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Estimating a special difference of harmonic numbers

ALINA SINTAMARIAN

ABSTRACT. The aim of this paper is to investigate a special difference of harmonic numbers. We obtain some
limits and inequalities involving harmonic numbers and in the last part of the paper some open problems for
investigation are posed.

1. INTRODUCTION

Let H,, be the nth harmonic number, i.e.
1 1
Hy=1+>+ "+,
2 n
and let D,, = H, — Inn. As it is well-known, the sequence (D,,)nen is convergent and
v = hm D,, is Euler’s constant ([9, Chapter 9, pp. 69-79], [20, Chapter 1, pp. 7-60], [21,
p- 22 problem 72, p. 23], [22, problem 1.20, p. 6]).
As we have already mentioned in [18], [19], [20, pp. 7, 8], various lower and upper
estimates have been obtained for D,, — ~, such as:

ﬁ <D”‘7<ﬁ» neN\{1} ((23];
m%m <Dn—7v< % neN ([15], [28]);
2n1+1<D”_7<%’ neN ([26]);
2n1+§ <Dn—7<2n1+é, neN ([24], [25));
2n +127 T <Dn—7< Qni_é neN (251, [11, [3D). (1.1)
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It is worth spec1fy1ng that and %, that appear in (1.1), are the best constants with

this property, i.e. 27 L cannot be replaced by a smaller one and % cannot be replaced by a
larger one, so that the inequalities to hold for all n € N ([25], [1], [3]) Clearly,
. 1
Jim n(Dy =) = 5, (12)

which means that the sequence (D,,),en converges to 7y very slowly, more precisely, with
order 1.

This is the reason why many mathematicians tried to discover sequences with higher
rate of convergence to 7. A possible method of doing so is to modify the argument of the
logarithmic term in D,,.
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For example, D. W. DeTemple considered
R,=H,—In <n+;> ,
and he proved in [4] that

1 1
- <R,—-7v<-——=,n€N,
24(n + 1) TS g2

which implies that
. 2 o _ -
Jim n*(Ry, —7) 51
so the sequence (R,,)nen converges to v with order 2.

Another way of increasing the speed of convergence to v is by subtracting a rational
term in D,,. In [27] it is shown that

1 1
1 2 — —_ = —
nlgxgon (’y D,, + Qn) 12 (1.3)
hereby the sequence (D, — 5,;), _ converges to v with order 2. B.-N. Guo and F. Qi

proved in [7, Theorem 1] that

1 1 1

<= (D) —— .

e+ 8 (" 2n>_12n2+2(§121”>’ et 4
=

the numbers ¢ and W being the best constants with this property.
All the above-mentioned results, together with a problem (see [17], [11, problem 3.1.3,
p- 187], [12, problem 1.3, part a), p. 8]) in which it is asked to be shown that

Yy< Hp+Hy—Hp <1, p,g€N,
inspired us in writing the present paper.
In Section 2 it is proved that
lim n[pH, — Hyp — (p— 1)7] = p

n— 00 2’

forp e N\ {1}.
We obtain the best constants ¢ and b with the property that the inequalities
1

<2H, —H,»—v< ——
n+a - " n? =7 n+b

hold for every n € N. These constants are a = 17~ and b = 2,
Also, we obtain that

1 2
lim n? [’y— (2Hn —H,> — )} = -

n—00 n

and
. 2 p p
o (0= (o= Hoo = 50 = 55
for p € N\ {1,2}, and we prove some inequalities regarding v — (2H,, — H,2 — 1).
We mention that only after obtaining our results, we saw the paper [10].
In Section 3 some open problems for investigation are posed.
Interesting results involving Euler-Mascheroni type sequences can be found in [2].
Other results on harmonic numbers can be found in [8], [13], [16].
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Further on we collect some formulae that we need in our analysis. Recall that the
digamma function ¢ is the logarithmic derivative of the gamma function, i.e.

