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Durrmeyer variant of q-Favard-Szász operators based on
Appell polynomials

P. N. AGRAWAL and POOJA GUPTA

ABSTRACT. Karaisa [Karaisa, A., Approximation by Durrmeyer type Jakimoski Leviatan operators, Math. Method.
Appl. Sci., DOI: 10.1002/mma.3650 (2015)] introduced the Durrmeyer type variant of Jakimovski-Leviatan op-
erators based on Appell polynomials and studied some approximation properties. The aim of the present paper
is to define the q analogue of these operators and establish the rate of convergence for a Lipschitz type space and
a Lipschitz type maximal function for the Durrmeyer type variant of these operators. Also, we study the de-
gree of approximation of these operators in a weighted space of polynomial growth and by means of weighted
modulus of continuity.

1. INTRODUCTION

For f ∈ C∗[0,∞) := {f ∈ C[0,∞) : |f(x)| < MeAx, for some M > 0,A ∈ R} and
0 ≤ α ≤ β, Karaisa [7] introduced a Stancu type generalization of the q-Favard-Szász
operators as follows:

Tα,βn,t (f ; q, x) =
E
−[n]qt
q

g(1)

∞∑
k=0

Pk(q; [n]qt)

[k]q!
f

(
x+

[k]q + α

[n]q + β

)
,

where Pk(q; .) for each k is a q Appell polynomial generated by

g(u)e[n]qtuq =

∞∑
k=0

Pk(q; [n]qt)u
k

[k]q!

and g(u) is defined by

g(u) =

∞∑
k=0

aku
k

and studied Korovkin-type statistical approximation properties and rate of convergence
using modulus of continuity. He also obtained some local approximation results for these
operators.
For a real valued bounded and continuous function on [0,∞), Karaisa [8] proposed a
Durrmeyer type variant of Jakimovski Leviatan operators as follows:

Ln(f ;x) =
e−nx

g(1)

∞∑
k=0

Pk(nx)

B(n+ 1, k)

∫ ∞
0

tk−1

(1 + t)n+k+1
f(t)dt, x ≥ 0. (1.1)

and studied some direct theorems.
For a given γ > 0, let Cγ [0,∞) := {f ∈ C[0,∞) : |f(t)| ≤ Kf (1 + tγ), as t→∞},
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endowed with the norm ||f ||γ = sup
0≤x<∞

|f(x)|
(1 + xγ)

, then for a function f ∈ Cγ [0,∞), we

define the q analogue of the operators (1.1) as follows:

Ln(f ;x) =
E
−[n]qx
q

g(1)

∞∑
k=1

Pk(q; [n]qx)

[k]q!Bq(n+ 1, k)
q
k(k−1)

2

∫ ∞
0

tk−1

(1 + t)n+k+1
q

f(qkt)dqt

+
E
−[n]qx
q

g(1)
a0f(0), x ≥ 0, (1.2)

and obtain the rate of convergence in terms of the weighted modulus of continuity and a
Lipschitz type maximal function for these operators. Also, we study the rate of approxi-
mation of these operators in a weighted space.

2. PRELIMINARIES

Lemma 2.1. For the operators (1.2), the estimates of moments are obtained as follows:
(i) Ln(1; q, x) = 1;

(ii) Ln(t; q, x) = x+R
Dqg(1)
[n]q

;

(iii) Ln(t2; q, x)=
q[n]qx

2

[n−1]q+
1

q[n−1]q

(
(1+q)+Rq2Dqg(1)+Rq3Dqg(q)

)
x+

R([2]qDqg(1)+q
2D2

qg(1))

q[n−1]q [n]q ,

where R =
E
−[n]qx
q e

q[n]qx
q

g(1) .

Remark 2.1. From part (ii) of Lemma 2.1,Ln(t; q, 0) = R
Dqg(1)
[n]q

, which implies thatDq(1) ≥
0, since R > 0 and Ln(f ; q, x) is a linear positive operator.

By a simple computation and reasoning, it follows

Corollary 2.1. We have

Ln((t− x)2; q, x) ≤ C

q[n− 1]q

(
φ2(x) +

1

[n]q

)
,

where C is independent of x and φ(x) =
√
x(x+ 1). Through this paper, let

Ln((t− x)2; q, x) = γn,q(x)

and C denotes a constant not necessarily the same at each occurrence.

3. MAIN RESULTS

Theorem 3.1. Let 0 < qn < 1 and A > 0.Then for each f ∈ Cγ [0,∞), the sequence Ln,qn(f ;x)
converges to f uniformly on [0, A] if and only if lim

n→∞
qn = 1.

