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On the generalized Boolean sum Schurer-Stancu
approximation formula

DAN BĂRBOSU and OVIDIU T. POP

ABSTRACT. In this paper, the Schurer-Stancu generalized Boolean sum (GBS, for short) approximation for-
mula is considered and it’s remainder term is expressed in terms of bivariate divided differences. When the
approximated function is sufficiently smooth, an upper bound estimation for the remainder term is also estab-
lished. As particular cases, GBS Schurer and respectively GBS Bernstein approximation formulas are obtained
and the expressions of their remainder are explicitly given.

1. INTRODUCTION

We denote N = {1, 2, . . . } and N0 = N∪ {0}. Let p ∈ N0 and let α, β be real parameters
so that 0 ≤ α ≤ β. The Schurer-Stancu operator [3] is defined for any m ∈ N, any function
f ∈ C([0, 1 + p]) and any x ∈ [0, 1 + p] by:(

S̃(α,β)
m,p f

)
(x) =

m+p∑
k=0

p̃mk(x)f

(
k + α

m+ β

)
, (1.1)

where

p̃m,k(x) =

(
m+ p

k

)
xk(1− x)m−k (1.2)

are the fundamental Schurer polynomials [17].
Note that the multiparameter operator (1.1) includes as particular cases other well-known
operators: for α = β = 0, the operator (1.1) reduces to the Schurer operator [17]; for p = 0,
(1.1) becomes the Stancu operator [20], while, for α = β = 0 and p = 0, (1.1) is the classical
Bernstein operator [10].

The method of ”parametric extensions” is a very efficient one for constructing multi-
variate operators [12]. By applying the above mentioned method, in [4] the author con-
sidered the following parametric extensions of the operator (1.1):(

xS̃
(α,β)
m,p f

)
(x, y) =

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)f

(
k + α

m+ β
, y

)
, (1.3)

(
yS̃

(γ,δ)
n,q f

)
(x, y) =

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)f

(
x,
j + γ

n+ δ

)
. (1.4)

Note that in (1.3) and (1.4), p, q ∈ N0, α, β, γ, δ are real parameters such that 0 ≤ α ≤ β,
0 ≤ γ ≤ δ and f : [0, 1 + p]× [0, 1 + q]→ R is a given real valued function.
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The notion of ”Generalized Boolean Sum” (GBS, for short) operator was introduced by
C. Badea and C. Cottin [1] as the boolean sum of the parametric extensions of a univariate
operator.

By using the above definition, the GBS Schurer-Stancu operator is defined for any
m,n ∈ N, any p, q ∈ N0 and any real parameters α, β, γ, δ satisfying 0 ≤ α ≤ β, 0 ≤ γ ≤ δ
by: (

Ũ (α,β,γ,δ)
m,p,n,q f

)
(x, y) (1.5)

=

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

{
f

(
k + α

m+ β
, y

)
+f

(
x,
j+γ

n+δ

)
−f

(
k+α

m+β
,
j+γ

n+δ

)}
,

for any bounded function f : [0, 1 + p]× [0, 1 + q]→ R.
Approximation properties of the operator (1.5) were established in [4], [7].
As particular cases of (1.5) we mention the GBS operators of Schurer, Stancu, respectively
Bernstein type.

By considering the GBS Schurer-Stancu approximation formula

f = Ũ (α,β,γ,δ)
m,p,n,q f + R̃(α,β,γ,δ)

m,p,n,q f, (1.6)

the first focus of the paper is to express the remainder term R̃
(α,β,γ,δ)
m,p,n,q f by using the bi-

variate divided difference of the approximated function.
We start by recalling some results concerning the divided differences.

