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An improvement of Batir’s asymptotic formula and some
estimates related to the gamma function

VALENTIN GABRIEL CRISTEA and SORINEL DUMITRESCU

ABSTRACT. In this article, we improve Batir’s asymptotic formula related to the gamma function. We prove
the monotonicity of some functions related to the gamma function.

1. INTRODUCTION

The Euler Gamma function I'(z) is defined for real numbers = > 0 by

I(x) :/ t" e tat.
0

Batir has established in [3] the following asymptotic formula

1

nyn 11 2 31 \7
T(n+1) ~ V2 (7) 14+ — - _ , 11
(n+1) ™\e ( BT TR 9720n4> (1.1)

as n — oo. Batir has showed the following double inequality in [2]

(2x + 1)z” exp (—

x—i—l—g]) <I(x+1)

6(z+2)
<4/ (2x + 1)z%exp < 6(5C1+3) > . (1.2)
8

Qi and Li have refined in [6], [7] the left hand side inequality (1.2) to
2 1 «a 2 1 B
(m+ ) <F(x—|—1)<($+ ) ,

T+

r+1 rz+1

forz € (0,1), @ > 2(1 —+), 8 < v and have showed that the function h; is completely
monotonic on (0, c0) , where h; : (0,00) — Ris given by
Inx if = 7& 1
hy — In(z2+7)—In(z+7)° 1
(z) { I+7),ifz=1
and v = 0,577215... is Euler-Mascheroni’s constant. Kupan and Szasz have studied in [5]
the problem of the largest 7 € [0, 6) such that the function

InI'(z+41) .
fo(z) = { W@ 071
(1+7)(1—7),ifz=1
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is monotonic. More precisely, it is increasing on (0,1) for 7 < 71'2?’;2’)’ = 1.176.. and
decreasing on (0, 1) for 7 > 187“?2% = 5.321...Guo and Qi have proved in [4] that f; is

strictly increasing on (0, c0) .
2. IMPROVEMENT OF BATIR’S ASYMPTOTIC FORMULA
We improve Batir’s asymptotic formula (1.1). Let us consider the following asymptotic

formula L
n 1 2 31 \1

P(n+ 1)~ v2rm ()" (1 _ _
(n+1) ””(e> ( +3 TSR 9720n4) ’

as n — 0o.We are going to find those real numbers a, b and ¢ for which we obtain the best
estimate of the form

b c

n 1 1 2 31 \*Tazths
T(n+1) ~ 2 (7) 1+ — - - . @3
(n+1)~vam (2 ( HETRT AT 9720n4> @3)

Let us consider the relative error sequence w,, given by

n 11 2 31
T(n+1) =2 (f) 1 _ _
(n+1)=vam (2 ( T3, T8z T 12503 om20nt

By using the logarithm function, we obtain:

atiztis
> expwy,. (2.4)

1 1
wp, zlnn!—Eln(2n)—§ln7r—nlnn+n

AL A} Y R S
n2  nd 3n  18n2  425m3  9720nt )

By calculating the difference w,, — wy+1, we get

wn—wnH:—ln(n—i—l)—flnnzl—nlnn+(n+1)1n(n—|—1)—l
TRLENCE PN SR . 2 oL
TR TR 3 1802~ 425n%  9720n*
b c
+la+ 5 + 3
(n+1) (n+1)

-ln<1—|— L 1 - 2 - 31 >
3(n+1)  18(n+1)> 425(n+1)° 9720(n+1)" )’
1 1\ 1 (1 1\1
w”‘“’”“:(‘s +12> +(3 12>n3
6901 3\ 1 27716 4 1\ 1
+(_22950a_b+40>n4+(103275a+2b_3c_15>n5

113173 45151, 10 5\ 1 1
- - bt —et ) — = ). 2.
+< 195720" " 13770° 30+84> n® +O(rﬂ) 25)

In order to get the best approximation of the form (2.3), we need as much as possible

or

null coefficients of 12 , n13 , =1, -, such that the difference (2.5) w, — w,41 would have the
highest possible convergence speed. This leads usto a = 1, b = — 75 and ¢ = z2-.