Proof. The proof of the theorem follows along the lines of the proof of Theorem 1 in [1].
Hence the details are omitted. �

Now the Lipschitz-type space [10] is defined as:

Lip∗M (r) :=

{
f ∈ C[0,∞) : |f(t)− f(x)| ≤M |t− x|

r

(t+ x)
r
2

;x, t ∈ (0,∞)

}
,
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for some M > 0 and each 0 < r ≤ 1.
In what follows, let 0 < qn < 1, qn → 1 and qnn → a (0 ≤ a < 1), as n→∞.

Theorem 3.2. Let 0 < r ≤ 1 and f ∈ Lip∗M (r). Then for all x > 0 and n > 2, we have

|Ln(f ; qn, x)− f(x)| ≤M
(
γn,qn(x)

x

) r
2

.

Proof. Applying Hölder‘s inequality with p = 2
r and q = 2

2−r , the theorem is easily
proved.

�

Definition 3.1. For f ∈ CB [0,∞), the space of all bounded and continuous functions on
[0,∞), the Lipschitz-type maximal function of order τ given by Lenze [9] is defined as
follows:

ω̃τ (f, x) = sup
t 6=x,t∈[0,∞)

|f(t)− f(x)|
|t− x|τ

, x ∈ [0,∞) and τ ∈ (0, 1].

In the next result we obtain an estimate of the error for a Lipschitz type maximal func-
tion.

Theorem 3.3. Let f ∈ CB [0,∞) and 0 < τ ≤ 1. Then for all x ∈ [0,∞), we get

|Ln(f ; qn, x)− f(x)| ≤ ω̃τ (f, x)γτ/2n,qn(x).

Proof. By the definition of ω̃τ (f, x) and applying the Hölder‘s inequality with p = 2
α and

1
q = 1− 1

p , the proof easily follows. �

3.1. Local Approximation Theorem.

Definition 3.2. Let C̃B [0,∞) be the space of all real valued bounded and uniformly con-
tinuous functions on [0,∞) having the norm

||f || = supx∈[0,∞)|f(x)|.

Definition 3.3. For δ > 0 and W 2 = {h ∈ C̃B [0,∞) : h′′ ∈ C̃B [0,∞)} , let us consider the
following K-functional:

K2(f, δ) = inf
h∈W 2

{||f − h||+ δ||h′′||}. (3.3)

Consequently, from [2], there exists an absolute constant C > 0 such that

K2(f, δ) ≤ Cω2(f,
√
δ), (3.4)

where

ω2(f,
√
δ) = sup

0<t≤
√
δ

sup
x∈[0,∞)

|f(x+ 2t)− 2f(x+ t) + f(x)|

is the second order modulus of continuity of f . In order to prove local approximation
theorem, let us define an auxiliary operator as

L̃n(f ; q, x) = Ln(f ; q, x) + f(x)− f
(
x+

RDqg(1)

[n]q

)
,

and then L̃n(1; q, x) = 1; and L̃n(t; q, x) = x.
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Theorem 3.4. Let f ∈ C̃B [0,∞). Then for all x ≥ 0, the following inequality holds:

|L̃n(f ; qn, x)− f(x)| ≤ Cω2(f, ψn,qn(x)) + ω

(
f ;
RDqng(1)

[n]qn

)
,

where ψn,qn(x) =

(
Ln((t− x)2; qn, x) +

(
RDqng(1)

[n]qn

)2)
.

Proof. Let h ∈W 2 and t ∈ [0,∞). By Taylor‘s expansion we have

h(t) = h(x) + (t− x)h′(x) +
∫ t
x
(t− u)h′′(u)du.

Thus,

|L̃n(h; qn, x)− h(x)| ≤ Ln
(∣∣∣∣ ∫ t

x

|t− u||h′′(u)|du
∣∣∣∣; qn, x)du

+

∣∣∣∣ ∫
(
x+

RDqng(1)

[n]qn

)
x

∣∣∣∣x+
RDqng(1)

[n]qn
− u
∣∣∣∣|h′′(u)|du

∣∣∣∣.
Obviously, |

∫ t
x
(t− u)h′′(u)du| ≤ (t− x)2||h′′||, therefore

|L̃n(h; qn, x)− h(x)| ≤
(
Ln((t− x)2; qn, x) +

(
RDqng(1)

[n]qn

))2

||h′′|| = ψn,qn(x)||h′′||.