Suppose that I ⊂ R is an interval of the real axis, f : I → R is a given function and
x0, x1 ∈ I (x0 6= x1) are given. Then, the divided difference (of first order) of f with
respect the distinct knots x0, x1 is defined by:

[x0, x1; f ] =
f(x1)− f(x0)

x1 − x0
. (1.7)

If the knots x0, x1, . . . , xp ∈ I are distinct, the p-th order divided difference of f with
respect to the mentioned distinct knots is defined by the following recurrence formula:

[x0, x1, . . . , xp; f ] =
[x1, . . . , xp; f ]− [x0, . . . , xp−1; f ]

xp − x0
, p ≥ 2. (1.8)

For the bivariate divided differences, several definitions were given in [13], [14], [15].
In [8], by using the method of parametric extensions we re-found the definition of the
bivariate divided difference.

In the following let I, J ⊂ R be intervals, f : I × J → R be a given function, p, q ∈ N0,
x0, x1, . . . , xp ∈ I and y0, y1, . . . , yq ∈ J be distinct knots.

If p, q ∈ N, p ≥ 2 and q ≥ 2, the following recurrence formula[
x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
=

1

(xp − x0)(yq − y0)

([
x1, x2, . . . , xp
y1, y2, . . . , yq

; f

]
(1.9)

−
[
x0, x1, ..., xp−1
y1, y2, ..., yq

; f

]
−
[
x1, x2, ..., xp
y0, y1, ..., yq−1

; f

]
+

[
x0, x1, ..., xp−1
y0, y1, ..., yq−1

; f

])
holds (see [3]) and [

x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
=

[
xi0 , xi1 , . . . , xip
yj0 , yj1 , . . . , yjq

; f

]
(1.10)

where (i0, i1, . . . , ip), (j0, j1, . . . , jq) are permutations of (0, 1, . . . , p), respectively (0, 1, . . . , q).
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Theorem 1.1. If q ≥ 2, then[
x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
(1.11)

=
1

yq − yq−1

([
x0, x1, . . . , xp
y0, y1, . . . , yq−2, yq

; f

]
−
[
x0, x1, . . . , xp
y0, y1, . . . , yq−1

; f

])
and, if p ≥ 2, then[

x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
(1.12)

=
1

xp − xp−1

([
x0, x1, . . . , xp−2, xp
y0, y1, . . . , yq

; f

]
−
[
x0, x1, . . . , xp−1
y0, y1, . . . , yq

; f

])
.

Proof. By using the method of parametric extensions (see [8]) and (1.10), we have that[
x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
=

[
x0, x1, . . . , xp
yq−1, y0, y1, . . . , yq−2, yq

; f

]
[x0; [yq−1, y0, y1, . . . , yq−2, yq; f ]y]x

=

[
x0, x1, . . . , xp

[y0, y1, . . . , yq−2, yq; f ]y − [yq−1, y0, y1, . . . , yq−2; f ]y
yq − yq−1

]
x

=
1

yq − yq−1
(
[x0, x1, . . . , xp; [y0, y1, . . . , yq−2, yq; f ]y]x

−[x0, x1, . . . , xp; [yq−1, y0, y1, . . . , yq−2; f ]y]x
)

=
1

yq − yq−1

([
x0, x1, . . . , xp
y0, y1, . . . , yq−2, yq

; f

]
−
[
x0, x1, x2, . . . , xp
yq−1, y0, y1, . . . , yq−2

; f

])
,

which yields the identity (1.11).
In a similar way, one proves (1.12). �

From Theorem 1.1, the following identities[
x0, x1, x2
y0, y1

; f

]
=

1

x2 − x1

([
x0, x2
y0, y1

; f

]
−
[
x0, x1
y0, y1

; f

])
, (1.13)[

x0, x1
y0, y1, y2

; f

]
=

1

y2 − y1

([
x0, x1
y0, y2

; f

]
−
[
x0, x1
y0, y1

; f

])
, (1.14)

hold and from (1.9) we have[
x0, x1, x2
y0, y1, y2

; f

]
=

1

(x2 − x1)(y2 − y1)

([
x0, x2
y0, y2

; f

]
−
[
x0, x1
y0, y2

; f

]
(1.15)

−
[
x0, x2
y0, y1

; f

]
+

[
x0, x1
y0, y1

; f

])
.

