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On the reformulated reciprocal degree distance of graphs

K. PATTABIRAMAN and M. VIJAYARAGAVAN

ABSTRACT. The reciprocal degree distance (RDD), defined for a connected graph G as vertex-degree-weighted

sum of the reciprocal distances, that is, RDD(G) = (dw+d(v)) The new graph invariant named re-
p da (u,0) grap
u,veV(G) ’
formulated reciprocal degree distance is defined for a connected graph G as R¢(G) = 3 % , >
u,veEV(G) ’

0. The reformulated reciprocal degree distance is a weight version of the t-Harary index, that is, H:(G) =

62‘:/(@ m, t > 0. In this paper, the reformulated reciprocal degree distance and reciprocal degree
u,v
distance of disjunction, symmetric difference, Cartesian product of two graphs are obtained. Finally, we obtain

the reformulated reciprocal degree distance and reciprocal degree distance of double a graph.

1. INTRODUCTION

A topological index of a graph is a real number related to the graph; it does not depend on
labeling or pictorial representation of a graph. In theoretical chemistry, molecular struc-
ture descriptors (also called topological indices) are used for modeling physicochemical,
pharmacologic, toxicologic, biological and other properties of chemical compounds [12].
There are several types of such indices, especially those based on vertex and edge dis-
tances. One of the most intensively studied topological indices is the Wiener index; for
other related topological indices see [2, 3, 4, 5, 19].

All the graphs considered in this paper are simple and connected. For vertices u,v €
V(G), the distance between u and v in G, denoted by dg(u, v), is the length of a shortest
(u,v)-path in G and dg(v) is the degree of a vertex v € V(G). Let G be a connected graph.
Then the Wiener index of G is defined as W(G) = § > dg(u,v) with the sum-

u,v € V(G)
mation going over all pairs of distinct vertices of G. Similarly, the Harary index of G is
definedas H(G) =1 m Das et al. [8] proposed the second and third Harary
u,v € V(Q) ’
index and they extend it to the generalized version of Harary index, namely, the t-Harary

index, which is defined as H¢(G) = 5 > gomoyrre t = 0- Also they obtained the
u,v € V(G) ’
bounds for ¢-Harary index of G in terms of Wiener index of G.
Dobrynin and Kochetova [9] and Gutman [11] independently proposed a vertex-degree-
weighted version of Wiener index of a connected graph G called degree distance, which is

definedas DD(G) =1 Y (dg(u)+da(v))de(u,v). Note that the degree distance is a
u,veV(G)

degree-weight version of the Wiener index.

Received: 28.01.2016. In revised form: 08.05.2016. Accepted: 26.05.2016

2010 Mathematics Subject Classification. 05C12, 05C76.

Key words and phrases. Reformulated reciprocal degree distance, reciprocal degree distance, graph operation.
Corresponding author: K. Pattabiraman; pramank@gmail.com

205



206 K. Pattabiraman and M. Vijayaragavan

To strengthen the interactions between nodes in a network is described by their topo-
logical distances, it is necessary to consider the weighted versions to measure the cen-
trality of the network with respect to the information flow [6]. Hua and Zhang [13] in-
troduced a new graph invariant named reciprocal degree distance, which can be seen as a

degree-weight version of Harary index, defined as, RDD(G) = 3 > %. Al-

u,veV(Q)

izadeh et al. [1] has shown that the reciprocal degree distance can be used as an efficient
measuring tool in the study of complex networks. Hua and Zhang [13] presented some
lower and upper bounds of the reciprocal degree distance in terms of graph invariants
such as degree distance, Harary index, first Zagreb index, first Zagreb coindex, pendent
vertices, independence number, chromatic number, vertex- and edge-connectivity. They
also characterized the extremal cactus graphs with the maximum reciprocal degree dis-
tance. Alizadeh et al. [1] and Pattabiraman et al. [14, 15] are investigated the behavior
of reciprocal degree distance under several standard graph products. It is neccessary and
interesting to study this graph invariant.