I'()

It is known that ([6, Section 8.365, Entry 4, p. 904], [14, Section 5.4, Entry 5.4.14, p. 137])
Y(n+1)=—y+H, neN (1.5)

From the recurrence formula ([6, Section 8.365, Entry 1, p. 904], [14, Section 5.5, Entry
5.5.2, p. 138])

Y+ 1) =)+, @€ (0,+00),

and the asymptotic formula ([14, Section 5.11, Entry 5.11.2, p. 140], see also [6, Section
8.367, Entry 13, p. 906])

1 1 1 1
P(x) ~Inz —

2 1222 T To0at 2pzge T (B )

we get

(@ +1) ~Inz + L L + L L
~ 1n _— —
. T or T 1222 T 1202% 25246

2. DOUBLE INEQUALITIES FOR HARMONIC NUMBERS

+- (z— o). (1.6)

We mention that the idea for the solution of the following limit was provided to the
author by O. Furdui (see also [5, problem 1.28, p. 5] for a problem on a double Euler—
Mascheroni sequence).

Proposition 2.1. Let p € N\ {1}. We have
lim n[pH, — Hpe — (p— 1)7] = g

n— oo

Proof. We obtain, based on (1.2), that
lim n[pH, — Hpe — (p — 1)7]

n— oo

P(Hpr —InnP —
= lim pn(Hn—lnn—W)—n( nn? - 7)

n—o00 np—l

|
i

N
N3

Hence, for p = 2 in Proposition 2.1 we get that
lim n(2H, — H,2 —v) =

n—oo

Now we give our first main result.

Theorem 2.1. We have

for every n € N. Moreover, the constants 2 and 2 are the best possible with this property.

Proof. As one can easily see,
2H, — H,2 —v=2(D,, —v) — (Dpz — 7).
Having in view (1.1), we are able to write that
2 1 2 1

— <2H,—-H,» —v< - s
om + 217:71 212 _|_% " n m _|_% m2 4+ 217_;1
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foralln e N.
Taking into account that
2 1 1
I+ A= 224y nt
1- —-2)(2 1) — 6% —4
_ 30 =)@yt D =6 —dy T
3(1-7)2 (20 + 222) (202 + 1) (n+ 1)

as a straightforward calculation shows, it follows that

1 < 2 1
n+ 1 2"+21V—_71 2n? + 3’

n > 2.

So,
Y om, .
n + % — n n Y
for every n € N, and the constant 7 is the best possible with this property (the equality
holds only when n = 1).
Also, a straightforward calculation shows that

2 1 < 1 eN
- ) n )
2n+ % 202+ —217__71 n+ 2
because
1 2 n 1
n+2 2n+3%  2n2+ —217__71

15(1 — v)n — 20 + 11
- (L= 7)n—207+ >0, neN,

91-7) (n+32)(2n+3) <2n2 + %)

which means that

2H, —H,» —v < R
Y Tl-i-%

for every n € N. It remains to prove that the constant 2 is the best possible with this
property, fact which we get from the following two assertions.

We have just proved that
1 2
m -n > g, n € N.
On the other hand, using (1.5) and (1.6), we have
S S 1 _
2H, — H,» —~  2Y(n+1) —p(n2+1)
1
= -n
w =g T 0 ()
240 %
S s (q)%g (n — o)
1+0(%) 3
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Proposition 2.2. Let p € N\ {1}. We have

1 1 1 2
p 250 pty=3 P=2
lim n? [(p — 1)y - (pHn — Hpp — —)] = 112 12 2 3
12 12 12’ -
Proof. We obtain, based on (1.3), that
lim n? [(p — 1)y - (pHn — Hpp — ﬁ)}
n—00 2n
1
= lim {an ('y —H,+Inn+ )
n—00 2n
1 o o 1 1
_n2p72 n ( an—I—lnn +2p> +2nz)2j|
2. L .1 +5 L
) R PR I
p——0- —+0_£ p>3
12 12 12’ -
O
The other main result of our paper is the following theorem.
Theorem 2.2. We have
2 1 2
<y (2Hy — Hpe — — ) < 7,
3n2 + 3 n 3n? + 155
for every n € N. Moreover, the constant % — 3 is the best possible with this property.
Proof. Letv, = 2H, — H,2 — %, for n € N. We have
1 , 1 1
v — vy =2 ’nynJrlnn+% —|(v—Hpz+1nn +2—nQ Jrﬁ'
We can therefore write, having in view (1.4), that
1 1 n 1 < < 1 1 n 1
- — 55 <7 —Un - 55
6n2 + % 1904 + 2(;37) 2n2 6n2 + 72712"’ 12nt + g 2n2
foralln € N.
It is not difficult to check that
1 1 n 1 2
3 — 972 9.2 | 2 _ 9
6n2 +3  12p4 4 22120 202 302+ 2 -3