We shall use these identities in the proof of Theorem 2.3. Now, we recall the following
theorem from [9].

Theorem 1.2. Let p, q ∈ N, a ≤ x0 < x1 < · · · < xp ≤ b, c ≤ y0 < y1 < · · · < yq ≤ d and

f : [a, b] × [c, d] → R. If f ∈ C(p−1,q−1)([a, b] × [c, d]) and exists
∂p+qf

∂xp∂yq
on ]a, b[×]c, d[ then,

there exists (ξ, η) ∈]a, b[×]c, d[ such that[
x0, x1, . . . , xp
y0, y1, . . . , yq

; f

]
=

1

p!q!

∂p+qf

∂xp∂yq
(ξ, η). (1.16)
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2. MAIN RESULTS

Let m,n ∈ N, p, q ∈ N0 and f : [0, 1 + p] × [0, 1 + q] → R be a given function. In what
follows, first we shall prove:

Theorem 2.3. The remainder term of the approximation formula (1.6) can be represented under
the form: (

R̃(α,β,γ,δ)
m,p,n,q f

)
(x, y) (2.17)

= xy(1− x)(1− y) (m+ p)(n+ q)

(m+ β)2(n+ δ)2

m+p−1∑
k=0

n+q−1∑
j=0

p̃m−1,k(x)p̃n−1,j(y)

×

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ ,
j+γ+1
n+δ

; f

]
− m+ p

(m+ β)2(n+ δ)
x(1− x){(δ − q)y − γ}

m+p−1∑
k=0

n+q∑
j=0

×p̃m−1,k(x)p̃n,j(y)

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ

; f

]
− n+q

(m+β)(n+δ)2
y(1−y){(β−p)x−α}

×
m+p∑
k=0

n+q−1∑
j=0

p̃m,k(x)p̃n−1,j(y)

[
x, k+αm+β

y, j+γn+δ ,
j+γ+1
n+δ

; f

]
+

1

(m+ β)(n+ δ)

×{(β − p)x− α}{(δ − q)y − γ}
m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

[
x, k+αm+β

y, j+γn+δ

; f

]
,

where x ∈ [0, 1 + p]\
{
k+α

m+ β
, k ∈ {0, 1, . . . ,m+ p}

}
and y ∈ [0, 1 + q]\

{
j + γ

n+ δ
, j ∈

{0, 1, . . . , n+ q}
}

.

Proof. From (1.6) and (1.5) we get,(
R̃(α,β,γ,δ)
m,p,n,q f

)
(x, y)

=

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

(
x− k + α

m+ β

)(
y − j + γ

n+ δ

)[
x, k+αm+β

y, j+γn+δ

; f

]

=
1

(m+ β)(n+ δ)

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

× {(m+ β)x− (k + α)} {(n+ δ)y − (j + γ)}

[
x, k+αm+β

y, j+γn+δ

; f

]
.

Next, by using the following simple identities

(m+ β)x− (k + α) = (m+ p− k)x+ (β − p)x− α− k(1− x),

(n+ δ)y − (j + γ) = (n+ q − j)y + (δ − q)y − γ − j(1− y),
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after some elementary computations, by means of the relations (1.13)-(1.15), one obtains(
R̃(α,β,γ,δ)
m,p,n,q f

)
(x, y)

= xy(1− x)(1− y) (m+ p)(n+ q)

(m+ β)2(n+ δ)2

m+p−1∑
k=0

n+q−1∑
j=0

p̃m−1,k(x)p̃n−1,j(y)

×

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ ,
j+δ+1
n+δ

; f

]
− m+ p

(m+ β)2(n+ δ)
x(1− x){(δ − q)y − γ}

×
m+p−1∑
k=0

n+q∑
j=0

p̃m−1,k(x)p̃n,j(y)