Now, we introduce two terms d and g in the approximation (2.4) to obtain :

1 2 31 d g\ i Tase tarmes
1802 42503 9720mt b T )

F(n+1):(1+1+
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2mn (g) exp W, . (2.6)
We have: ) )
wy, = Inn! — 5111(271) - §ln7r —nlnn+n
1 2 i 2 (14 n 1 2 31 4 d n g
I n el _ _ L .9
4 1147502 © 34425n3 3n  18n2  425m3  9720n*  n®  nb )’
then )
Wy — Wpy1 = —In(n+1) — ilnn:l—l —nlnn+(n+1)n(n+1)—1
1 2,2 w(ie L, 1 2 3L, d . g
I _\1n il _ __ L9
4 1147512 34425n3 3n  18n2  425n3  9720n*  nbd  nS

1 2 2
+{=- s+ -
4 11475(n+1)°  34425(n+1)

(14 1 n 1 2 31 n d n g
In _ _ .
3(n+1)  18(n+1)° 425(n+1)° 9720(n+1)"  (n+1)° (n+1)°

Then, we obtain

v — w _ (.5 n 56 876 999 1 17,3 413919781 \ 1
T4 T 17697204000 ) nS 47297 14243010000 ) 77
972713 35 3937201397 \ 1 1
—————d+ —9+ soror o | s TO| =5 |- 2.7
+< 91800 * 69+227535480000) ws (n9> @7
By the same procedure, we obtain d = FPS81099_ ¢ — 139090942 Thus, we have
obtained the following approximation for the Euler Gamma function:
1 1 2 31

€T xT
T(z+1) ~ V2 (7) 14+ — - -
(z+1) o) Ut 5t 52~ o5 97204

56 876 999 139069421 1

+ )i~ TTarea? Tar st
221215050002° = 132729030 00026
We are now able to state and prove the main results of this paper.

Theorem 2.1. For all integers n > 1 the following inequality holds:

2

1
n\"™ 1 1 2 31 3t 5530503
T(n+1) < V2 (f) 1+ — - - . 2.8
(n+1) < vam (+3n+18n2 42573 9720n4> @8)

Proof. To show the inequality (2.8) we consider the sequence (a,),,~, given by

! 1 L, 2
an:lnI‘(n+1)—§ln27r—§1nn—n1nn+n— (4+34425n3>

~1n<1+1+ Loz 3 )
3n  18n2  425n3  9720nt
that converges to zero and we prove that a,, < 0 for all integers n > 1.1t suffices that a,, is
strictly increasing.We have
f(n) =ant1 —axn
where
r+1
x

f(x):ln(x—kl)—%ln +1—(x+1)1n(ac+1)+xlnx—<1+2)

4 34425 (x +1)°
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1 1 2 31
‘In 1+ + - -
( 3(n+1)  18(n+1)* 425(n—+1)° 9720 (n + 1)4>
+<1+2)1D(1+1+ 12 31 )
4 " 3442503 3n | 18n2  425n3  9720nt
1 1
r+1 + 2z + 222
—72 In (1 + 1 - 2 - 31 + 1)
1147524~ \ 3z 1822 42523  9720z*
2
11475 (4o + 622 + 423 + 24 + 1)

1 1 2

3r +3 + 36z 4 1822 + 18 1275z + 127522 + 42523 + 425
31

- 2 3 4 + 1)
38 880x + 58 320x* + 38 880x° + 97202+ + 9720
1

1580 107 5002 — 133844 40025 — 90709 875a% + 9480 645 00027 + 28 441 935 00025
(23 328z — 18360022 + 90 159 07523 + 100 383 300z* — 790 053 750z°
—2370 161 2502° + 21 080) + (17499 569 6972 4 42 580 362 8252
+54 812070 2252 + 39402 304 200z* + 15011 021 2502° + 2370 161 250x°
+2969 811 817)(302 348 578 5002 + 1017 286 634 2502 + 1954 471 801 5003
42345 699 705 625z + 1801 188 705 6002° + 864 318 802 500°