1
109(2y = Dn2 (602 + 2) (60 + 5512) (302 + 2 - 3)
x{(n —2)(n + 2)[(—16567* + 1788y — 480)n* 4 (—65707% + 7077y — 1896)n>
—247867* + 26466y — 7018] — 99036+ + 105729y — 28030} > 0, n > 2,
and this implies that

2 1 1 1
< — +—, n>2
2 3 = =
3n?+2 -3 6n?+3 1204 72(;?1’” 2n?

So,

_Unv
g2 2_3="
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for every n € N, and the constant % — 3 is the best possible with this property (the equality
holds only when n = 1).
Also, it can be shown that

1 1 1 2

- +-—~<-—F—5, n€eN,
6n? + 2 120t 4 £ 2 S 3n2y B
because
2 1 4 1 RN
32+ 15 6n2 4+ 772;1_21” 12nt + & 2n?
_ -1
1000(2y = 1)n2 (302 + %) (602 + T22) (6nt + 2)
x{(n —1)(n + 1)[(38640y — 22320)n* + (385807 — 22500)n>
1468247 — 27137] + 452767 — 26234} >0, n € N.
It follows that )
Y=< o5 a3
3n* + 166
foreveryn € N. O

3. COMMENTS AND OPEN PROBLEMS

In Theorem 2.1 we have obtained estimates for 2H,, — H,,2 —, n € N, with best possible
constants. As it was proved in the beginning of Section 2, we have the following limit
lim n[pH, — Hpr — (p — 1)y] = &, for p € N\ {1}. Therefore, it is natural to investigate
n—oo

the problem of finding the best possible constants a and b such that

S pHn - an - (p - 1)7 < (37)

p p
2n+a 2n+b’
for every n € N. In order to do so we consider the sequence (b, ),en defined by the
equality

P
HTL_Hn — —]_ = .
p r—(p—1)y T
Thus
P
b, = — 2n.
pHy, — Hpp — (p— 1)y
We have
P
by = —2
-1 -7
and
p
b, = -2
pon+1) -y +1) "
P

_ —2n
P _ p P _ 1 T :
2n 12n2 + 120n4 2nP + 12n2P + O( 6)
D

P _ _P 1 1 1
6n 60n3 + np—1 6n21“ 1 + O( )

P - 1
2n 12n2 + 120n* 2nP + 127121’ + O( 5)

- = 2
n—oo ? p ’

%

Pp) p > 3.

3 il
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For p > 3, it remains to study the preceding problem (3.7), with a = by = =77 — 2
and b = lim b, = % We mention that, for p = 2, we recover the result from Theorem 2.1,

n—oo
with ¢ =& = ﬁand%: %nli}ngobn: 2
Another problem that can be investigated is related to Theorem 2.2. We consider the

sequence (b,,),en defined by the equality

1 2
N (ZHn—an —> - -
n 3n2 +b,
Thereby
- 2
b, = — 3n2.

v— (2H, — H,» — 1)

Clearly, b; = % —3and
2 p—
d(n?+1) = 2¢(n+ 1)+
2

= — 3n?

3wz~ omt + O ()
10+ 0 (32) novee 9
2 0(0) — 55
3 n?
It would be of interest to study if in Theorem 2.2, the constant - can be replaced by

lim b, = 5 as the best constant.
n— 00
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