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ

; f

]
− n+ q

(m+ β)(n+ δ)2

×y(1−y){(β−p)x−α}
m+p∑
k=0

n+q−1∑
j=0

p̃m,k(x)p̃n−1,j(y)

[
x, k+αm+β

y, j+γn+δ ,
j+γ+1
n+δ

; f

]

+
1

(m+ β)(n+ δ)
{(β − p)x− α}{(δ − q)y − γ}

×
m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

[
x, k+αm+β

y, j+γn+δ

; f

]
,

which is the desired equality (2.17). �

Remark 2.1. For α = β = γ = δ = 0, the GBS Schurer-Stancu approximation formula (1.6)
becomes the following Schurer GBS approximation formula:

f = Ũm,p,n,qf + R̃m,p,n,qf. (2.18)

By applying Theorem 2.3, the following corollary follows.

Corollary 2.1. The remainder term of the GBS Schurer approximation formula can be represented
under the form: (

R̃m,p,n,qf
)
(x, y) (2.19)

= xy(1−x)(1−y) (m+p)(n+q)

m2n2

m+p−1∑
k=0

n+q−1∑
j=0

p̃m−1,k(x)p̃n−1,j(y)

[
x, km , k+1

m

y, jn ,
j+1
n

; f

]

+
m+ p

m2n
x(1− x)qy

m+p−1∑
k=0

n+q∑
j=0

p̃m−1,kp̃n,j(y)

[
x, km , k+1

m

y, jn
; f

]

+
n+ q

mn2
y(1− y)px

m+p∑
k=0

n+q−1∑
j=0

p̃m,k(x)p̃n−1,j(y)

[
x, km

y, jn ,
j+1
n

; f

]

+
pq

mn
xy

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)

[
x, km

y, jn
; f

]
,

where x ∈ [0, 1 + p]\
{
k

m
, k ∈ {0, 1, . . . ,m+ p}

}
and

y ∈ [0, 1 + q]\
{
j

n
, j ∈ {0, 1, . . . , n+ q}

}
.
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Remark 2.2. For p = q = 0, the GBS Schurer-Stancu approximation formula (1.6) reduces
to the following Stancu GBS approximation formula:

f = Ũ (α,β,γ,δ)
m,n f + R̃(α,β,γ,δ)

m,n f. (2.20)

From Theorem 2.3, we also obtain

Corollary 2.2. The remainder term of the GBS Stancu approximation formula (2.20) can be rep-
resented under the form: (

R̃(α,β,γ,δ)
m,n f

)
(x, y) (2.21)

=xy(1−x)(1−y) mn

(m+β)2(n+δ)2

m−1∑
k=0

n−1∑
j=0

pm−1,k(x)pn−1,j(y)

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ ,
j+γ+1
n+δ

; f

]

− m

(m+β)2(n+ δ)
x(1−x)(δy−γ)

m−1∑
k=0

n∑
j=0

pm−1,k(x)pn,j(y)

[
x, k+αm+β ,

k+α+1
m+β

y, j+γn+δ

; f

]

− n

(m+β)(n+δ)2
y(1−y)(βx−α)

m∑
k=0

n−1∑
j=0

pm,k(x)pn−1,j(y)

[
x, k+αm+β

y, j+γn+δ ,
j+γ+1
n+δ

; f

]

+
1

(m+ β)(n+ δ)
(βx− α)(δy − γ)

m∑
k=0

n∑
j=0

pm,k(x)pn,j(y)

[
x, k+αm+β

y, j+γn+δ

; f

]
,

where:

pm,k(x) =

(
m

k

)
xk(1− x)m−k, pn,j(y) =

(
n

j

)
yj(1− y)n−j ,

are the fundamental Bernstein polynomials and

x ∈ [0, 1]\
{
k + α

m+ β
, k ∈ {0, 1, . . . ,m}

}
, y ∈ [0, 1]\

{
j + γ

n+ δ
, j ∈ {0, 1, . . . , n}

}
.