We have

fl(x)=Inz—In(x+1)+

+

~In(

+237016 12500027 + 28 441 935 0002° 4 39 278 133225) (2.9)
and
8 1 1 2 31
"(z) = h — _In(— - - 1
Fl@) =M@ + s n <3x T8 T 1258 97204t >
8 In( L 1
— n
11475 (5x + 1022 4+ 1023 + 5z* + 25+ 1) "3z +3 36z + 1822 + 18
2
12757 + 127522 + 42523 + 425
31

— 1
38880z + 58 32022 + 38 88023 + 9720x* + 9720 1)

where the function &, : [1,00) — R is given by
1 1 1 1 1 1

h —_ - _ _ — —
(@) z x+1 22423 2z+x2+1+2x2+2x3 2x+4x2+2x3+
We have:
fi(z) < =, (2.10)
22
filz) >z — 5 (2.11)

for all real numbers z with |z| < 1,z # —1. We apply the inequality (2.10) for the function
f2 1 [1,00) = R given by
1 1 2
= 1 —_
L) = I g T S v 182 1 18 1276w ¢ 12752 + 452 1 425
31
B 2 3 4 +1)
38 880x + 58 320x< + 38 880x° + 9720x* + 9720
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and we get
1 1 2
In( + — -
3x+3 36z + 1822+ 18 1275z + 127522 + 42523 4 425
31 1 1
o 2 3 4 +1) <( + 2
38880z + 58 3202 + 38 880x3 + 9720z* + 9720 3z +3 36z 4 1822 + 18

2 31
12752 + 127522 + 42523 + 425 38880z + 58 32022 + 38 8803 + 972024 + 972(()2) '12)

We apply the inequality (2.11) for the function f3 : [1,00) — R given by
1 1 2 31
fg(x):ln(1++ - - >

3z 1822 42523  9720x4

! 14 1 + 1 2 31
n = _ _
3z 1822 42523 97204

2
> i + 1 _ 2 _ 31 _ (é + ﬁ B 42§$3 - 973(1)934) (2 13)

3 18z2 42523  9720x4 2 ’ ’
Using (2.9),(2.12) and (2.13) we get that

and we obtain

8
1 h
F@) > M) + 17
1 1 2 31 \2
. i_,_ 1 _ 2 _ 31 _(§+W*4Q5x3*9720x4)
3z 18x%  425x3 9720z 2
_ 8 ( 1 n 1
11475 (52 4+ 1022 4+ 1023 + 524 + 25+ 1) ‘3z +3 36z + 1822 + 18
2
1275 + 127522 + 42513 + 425
31

— 1).
38880z + 58 3202 4 38 880x3 + 9720x* 4 9720 +1)

We consider the function A : [1,00) — R given by

8
h(z) =h S —
(@) =m@) + {7
2
. i + 1 _ 2 _ 31 _ (3% + 18% — 42§x3 B 9736934)
3z | 1822 42523  9720z% 2
8 ( 1 N 1
11475 (5x + 1022 + 1023 + 524 + 25+ 1) "3z +3 36z + 1822 + 18
2
1275z + 127522 + 42523 + 425
31

38880z + 5832022 + 3888023 + 972021 + 9720)

that can be represented as
R(z — 6)
h =
(%) = 1958927 224750 000217

S +1)7° (459002 — 3888z + 275 400" + 826 2002 — 2635)

- (4218912 + 5829 3002 + 3580 2002 4 826 200z + 1140977) " (2.14)




170 Valentin Gabriel Cristea and Sorinel Dumitrescu

where R(z) is a polynomial with positive coefficients for all real numbers > 6 .Then
from (2.14) we get

f(w) >0
for all real numbers z > 1 that is equivalent to f’ is strictly increasing and using that
IILIEO f'(x) = 0, it follows that f/(x) < 0 for all real numbers z > 1. Then we get that
f is strictly decreasing and using that Ilgglo f(z) = 0, it follows that f(x) > 0 for all real

numbers x > 1 or a, is strictly increasing.This concludes the proof for the inequality