In these background, Li et al. [18] introduced a vertex-degree-weighted version of -
Harary index of a connected graph G called reformulated reciprocal degree distance, which
is defined as R(G) = 3 GZV(G) %, t > 0. In view of H;(G), R:(G) is just the
additively weighted ¢-Harary index; while in view of RDD(G) it is also the generalized
version of the reciprocal degree distance of a connected graph G. It is natural and inter-
esting to study the mathematical properties of this novel graph index.

Li et al. [18] studied the mathematical properties of the reformulated reciprocal de-
gree distance under some edge grafting transformations and extremal properties of the
several class of trees. Also they established the sharp upper bound on the maximum re-
formulated reciprocal degree distance of n-vertex trees with & pendents. This motivate
for further work by Pattabiraman et al. [16, 17] has obtained the reformulated reciprocal
degree distance of some classes of graphs. In this sequence, we have obtained the exact
formulae for the reformulated reciprocal degree distance and reciprocal degree distance
of disjunction, symmetric difference and Cartesian product of two graphs.

The first Zagreb index is defined as M1 (G) = Y. dg(u)? = Y (dg(u) + da(v)).

ueV(QG) wveE(G)
Similarly, the first Zagreb coindex is defined as M1(G) = Y. (dg(u) + dg(v)). The Za-
uwwg E(G)
greb indices are found to have applications in QSPR and QSAR studies as well, see [10].

1.1. Disjunction. The disjunction of the graphs G and H, denoted by G V H, has vertex
set V(G) x V(H) and edge set E(G V H) = {(u,z)(v,y)|luv € E(G)(or)zy € E(H)}. In
this section, we obtain the reformulated reciprocal degree distance and reciprocal degree
distance of the G v G'. The following lemma follows from the structure of G Vv H.

Lemma 1.1. Let G and H be two connected graphs with ny and ny vertices. Then
(t) The distance between two vertices of G V H is given by

luwv € E(G)orxzy € E(H)
2 otherwise.
(7) The degree of (u,z) € V(G V H) is devu ((u, z)) = neda(u) + midpu () — da(u)du ().

deH((u7 33), (Uv y)) =

Theorem 1.1. Let G and H be two connected graphs with n, and no vertices, respectively.

Then Et(G V H) = %-l‘t |:(7’L% — 4n2m2)M1(G) + (7’L:13 — 4n1m1)M1(H) + Ml(G)Ml(H) +



On the Reformulated Reciprocal Degree Distance of Graphs 207
8nq ngmlmg] +2+-t [(n§—2n2m2—2m2)ﬁl (G)+(n$—2nymy—2my )M (H)—M(G)M(H)+

2nyma(n? —ny — 2my) + 2namy (n2 — ny — 2me) |, t > 0.

Proof. Let G’ = G Vv H. By the definition of reformulated reciprocal degree distance,

re) = 3y delatdolo

wweV (G) z,yeV (H) dGl((U, l‘), (Uv y)) +1

By Lemma 1.1, we have

R = Yy ot dot) + mlda(e) +dn(y)

wweV(G) wyeV (H) der((u,2), (v, y)) +1

-y ¥ (dg(v)dn(2)) + de(v)du(y))

uweV(G) z,y€V (H) der((u, ), (v,y)) +t

(1.1)

We partition the sums into four sums, 57,955,535 and Sy as follows.

S, = Z Z {dG/((u,I)) + dG’((Ua y)) |xy c E(H)}, by Lemma 1.1

u,veV(G) z,yeV (H) L+t

%—Ft <n2m2 Z (d ( )+dG ) +n1 Z M1 — 2n1m1M1(H)>

w,weV(Q) u,veV(G)

1
— m <4n1n2m1m2 + TL?Ml (H) — 2n1m1M1 (H)) .
Sy = Z Z {dg/((u,x)i + ;lc/((v,y)) luv € E(G)}, by Lemma 1.1
u,weV(G) z,yeV (H) +
1
= m (4n1n2m1m2 + n‘;’Ml(G) — 2n2m2M1 (G))
By Lemma 1.1, we have
d ’ d ’
S5 = Z Z { G ((uvx)iitG ((v,9)) luv € E(G) and 2y € E(H)}

u,veV(G) z,yeV (H)