Remark 2.3. For p = q = 0 and α = β = γ = δ = 0, the GBS approximation formula (1.6)
is the classical GBS Bernstein approximation formula:

f = Um,nf +Rm,nf, (2.22)

first considered by E. Dobrescu and I. Matei [7]. For other related results see [1], [10], [11],
[12], [13], [14], [15], [16], [17], [21], [23], [26], [27], [28], [29], [32] and [39].

By applying Theorem 2.3, it follows:

Corollary 2.3. The remainder term of the GBS Bernstein approximation formula (2.22) can be
represented under the form:

(Rm,nf)(x, y) (2.23)

=
xy(1− x)(1− y)

mn

m−1∑
k=0

n−1∑
j=0

pm−1,k(x)pn−1,j(y)

[
x, km , k+1

m

y, jn ,
j+1
n

; f

]
,

where x ∈ [0, 1]\
{
k

m
, k ∈ {0, 1, ...,m}

}
and y ∈ [0, 1]\

{
j

n
, j ∈ {0, 1, ..., n}

}
.
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Theorem 2.4. Let f : [0, 1 + p] × [0, 1 + q] → R be a function with the property that f ∈
C(2,2)([0, 1 + p]× [0, 1 + q]). Then, for any (x, y) ∈ [0, 1]× [0, 1] and any m,n ∈ N, we have

∣∣∣(R̃(α,β,γ,δ)
m,p,n,q f

)
(x, y)

∣∣∣ ≤ xy(1− x)(1− y)
4

(m+ p)(n+ q)

(m+ β)2(n+ δ)2
M1(f) (2.24)

+
x(1− x)|(δ − q)y − γ|

2

m+ p

(m+ β)2(n+ δ)
M2(f)

+
y(1− y)|(β − p)x− α|

2

n+ q

(m+ β)(n+ δ)2
M3(f)

+ |(β − p)x− α| |(δ − q)y − γ| 1

(m+ β)(n+ δ)
M4(f)

≤ (m+ p)(n+ q)

64m2n2
M1(f) +

m+ p

8m2n
m2M2(f)

+
n+ q

8mn2
m1M3(f) +

1

mn
m1m2M4(f)

and ∣∣∣(R̃m,p,n,qf) (x, y)∣∣∣ ≤ (9m+ p)(9n+ q)

64m2n2
M(f), (2.25)

where

M1(f) = sup
(x,y)∈[0,1+p]×[0,1+q]

∣∣∣∣ ∂4f

∂x2∂y2
(x, y)

∣∣∣∣ ,

M2(f) = sup
(x,y)∈[0,1+p]×[0,1+q]

∣∣∣∣ ∂3f∂x2∂y
(x, y)

∣∣∣∣ ,

M3(f) = sup
(x,y)∈[0,1+p]×[0,1+q]

∣∣∣∣ ∂3f∂x∂y2
(x, y)

∣∣∣∣ ,

M4(f) = sup
(x,y)∈[0,1+p]×[0,1+q]

∣∣∣∣ ∂2f∂x∂y
(x, y)

∣∣∣∣ ,
m1 = max{α, |β − p− α|}, m2 = max{γ, |δ − q − γ|} and

M(f) = max{M1(f),m2M2(f),m1M3(f),m1m2M4(f)},

where x ∈ [0, 1 + p]\
{
k + α

m+ β
, k ∈ {0, 1, . . . ,m+ p}

}
and

y ∈ [0, 1 + q]\
{
j + γ

n+ δ
, j ∈ {0, 1, . . . , n+ q}

}
.