Since |Ln,q(f ;x)| ≤ ||f ||, we get |L̃n(f ; qn, x)| ≤ 3||f ||. Thus

|Ln(f ; qn, x)− f(x)|

≤ |L̃n(f − h; qn, x)|+ |(f − h)(x)|+ |L̃n(h; qn, x)− h(x)|+

+

∣∣∣∣f(x+
RDqng(1)

[n]qn

)
− f(x)

∣∣∣∣
≤ 4||f − h||+ ψn,qn(x)||h′′||+ ω

(
f ;
RDqng(1)

[n]qn

)
.

Finally, taking the infimum over all h ∈ W 2 on the right side of above inequality and
using (3.3)-(3.4), we obtain the desired result. �

Definition 3.4. For f ∈ CB [0,∞) and δ > 0, the second order Ditzian-Totik modulus of
smoothness is defined by

ω2
φ(f, δ) = sup

0≤t≤δ
sup

x±tφ(x)∈[0,∞)

|f(x+ tφ(x))− 2f(x) + f(x− tφ(x))|,

where φ(x) =
√
x(x+ 1), x ≥ 0.

Definition 3.5. The appropriate K-functional is given by

K2,φ(f, δ2) = inf
h∈W 2

∞(φ)
{||f − h||+ δ2||φ2h′′||},

where W 2
∞ = {h ∈ CB [0,∞) : h′ ∈ ACloc[0,∞) : φ2h′′ ∈ CB [0,∞)} and ACloc[0,∞)

denotes the space of locally absolutely continuous functions on [0,∞).

Consequently, from ([3],Theorem 2.1.1) we have

C−1ω2
φ(f, δ) ≤ K2,φ(f, δ2) ≤ Cω2

φ(f, δ),
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for some positive constant C. Also, the Ditzian-Totik modulus of the first order is given
by

−→ω φ(f, δ) = sup
0≤|t|≤δ

sup
x±tφ(x)∈[0,∞)

|f(x+ tφ(x))− f(x)|,

where φ is an admissible step-function on [0,∞).

Theorem 3.5. If f ∈ CB [0,∞) and n ∈ N, then

|Ln(f, qn, x)− f(x)| ≤ Cω2
φ

(
f, 1/

√
[n]qn

)
+−→ω φ

(
f,

RDqng(1)

[n]qn
√
x(x+ 1)

)
.

Proof. For any h ∈W 2
∞, we have

|L̃n(h; qn, x)− h(x)| ≤ Ln
(∣∣∣∣ ∫ t

x

|t− u||h′′(u)|du
∣∣∣∣; qn, x)du

+

∣∣∣∣ ∫
(
x+

RDqng(1)

[n]qn

)
x

∣∣∣∣x+
RDqng(1)

[n]qn
− u
∣∣∣∣|h′′(u)|du

∣∣∣∣
≤ ||φ2h′′||Ln((t− x)2; qn, x)

x(x+ 1)

+||φ2h′′||
∣∣∣∣ ∫
(
x+

RDqng(1)

[n]qn

)
x

∣∣∣∣x+
RDqng(1)

[n]qn
− u

x(x+ 1)

∣∣∣∣du∣∣∣∣,
since

|t− u|
φ2(u)

≤ |t− x|
φ2(x)

,

for u between t and x. Hence

|L̃n(h; qn, x)− h(x)| ≤ ||φ2h′′|| C

qn[n− 1]qn

(
1 +

1

[n]qn
φ2(x)

)
+

+||φ2h′′||

(
RDqng(1)

[n]qn

)2

x(x+ 1)
≤ C

[n]qn
||φ2h′′||.

Now for f ∈ CB [0,∞) and any h ∈W 2
∞

|Ln(f ; qn, x)− f(x)| ≤ |L̃n(f − h; qn, x)− (f − h)(x)|+ |L̃n(h; qn, x)− h(x)|

+

∣∣∣∣f(x+
RDqng(1)

[n]qn

)
− f(x)

∣∣∣∣
≤ 4||f − h||+ C

qn[n]qn
||φ2h′′||+∣∣∣∣f(x+ φ(x)

RDqng(1)

[n]qn
√
x(x+ 1)

)
− f(x)

∣∣∣∣
≤ C

(
||f − h||+ ||φ

2h′′||
[n]qn

)
+−→ωφ

(
f,

RDqng(1)

[n]qn
√
x(x+ 1)

)
.

Now taking the infimum on the right hand side of the above inequality over all h ∈ W 2
∞

and using the equivalence between K2,φ(f, δ2) and ω2
φ(f, δ), we get the desired result. �
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Definition 3.6. For any b > 0, the usual modulus of continuity on the interval [0, b] is
defined as

ωb(f ; δ) = sup
|t−x|≤δ

sup
x,t∈[0,b]

|f(t)− f(x)|.