1+t

(inmlMl(H) + 2nyma M, (G) — Ml(G)Ml(H)).
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sio= > Y {d""((“’x))+dG’((”’y))|uvng(G) and wy ¢ E(H) |

u,veV(G) z,yeV (H) 2t

-y ¥ {dG’((““"”)) e (©9) 1y ¢ B(G) and oy ¢ B(H),

u,weV(G) z,yeV (H) 2+t
u # v, x#y}
—d )(dc;(u) + dg(v)) + 21’L1dH($)
Py e
W B(G) weV () 2t
Y Y (nl—dG(U))(dH(xQ)IjH(y))+2n2dG(u)

weV(G) zy¢ E(H)

1 EVa —
= 373 {(ng — 2n9my — 2ma) M1 (G) + (n3 — 2nymy — 2my) M (H)

—M1(G)M1(H) + 2n1mo(n? — ny — 2my) + 2ngmq (n3 — ng — 2m2)]
Using 51 to Sy in (1.1), we have

Et(G/) = S1+ 8+ 854— 55

= ILH [(ng — 4nomo) M1 (G) + (n3 — 4nymq )My (H) + My (G) M, (H)

1 — )
Gy {(ng — 2ngmeg — 2me) M+ (G) + (n‘f —2n1my — 2my)
M (H) — M{(G)M(H) 4 2n1ma(n? —ny — 2my) + 2nomy(na — ng — 2ms)|.

+8n1n2m1 m2:| +

O

Using ¢t = 0, in Theorem 1.1, we obtain the reciprocal degree distance of G vV H.

Corollary 1.1. Let G and H be two connected graphs with ny,ny vertices and my, my edges,

respectively. Then reciprocal degree distance of GV H is RDD(GV H) = (n3 —4nama) M (G) +
3 _ 3 _

(n3 — dnymy )My (H) + My (G) M, (H) + le(G) + wMﬂH) _

%Ml (G)Ml (H) =+ nlmg(nf — Ny — 2m1) -+ nomy (TL% — No — 2m2) -+ 8n1n2m1m2.

One can observe that M;(C,,) = 4n, n > 3, M1(Py) =0, My(P,) = 4n — 6, n > 1 and
M;(K,) = n(n — 1)2. Using Theorem 1.1, we obtain the reformulated reciprocal degree
distance of P, vV P,,,,P, vV C,,,,Cr, V Cpri , K, V K1y , K, V P, and K, V Cy.

Example 1.1. (i)R,(P, V P,,) = dnm(n? — 6n + 2nm + m? — 6m + 14) — 6m(m? —

1+t [

4m +8) — 6n(n? —4n+8)+36}+2—+t{2nm(nm —3m? —6nm+ 13m +n’m —3n? + 13n —

28) + 2m(3m? — 11m + 22) + 2n(3n® — 11n + 22) — 32].
(it) Re(Ky V Kp) = 755 [nm(nm - 1)2}.

1

+
(i) Ry (K, V Pp) = %H nm(2nm? —n?m? —m? + 6n’m + 2m — 8nm + 4n? — 20n + 20) —
6n(2n% — 6n + 5)} + % [nm(5m +nm? —n—m? —10) + Sn].
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Example 1.2. (i) R(P,V C,,) = %ﬁ [4nm(m2 —6m+n? —4n+2nm +8) — 6m(m? — 4m +

4)] + 2%—1: {nm(an —3m? — 6nm + 13m + Tn + n?m — 2n? — 14) + m(3m? — 11m + 10) |.