Proof. In (2.17) we apply Theorem 1.2 and we have that
(ξ1(k, j), η1(k, j)), (ξ2(k, j), η2(k, j)), (ξ3(k, j), η3(k, j)), (ξ4(k, j), η4(k, j))
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∈]0, 1 + p[×]0, 1 + q[ exist so that(
R̃(α,β,γ,δ)
m,p,n,q f

)
(x, y) = xy(1− x)(1− y) (m+ p)(n+ q)

(m+ β)2(n+ δ)2

×
m+p−1∑
k=0

n+q−1∑
j=0

p̃m−1,k(x)p̃n−1,j(y)
1

2!2!

∂4f

∂x2∂y2
(ξ1(k, j), η1(k, j))

− m+ p

(m+ β)2(n+ δ)
x(1− x){(δ − q)y − γ}

×
m+p−1∑
k=0

n+q∑
j=0

p̃m−1,k(x)p̃n,j(y)
1

2!1!

∂3f

∂x2∂y
(ξ2(k, j), η2(k, j))

− n+ q

(m+ β)(n+ δ)2
y(1− y){(β − p)x− α}

×
m+p∑
k=0

n+q−1∑
j=0

p̃m,k(x)p̃n−1,j(y)
1

1!2!

∂3f

∂x∂y2
(ξ3(k, j), η3(k, j))

+
1

(m+ β)(n+ δ)
{(β − p)x− α}{(δ − q)y − γ}

×
m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y)
∂2f

∂x∂y
(ξ4(k, j), η4(k, j)).

Since x(1− x) ≤
1

4
, y(1− y) ≤

1

4
, we obtain

m+p∑
k=0

n+q∑
j=0

p̃m,k(x)p̃n,j(y) =

m+p−1∑
k=0

n+q∑
j=0

p̃m−1,k(x)p̃n,j(y)

=

m+p∑
k=0

n+q−1∑
j=0

p̃m,k(x)p̃n−1,j(y) =

m+p−1∑
k=0

n+q−1∑
j=0

p̃m−1,k(x)p̃n−1,j(y) = 1,

By taking the absolute value in the relation above and by using the fact that the partial
derivatives of f are bounded on [0, 1 + p]× [0, 1 + q], |(β − p)x− α| ≤ max{α, |β − p− α|}
for any x ∈ [0, 1] and |(δ − q)y − γ| ≤ max{γ, |δ − q − γ|} for any y ∈ [0, 1], we get the
inequalities from (2.24). From (2.24), it follows (2.25). �

Remark 2.4. From (1.6) and (2.25) it follows that in the conditions of Theorem 2.2, the
sequence

(
Ũm,p,n,qf

)
m,n≥1

converges uniformly to function f on [0, 1]× [0, 1].
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[31] Popoviciu, T., Sur le reste dans certain formules lineaires d’approximation de l’analyse, Mathematica I (24) (1952),

95–142
[32] Ren, M. Y. and Zeng, X. M., Approximation by complex Schurer-Stancu operators in compact disks, J. Comput.

Anal. Appl., 15 (2013), No. 5, 833–843
[33] Schurer, F., Linear positive operators in approximation theory, Math. Inst. Techn. Univ. Delft: Report, 1962
[34] Stancu, D. D., On the remainder term in approximation formulas by Bernstein polynomials, Notices, Amer. Math.

Soc. 9, 20 (1962)
[35] Stancu, D. D., Evaluation of the remainder term in approximation formulas by Bernstein polynomials, Math. Com-

put., 17 (1963), 270–278.
[36] Stancu, D. D., Approximation of functions by a new class of linear polinomial operators, Rev. Roum. Math. Pures

et Appl., 13 (1968), No. 8, 1173–1194
[37] Stancu, D. D., A note on the remainder term in a polynomial approximation formula, Studia Univ. Babeş-Bolyai
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[39] Vedi, T. and Özarslan, M. A., Chlodowsky variant of q-Bernstein-Schurer-Stancu operators, J. Inequal. Appl.,

2014, Article ID 189, 14 p., electronic only (2014)
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