(2.8). O
Theorem 2.2. We have the following inequality for all real numbers « > 2 :
5 (f)m( 1 2 3 . 56 876 999
3z 425x3 972024 2212150500025
139069 421 1
1 <T 1). 2.15
1327290800000 <1 (1) @15

Proof. To show the inequality (2.15) we consider the function H : [1,00) — R given by

1 1
H(x) ZIHF($+1)—§IH27T— §1n:c—xlnx+:v

——In (14— —— —
1"\ T3 T 2548 072047 T 2212150500025 | 132729030 0009

and we prove that H(z) > 0 for all real numbers > 1.We have

1 ( 1 2 31 56 876 999 139069421 )

1
H'(2) = () + 5 —Inz + (853 1549852 — 846625 5002% — 936 910 8002° + 7373835000z
X

+ (853 154 9852 — 846 625 5002 — 936 910 8002 + 22 121 505 0002° + 417 208 263)
(278 138 842z + 682 523 98822 — 846 625 500> — 1249 214 4004
+88486 020 0002° + 265 458 060 00027) ™!
and
11

H"(z) = ¢'(2) — — = 5 + ha(2), (2.16)

where the function h; : [1,00) — R is given by
ha(z) = (853 1549852 — 846 625 50022 — ...

Knowing that [1, p. 260, Rel. 6.4.12]

I N
V(@) x  2z%2 7 6z 30a°
and using (2.16), we get
1
H// =
(7) > 58 = 5oas T2@)
The function f; : [1,00) — R given by
1 1
fu0) = 5~ 305 T 1 0)
can be represented as
Ti(x—2
flry = =2 oy 217)

9045 (Ty(z))?
where T (z) is a nonnegative polynomial for all real numbers z > 2 and T»(z) is a poly-
nomial for all real numbers = > 1 .Using (2.17), it follows that

H"(z) >0
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for all real numbers 2 > 2 that is equivalent to H’ is strictly increasing and using that
lim H(z) = 0, it follows that H'(z) < 0 for all real numbers = > 2.Then we obtain that
T—00

H is strictly decreasing and using that ILm H(z) =0, it follows that H(z) > 0 for all real
numbers z > 2.This concludes the proof for the inequality (2.15). O

3. COMPARISON TESTS
We demonstrate the following proposition:

Proposition 3.1. For all real numbers = > 6 we have the following inequality:
T\* 1 1 2 31
5 (5) 04+~
") U5 T R T i or20a

56 876 999 139069421 1>, >
+ )4 Trarse? T 3242543
9212150500025 132729030 0000
T\E 1 1 2 31 \1
Voare (2 (14 = - - . 3.18
< Ve (e) ( T3 T8 T 5 9720z4> (3.18)

Proof. The inequality (3.18) is equivalent to p < 0, where

1 1
p(x) = §1n27r+ 51nr+xlnx—z

1 2 2 1 2 31 56 876 999
(4 T Tarse? 3 425x3> I+ 3~ 9505 ~ 972027 T 2212150500027
139069 421 )—lln27r—flnx—xlna:+x
132729030000z5 2 2
1 1 1 2 31
i (1 T 8 T s 97201;4) ‘
We have
, 2295022 — 2916z + 68 8502° — 2635
(%) = 1550027 — 338822 — 26357 1 275 40027 + 82620027
2 (42 — 2) In(1 1 1.1 2 31 . 56876999
114752+ 3¢ 18x2  425z%  9720z% | 2212150500025
4139009 21 ) + 1062 586 144z 4 9082 907 88022 — 4791 616 013 9252°
132729 030 000