(i) Re(C V Cy) = %-i-t {4nm(m2 —4dm+n? —dn+4+ Qnm)} + 2%” {an(an —2m? —

6nm+7m+7n+n2m—2n2—6)}.

i13) Ry (K, VCp) = - |nm(2nm?2 —n2m2 —m2+6n2m+2m—8nm—4n? +8n)+4n?(n? —
T+t

2n + 1)} + z%rt [nm(5m +nm? — 3nm —m? — 6)}

Using Corollary 1.1, we obatain the reformulated reciprocal degree distance of P, V
PPV C,Cr vV C Ky V Ky \ K, V Py and K, V Gy
Example 1.3. (i) RDD(P,V P,,) = nm(m? — 11m+n? — 11n + 2nm +nm? + n?m + 28) —
m(3m? — 13m + 26) — n(3n? — 13n + 26) + 20.
(ii)RDD(K,, V K,) = nm(nm — 1)
(i) RDD (K v Pp) = (2232 — n2m? — 325 4 Gnm + 92 — 8 + 4n® — 200 — 3 +

2
15) — 2n(6n2 — 18n + 11).

Example 1.4. (i) RDD(P, V Cy,) = nm(m? — 11m+2n2 — 9n + 2nm +nm? +n?m + 18) —
m(3m? — 13m + 14).

(i) RDD(C,, V Cp,) = nm(2m? — 9m + 2n% — 9n + 2nm + nm? + n?m + 10).
(iit)RDD(K,, vV Cp,) = nm(6n2m —n?m? — # + % + 9 19mm _ gp? 4 8n — 3) +
an?(n? —2n +1).

1.2. Symmetric difference. For given graphs G and H, their symmetric difference G & H
is the graph with vertex set V(G) x V(H) and edge set E(G @ H) = {(u,z)(v,y)|uwv €
E(G) (or)zy € E(H)butnot both}. In this section, we obtain the reformulated reciprocal
degree distance of the symmetric difference of two connected graphs. Lemma 1.2 follows
from the structure of G & H.

Lemma 1.2. Let G and H be two connected graphs with ny and ngy vertices. Then
(i) The distance between two vertices of G & H is given by

1w € E(G) or xzy € E(H) bot not both

2 otherwise.
(3) The degree of (u,x) in G @ H is deeu ((u, z)) = nedg(u) + nidy (x) — 2dg(u)dy ().

dG@H((u’ l‘), (U’ y)) =

Using a similar argument as in Theorem 1.1, we have the following theorem.

Theorem 1.2. Let G and G’ be two connected graphs with ny and no vertices, respectively.

Then Ry(G & G') = %_H {(n% — Tnama)M1(G) + (n3 — Tnymq )My (H) + 2M1(G)M;(H) +

8n1n2m1m2} —|—2%_t [(n§—2n2m2—4m2)ﬂl (G)+(n3—2nymi—4my) M (H)—2M(G)M(H)
+ 2n1ma(n? —ny — 2my) + 2namq (n3 — ng — 2m2)}, t>0.
Using ¢t = 0, in Theorem 1.2, we obtain the reciprocal degree distance of G @ H.

Corollary 1.2. Let G and H be two connected graphs with ny,ne vertices and m, mo edges,

respectively. Then reciprocal degree distance of G H is RDD(G® H) = (n3 —Tnama) M1 (G) +
3 (ng—2n2m2—47n2)7 (n§—2n1m1—4m1)7

(n = Trnamn ) My (H)+2M, (G) My () La=2reie A 37 (G 4 (=2mm Am) A7, (5) —

M1 (G)M1(H) + nima(n? —ny — 2mq) + namy(n3 — ng — 2ms) + 8nyngmima.
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Using Theorem 1.2, we obatain the reformulated reciprocal degree distance of P, ®
PP, ® Cy,Cp @ Cpy Ky @ Ky , K, @ Py and K, © Oy,

Example 1.5. (i) Ry(P, ® P,,) = dnm(n? — 9n + 2nm + m? — 9m + 24) — 6m(m?

1+t |:

7m—|—15)—6n(n2—7n+15)—|—72] +2—+t[nm(nm 3n? — 8nm + 19n + 19m + nm? —

3m2 — 44) + m(3m? — 17m + 38) + n(3n% — 17n + 38) — 32].