3.2. Weighted Approximation.

Theorem 3.6. If f ∈ C2[0,∞), then for every x ∈ [0, b] and n ∈ N

|Ln(f ; qn, x)− f(x)| ≤ 4Kf (1 + x2)γn,qn(x) + 2ωb+1

(
f ;
√
γn,qn(x)

)
.

Proof. From [5], for x ∈ [0, b] and t ∈ [0,∞)

|f(t)− f(x)| ≤ 4Kf (1 + x2)(t− x)2 +

(
1 +
|t− x|
δ

)
ωb+1(f ; δ).

Applying Ln(.; qn, x) and Cauchy-Schwarz inequality to the above inequality, we obtain

|Ln(f ; qn, x)− f(x)| ≤ 4Kf (1 + x2)Ln((t− x)2; qn, x) +

ωb+1(f ; δ)

(
1 +

Ln(|t− x|; qn, x)

δ

)
≤ 4Kf (1 + x2)γn,qn(x) + ωb+1(f ; δ)

(
1 +

√
γn,qn(x)

δ

)
.

Taking δ =
√
γn,qn(x), the required result follows. �

Definition 3.7. The space C∗2 [0,∞) is defined by

C∗2 [0,∞) := {f ∈ C2[0,∞) : limx→∞
|f(x)|
1 + x2

<∞}.

Theorem 3.7. For f ∈ C∗2 [0,∞)

lim
n→∞

||Ln(f ; qn, x)− f ||2 = 0. (3.5)

Proof. From[4], it is sufficient to verify the following:

lim
n→∞

||Ln(tk; qn, x)− xk||2 = 0, k = 0, 1, 2.

The desired result is obvious for k = 0, in view of Lemma 2.1.
Next, again using 2.1, we have

||Ln(t; qn, x)− x||2 =
1

g(1)[n]qn
sup

x∈[0,∞)

E−[n]qnxeqn[n]qnx|Dqng(1)|
1 + x2

≤ |Dqng(1)|
g(1)[n]qn

,

and hence the condition (3.5) holds for k = 1.
Lastly, applying Lemma 2.1 once again, we get
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||Ln(t2; qn, x)− x2||2

≤
(
qn[n]qn

[n− 1]qn
− 1

)
sup

x∈[0,∞)

x2

1 + x2

+
(q2n[n]qn |Dqng(1)|+ q3n|Dqng(qn)|[n]qn + (1 + qn)[n]qng(1))

g(1)qn[n]qn [n− 1]qn

sup
x∈[0,∞)

xE−[n]qnxeqn[n]qnx

1 + x2

+
((1 + qn)|Dqng(1)|+ q2n|D2

qng(1)|
qn[n]qn [n− 1]qn

≤
(
qn[n]qn

[n− 1]qn
− 1

)
+

(q2n[n]qn |Dqng(1)|+ q3n|Dqng(qn)|[n]qn + (1 + qn)[n]qng(1))

g(1)qn[n]qn [n− 1]qn

+
((1 + qn)|Dqng(1)|+ q2n|D2

qng(1)|
qn[n]qn [n− 1]qn

,

which tends to zero as n→∞, thus the required result is also true for k = 2.
This completes the proof. �

Theorem 3.8. For each f ∈ C∗2 [0,∞) and α > 0, we have

lim
n→∞

sup
x∈[0,∞)

|Ln(f ; qn, x)− f(x)|
(1 + x2)

1+α = 0.

Proof. Let x0 ∈ [0,∞) be arbitrary but fixed. Then

sup
x∈[0,∞)

|Ln(f ; qn, x)− f(x)|
(1 + x2)

1+α ≤ sup
x≤x0

|Ln(f ; qn, x)− f(x)|
(1 + x2)

1+α + sup
x>x0

|Ln(f ; qn, x)− f(x)|
(1 + x2)

1+α

≤ ||Ln(f ; qn)− f ||C[0,x0] + ||f ||2 sup
x>x0

|Ln(1 + t2; qn, x)|
(1 + x2)

1+α

+ sup
x>x0

|f(x)|
(1 + x2)1+α

= I1 + I2 + I3, say. (3.6)

Since |f(x)| ≤ ||f ||2(1 + x2), we have supx>x0

|f(x)|
(1+x2)1+α ≤

||f ||2
(1+x2

0)
α .