—9797 448 739 2752 4 9656 036 932 5002° + 10 928 023 470 0002:°
—253 844 269 875 0002 — 1112 555 368
(3191643 211 950" + 7831 962 762 3002° — 9715027 612 5002° — 14 334 735 240 000"
41015 377 079 500 000z + 3046 131 238 500 000%) . (3.19)
We apply the inequality (2.11) for the function f5 : [1,00) — R given by
1 1 2 31 56 876 999 139069 421
f5(x) =In (1 T3 T I8 T 0255 972007 | 2212150500005 | 132729030 000x6)

and we obtain

In (1 n i n 1 B 2 B 31 n 56 876 999 " 139069421 >
3r  18z%  425x3  9720x*  22121505000x° 132729030 000x6
S (1 + 1 _ 2 B 31 + 56 876 999 + 139069421 )
3z 18z2  425x3  9720z* 22121505 000x° 132729030 000z6
(% + ﬁ — 42§3c3 — 973(1Jx4 + 3 15261857(?59(?(?0955 + 1321732990(?:’?040201%6)2
— . (3.20)

2
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Using (3.20) and (3.19), we get

p'(x) > fo(x)
where the function f : [1,00) — R given by

2295022 — 29162 + 68 8502% — 2635

76(*) = 1550027 — 388827 — 26352 1 275 40024 + 826 20045
2040 -2) 1 1 2 31 56876999
1147524 3z © 1822  4252%  97202% | 221215050002°
180069420 111 2 8L 56876999
1327290300002  2'3z ' 182% 4252% 972024 ' 2212150500020
139069421 , ;
1062 586 1442 + 9082 907 88022 — 4791739 393 125
1327290300008 )+ T v *

—9797 448 739 2752 4 9656 036 932 5002° + 10 928 023 470 000
—253 844 269 8750002 — 1112 555 368)
(3191643 211 950* + 7831 962 762 3002° — 9715027 612 5002° — 14 334 735 240 000"
+1015 377079 500 000 + 3046 131 238 500 0002*%) ™,

can be represented as

Pz —6)

= >0, 3.21
202 155 022 269 401 827 500 000 000216Q (z — 1)Q1 (z — 1) (321)

fo(z)

where P(z), Q(z) and Q1 (x) are polynomials with positive coefficients, for all real num-
bers z > 6,z > 1 and = > 1 respectively. By using (3.21) we get

P(x) >0

for all real numbers z > 6.Then we obtain that p is strictly increasing and using that
lim p(z) = 0, it follows that p(x) < 0 for all real numbers x > 6.This concludes the proof
Tr—r00

for the inequality (3.18). ]

We remark that our asymptotic formula

nyn 1 1 2 31
T(n+1)~n, =2 (f) 1+ — . -
(n+1) = 11n ™ ) Ot T 2~ 58 972008

56 876 999 139069421 1.2 42
+ ) 4 11475n2 ' 3442503
221215050005 132729030 000n5
estimates better the following asymptotic formula

ny " 11 2 31
T(n+1)~ B, =2 (7) 1+ — _ _
(n+1)~p e ( T30 T 8 T 12508 9720n4>

Al

or Batir’s asymptotic formula (1.1)

Al

I‘(n+1)%5n=\/27m(2)n<1+1+ S & )

3n  18n2  405n3  9720n4
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as it can be seem from the below table, in the case of some particular values of n:

[» [B-T+) [n-T+D) [P -L+D ]
[50 [[1.39788 x 10°°  [2.129 03 x 107 T6.31261 x 10°2 ]
[100 [[5.39791 x 10™" [ 5.10447 x 10™° [/ 6.05049 x 10™* ]
[ 1000 [[2.33696 x 10?5 [ 2.24263 x 10®°% ][ 2.60727 x 102% ]
H I I I I
H [ I I |
H | | | |

5000 [ 1.96522 x 106310 [[2.51306 x 1016309 ['8.764 56 x 1016303
10000 [[ 1.65355 x 103°43 [ 3.49423 x 10%°53% ][ 1.808 88 x 1037636
40000 [ 1.89876 x 10166595 1125764 x 10166689 |1 1,268 04 x 1066689
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