(i1) Re(K, @ Kp) = 72 s [nm( n2m2———|— 5"m2 —1—@— T —4dnm — "72 —g+2)}.
(iii) Ry(Kn @ Pp) = 1+t{nm( Eme —5%+5nm2+%+77m—11nm—6n2+8)+
3n(n?+n— 4)} + Tth [nm(—Qnm +7n + Tm +nm? —m? — 18) — 8n(n — 2)}

Example 1.6. (i) Ri(P & Cr) = 1 [nm(élm — 36m -+ 4n2 — 28n + Snm + 60) — 6m(m? +
8)} + 2T-t [nm(nm —3m?2 — 8nm + 19m + 11n + n?m — 2n? — 24) + m(3m? — 17m + 20)}.
(i1) Bi(Cn & C) = 1|
8nm + 11m + 11n + n m—2n2—12)}.

nm(4m? — Tm + 4n? — Tn + 8nm + 32)} + TH [nm(nm —2m? —

(iid) Ro(En ® o) = g [ (= 225720 — 222 4 5 4 1987 4 720 110m — 10 + 14n) +

8n2(n? — 2n + 1)} + 2—+t [nm( 5nm + 6n + Tm +nm? — m? — 12)}.

Using Corollary 1.2, we obtain the reciprocal degree distance of P, ® Py,,P, ® Cy,,Cp, ®
Cn, K, ®K,,,K, ® P, and K,, ® C,,.

Example 1.7. (i) RDD(P, & Pm) = nm(m? — 17m + n? — 17n + n?m + m2n + 52) +
m(—3m? + 25m — 52) + n(—3n2 + 25n — 52) + 34.

(i) RDD(K,, @ K,,) = nm< —p2m? - mt o Bam? y Sntm_m gy nt_n oy 2).

2 2 2
(1)) RDD (K, @ Pry) = nm(—525m% — 32 4 nm® —15";”” +7m — 12nm — 602 + T —
1) +n(3n? — 5n + 4).

Example 1.8. (i) RDD(P, & Cp,) = nm(m? — 17Tm + 2n? — 17n + nm? + n?*m + 36) +
m(=3m? — 17m — 22).

(i) RDD(Cy, V Cy) = nm(2m? + 4m + 2n? + 4n + nm? + n?m + 20).

(i) RDD(K,, @ Cyy) = nm(— 3250 — 32 4 Ly donPm 4 7y 200m 42 4 177 —
6) + 8n?(n? — 2n + 1).

1.3. Cartesian product. The Cartesian product, GO H, of graphs G and H has the vertex
set V(GOH) =V(G)xV(H) and (u,z)(v,y) isanedgeof GO H if u =vand zy € E(H)
or, ww € E(G) and z = y. To each vertex u € V(G), there is an isomorphic copy of H
in GO H and to each vertex v € V(H), there is an isomorphic copy of G in GO H. The
following lemma follows from the structure of GO H.

Lemma 1.3. Let G and H be two connected graphs with ny and ngy vertices, respectively. Then
(i) The distance between two vertices of GOH is given by dgop ((us, v5), (Up, vq)) = da(ui, up)+
du (Uj’ Uq)-
(23) The degree of a vertex (u;,v;) of GOH is dg(u;) + dp(vj).

Now we obtain the lower bound for reformulated reciprocal degree distance of Carte-
sian product of two connected graphs.

Theorem 1.3. Let G; be the connected graphs with n; vertices and m; edges, i = 1,2. Then
Rt(Gﬂng) > ’l’LgRt(Gl) + ant(G2) + 4m1H(G2) —+ 4m2H(G1), t>0.
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Proof. By the definition of reformulated reciprocal degree distance,

dg,06, (v, @) + dg, 06, (v, )
dG1DG2 ((uv :ZJ), (U7 y)) +1

— 1
Rt (Gl DGQ) = 5
(u,),(v,y) €V (G10G2)

By Lemma 1.3, we have

d, (u) + dg, () + dg, (v) + da, (y)
da, (u7 U) +da, (LU, y) +1

R(G10Gy) =

N | =

(u,2),(v,y)€V(G1UG2)

dGl( )+dG1( ) dGz(x)+dG2(y)
? 2 2 dey(wg) +1 dcz(fmy)+t>

—_

Y]

reV(Gl) z,y€V(G2)

1 dG’1( +dG1( ) dGz(x)—'_dGz(y)
+§ Z Z de, (u,v) +t + de, (u,v) +t )

u,weV(G1) z€V(G2)
nQRt(Gl) + ant(GQ) + 4m1H(G2) + 4m2H(G1)

The following corollary gives the reciprocal degree distance of G1JG5.

