. [4] showed that an analytic function f maps U onto a concave domain
of angle 7a, if and only if

2 [a+11l+2 1" (2)
elam [ T

Before we establish our main results, we recall the following theorem and lemma,
which will be helpful in the proofs.

Theorem 2.1. (see [4]) Let o € (1,2]. A function f € Co(«) if and only if there exists a function
¢ € S* such that f(z) = I14(z), where

1) = [ e %) .

Lemma 2.1. (Bieberbach’s Conjecture, see [S])If f € S, f(z) = z+ Y anz™, z € U, then

n=2

lan| <mn, for n=2,3,....
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3. MAIN RESULTS
Theorem 3.2. Let f given by (1.1) be in the class Cy(cx). Then

las| < @,
2 _
las| < 20 + 3« 2’
3
and ,
laa| < 202+ 902 +4a—9
4| > 6 )
40* + 3602 + 83a2 — 6cr — 87
las| <
ol = 30 '

Proof. We recall from Theorem 2.1 that f € Cy(a) if and only if there exists a function

¢ € S* of the form
Z) =2z+ qunzn
n=2

such that B
1 z 2
"(2) = 3.2
1= =5 (59) o2
where f has the form given by (1.1). Equating coefficients in (3.2) yields
at+l a-1
ag = 2 — ¢2, (33)
(a+1)(a+2) -1 a—1 -1 ,
az = 5 5 6 Pt 5 % (34)
and ,
«@ « «@ — _ -1 +2
qp =) oty a1y (o 1)6<a ) 6
(3.5)
2_ 2 a2
+(oz é);a+1)¢§ _ (a 112)(2a+3) ¢§ 1¢2¢3
2_
as = (a+1)(a+21)2(61+3)(a+4) <Z5 o« _1 \ (a2-1) (a+2)¢ (a 1)(232)(%3) b2
2 2_ 2_
4+ la 1)(@;3-1)(%-2) o2 — (o 1)(;;*(—)1)(0&3) o3+ (o 1)(1%-21-03)(a+5) o4
a?—1)(«a a?— a?— a?—1)(a
+( 12)0( +1) ¢2¢3 + 20 1¢2¢4 + 401¢§ - ( 18)0( +3) ¢%¢3
(3.6)
and the results follow by triangle inequality and using Lemma 2.1. O
Theorem 3.3. Let f given by (1.1) be in the class Cy(cx). Then
(a—l)(é')a-i-ll) l<a<3
|CLQCL3 — 0,4| S . (37)

(a—1)(3a®+8a+17) 5
1 3<ax?2

Proof. From (3.3) to (3.5) we find that

(a2*12)4(a+2) (a2 =1)( 3a+2)¢ L a 71¢ Cs —1)(3a 5) ¢

2
A203 — Aq =

+a81¢ (a—1) (a+5)¢) b3 — (o —119(204 5) ¢2}
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from which we get the asserted upper bounds in (3.7), by triangle inequality and using

Lemma 2.1 in (3.6). g
Theorem 3.4. Let f given by (1.1) be in the class Cy(cx). Then we obtain
2 _
‘ag—aglga + 6c 7-
6
Proof. Since f € Cy(a), From (3.3) and (3.4) we find that
2 2
o, a’—1 -1 a-1  (a—1)(a=5) ,
az — a3 = o T b2 6 ¢3 ) ¢3-
The rest of the proof follows as in Theorem 3.2. O

Theorem 3.5. Let f given by (1.1) be in the class Cy(c). Then we obtain
ot + 60 4 460% — 420 — 11
36 '

|lazay — 3| <

Theorem 3.6. Let f € Cy(cr). Then
| < ioi + EO{G + 4730(5 + 67770[4 @a:i Eoﬂ @Oé + 11039.
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