Let e > 0 be arbitrary. We can choose x0 to be so large that

||f ||2
(1 + x20)α

<
ε

6
. (3.7)

In view of Theorem 3.1, there exists a n1 ∈ N such that

||f ||2
|Ln(1 + t2; qn, x)|

(1 + x2)1+α
<

(1 + x2)||f ||2
(1 + x2)

1+α +
ε

3
, ∀n ≥ n1.
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Hence

||f ||2 sup
x>x0

|Ln(1 + t2; qn, x)|
(1 + x2)1+α

<
||f ||2

(1 + x20)α
+
ε

3
, ∀n ≥ n1. (3.8)

Thus, combining (3.7) and (3.12)

I2 + I3 <
ε

6
+
ε

3
+
ε

6
=

2ε

3
, ∀n ≥ n1 (3.9)

Using Theorem 3.2, we can see that the first term of the inequality (3.6) implies that

||Ln(f ; qn)− f ||C[0,x0] <
ε

3
,∀n ≥ n2. (3.10)

Let n0 = max(n1, n2). Then, combining (3.6), (3.9) and (3.10) we get the desired result.
�

If f ∈ C∗2 [0,∞), then the weighted modulus of continuity is defined by

Ω(f ; δ) = sup
0≤|h|<δ,x∈[0,∞)

|f(x+ h)− f(x)|
(1 + h2)(1 + x2)

. (3.11)

We have the following basic properties of the weighted modulus of continuity Ω(f ; δ):

Lemma 3.2. [6]. For the function Ω(f, δ), we have
(1) Ω(f, δ) is a monotone increasing function of δ,
(2) limδ→0+Ω(f, δ) = 0;
(3) for any λ ∈ [0,∞),Ω(f, λδ) ≤ 2(1 + λ)(1 + δ2)Ω(f, δ).

Theorem 3.9. For f ∈ C∗2 [0,∞) there exists a positive constant A such that

sup
x∈[0,∞)

|Ln(f ; qn, x)− f(x)|
(1 + x2)5/2

≤ AΩ

(
f ; 1/

√
[n]qn

)
.

Proof. We have

|Ln(f ; qn, x)− f(x)| ≤ Ln(|f(t)− f(x)|; qn, x)

By using (3.11) and Lemma 3.2. for f ∈ C2[0,∞), we have

|f(t)− f(x)| ≤ (1 + (t− x)2)(1 + x2)Ω(f ; |t− x|) (3.12)

≤ 2

(
1 +
|t− x|
δ

)
(1 + δ2)Ω(f ; δ)(1 + (t− x)2)(1 + x2). (3.13)

Hence

|Ln(f ; qn, x)− f(x)| ≤ 2(1 + δ2)Ω(f ; δ)(1 + x2)

[
Ln

((
1 +
|t− x|
δ

)
(1 + (t− x)2); qn, x

)]
≤ 2(1 + δ2)Ω(f ; δ)(1 + x2)

{
Ln(1; qn, x) + Ln((t− x)2; qn, x)

+
1

δ
Ln(|t− x|; qn, x) +

1

δ
Ln(|t− x|(t− x)2; qn, x)

}
.

Using Cauchy-Schwarz inequality, we get

|Ln(f ; qn, x)− f(x)| ≤ 2(1 + δ2)Ω(f ; δ)(1 + x2)

{
Ln(1; qn, x) + Ln((t− x)2; qn, x)

+
1

δ

√
Ln((t− x)2; qn, x) +

1

δ

√
Ln((t− x)4; qn, x)

√
Ln((t− x)2; qn, x)

}
.
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There exist positive constants A1 and A2 such that

Ln((t− x)2; qn, x) ≤ A1
(1 + x2)

[n]qn
, Ln((t− x)4; qn, x) ≤ A2(1 + x2)2

and (
Ln

(
(t− x)2

δ2
; qn, x

))1/2

≤
√
A1

δ[n]
1/2
qn

(1 + x2)
1
2 .

So, we have

|Ln(f ; qn, x)− f(x)| ≤ 2(1 + δ2)Ω(f ; δ)(1 + x2)

{
1 +A1(1 + x2)

+

√
A1

δ[n]
1/2
qn

(1 + x2)
1
2 +

√
A1A2

(1 + x2)

δ[n]
1/2
qn

(1 + x2)
1
2

}
.

Choosing δ = 1

[n]
1/2
qn

, we obtain

|Ln(f ; qn, x)− f(x)| ≤ 2

(
1 +

1

[n− 1]q

)
Ω(f ; 1

√
([n]qn)(1 + x2)

{
1 +A1(1 + x2)

+
√
A1(1 + x2)

1
2 +

√
A1A2(1 + x2)(1 + x2)

1
2

}
.

Taking A = 4(1 +A1 +
√
A1 +

√
A1A2), we have the desired result. �
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