Corollary 1.3. Let G; be the connected graphs with n; vertices and m; edges, i = 1,2. Then
RDD(GlDGg) < ngRt(G1) + ant(G2) —+ 4m1H(G2) + 4m2H(G1).

1.4. Double graph. Let us denote the double graph of a graph G' by G*, which is con-
structed from two copies of G in the following manner. Let the vertex set of G be V(G) =
{v1,v2,...,v,}, and the vertices of G* are given by the two sets X = {z1,22,...,2,} and
Y = {y1,¥2,...,yn}. Thus for each vertex v; € V(G), there are two vertices z; and y; in
V(G*). The double graph G* includes the initial edge set of each copies of G, and for any
edge v;v; € E(G), two more edges z;y; and z;y; are added. Now we obtain the R, of
double graph.

Theorem 1.4. Let G be a connected graph. Then R,(G*) = 8R,(G) + ngr(tG ),

Proof. From the structure of the double graph, the distance between two vertices of G* are
given as follows.

da+ (i, z;) = da(zi, zj), 1,5 € {1,2,...,n}.

dG* (Ii, yj) = dG(fEi, Ij), Z,j S {1, 2, ey n}

dG*(xmyz)_Q iE{l 2,. }

Similarly, the degree of the Vertex of G* is dg+ (z;) = dg=(y;) = 2dg(x;),i € {1,2,...,n}.
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R(G) — Z da+(vi) + dg- (v;)

1<icen o (vivy) +

_ Z dG*(xi)JFdG*(xj)Jr Z dg-(yi) + da-(y5)
da-(xi,xj) +t da-(Yi, y;) +1t

1<i<j<n 1<i<j<n

+ i dG* xz +dG'* yj Z dG* 331 +dG'* (yz)
dG* JTz,y] +t dG* zz;.%)"'t

i,j=1,i#j
_ Z 2dg(x;) + 2dg(x;) Z 2dg(z;) + 2dg(x;)
dG($i7$j)+t dG($i71’j)+t

1<i<j<n 1<i<j<n

n

" Z 2dG xl +2dg(:rj) " Z ng(xi) + 2dc;(xi)

i,j=1,i#j dG m“xj)_Ft er(G) 2+t
= 2Ri(G) +2R:(G) + 4R,(G Z g (x
z; €V (G)
o 2M,(G)
= 8Ri(G)+ Sy

If we consider ¢t = 0, in the above theorem, we have the following corollary.
Corollary 1.4. Let G be a connected graph. Then RDD(G*) = 8RDD(G) + M1 (G).

By direct calculations we obtain expressions for the values of the Harary indices of P,

n( 22: %) —1,ifnis even
) —nand H(C,) = =
' n( 3 1), ifnis odd.

i=1
The following are the reciprocal degree distance for complete graph, path and cycle on

S =

and C,,. H(P,) = n(

?

n—1

n vertices by direct calculations: RDD(K,,) = n(n—1)?, RDD(P,) = H(Pn)+4( > %) -
i=1
—3-and RDD(C,) = 4H(C,,).

Using Corollary 1.4, we obtain the reciprocal degree distance of double graph of K, ,P,
and C,,.

Example 1.9. (i) RDD(K}) = 9n(n —1).
n—1
(i))RDD(P*) = 4(2n + 1)( %) P )

=1

%—1) + 4n if n is even

~.

32n

<
Il

M:

1
1

320 > L)+ 4n if n s odd,

(iii)RDD(C?) =

3
M
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