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Durrmeyer variant of ¢-Favard-Szasz operators based on
Appell polynomials

P. N. AGRAWAL and POOJA GUPTA

ABSTRACT. Karaisa [Karaisa, A., Approximation by Durrmeyer type Jakimoski Leviatan operators, Math. Method.
Appl. Sci., DOI: 10.1002/mma.3650 (2015)] introduced the Durrmeyer type variant of Jakimovski-Leviatan op-
erators based on Appell polynomials and studied some approximation properties. The aim of the present paper
is to define the g analogue of these operators and establish the rate of convergence for a Lipschitz type space and
a Lipschitz type maximal function for the Durrmeyer type variant of these operators. Also, we study the de-
gree of approximation of these operators in a weighted space of polynomial growth and by means of weighted
modulus of continuity.

1. INTRODUCTION

For f € C*[0,00) := {f € C[0,00) : |f(z)| < Me”*, forsome M > 0,A € R} and
0 < o < B, Karaisa [7] introduced a Stancu type generalization of the g-Favard-Szasz
operators as follows:

—[n]qt oo
@B o :Eq ! Pi.(g; [n]qt) " [klq +
i) = =0 2 f( Wwﬂ)’

where Py (q;.) for each k is a ¢ Appell polynomial generated by

elnlatu — N P [n)gt)u”
g(u)ey ch:O o

and g(u) is defined by

oo
= E akuk
k=0

and studied Korovkin-type statistical approximation properties and rate of convergence
using modulus of continuity. He also obtained some local approximation results for these
operators.

For a real valued bounded and continuous function on [0, ), Karaisa [8] proposed a
Durrmeyer type variant of Jakimovski Leviatan operators as follows:

> nx) o k=1
Ly(f;2) = Pk / (1_|_tt)n+k+1 f(t)dt, = > 0. (1.1)

and studied some direct theorems.
For a given v > 0, let C,[0,00) := {f € C[0,00) : | f(t)| < K¢(14+1t7), ast — oo},
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endowed with the norm ||f||, = sup M, then for a function f € C,[0,00), we
0<z<oo (14 27)

define the ¢ analogue of the operators (1.1) as follows:

B S Pl [n)g)

Ln(f;) = /00 Lf( kt)d t

n\J; g(l) 1 [k]q'Bq(n +1, k)q 0 (1 + t)ZIH_;H_l q q
.E‘q_[n]q;Z 0 - (1 ,
+T1)aof(),x_, 2)

and obtain the rate of convergence in terms of the weighted modulus of continuity and a
Lipschitz type maximal function for these operators. Also, we study the rate of approxi-
mation of these operators in a weighted space.

2. PRELIMINARIES

Lemma 2.1. For the operators (1.2), the estimates of moments are obtained as follows:
(i) Ln(1l;9,2) =1;

(ii) Ln(t;q @) = 2 + RZSY,

R([2]¢Dqg(1)+4>D3g(1))
aln—1lq4[nlq ’

(i) Lp(t%q, )= 1 ((110)+ Rg®D,g(1)+Rg*D |
iii) Ln(t%; q, ) = ==, | AT O+ReDag(1)+Rq"Deg(q) |+

q 4

- [n]qweq[n]qm

E
where R = W

Remark 2.1. From part (ii) of Lemma 2.1, L,,(t; ¢,0) = R De9®) which implies that D, (1) >

[nlqg 7
0, since R > 0 and L, (f; ¢, ) is a linear positive operator.

By a simple computation and reasoning, it follows

Corollary 2.1. We have

L,((t—2)%q,2) <

C 1
(o L),
o (PO g
where C'is independent of x and ¢(x) = \/x(x + 1). Through this paper, let

Ln((t = 33)2§ 4, 2) = Yn,q(2)
and C denotes a constant not necessarily the same at each occurrence.
3. MAIN RESULTS
Theorem 3.1. Let 0 < g, < 1 and A > 0.Then for each f € C,[0,0), the sequence Ly, 4, (f;x)
converges to f uniformly on [0, A] if and only if li_>m gn = 1.
Proof. The proof of the theorem follows along the lines of the proof of Theorem 1 in [1].

Hence the details are omitted.

Now the Lipschitz-type space [10] is defined as:

|t ==l

Linig(r)i= {1 € C10.50) 10~ f0)] < M it € (0.0},
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for some M > 0and each0 < r < 1.
In what follows, let 0 < ¢, < 1, ¢, = land ¢ — a (0 <a < 1), asn — oc.

Theorem 3.2. Let 0 < r < land f € Lip},(r). Then for all x > 0 and n > 2, we have

Ln(f: 4o 2) — F(2)] < M(”(x))

T

Proof. Applying Holder’s inequality with p = 2 and ¢ = - , the theorem is easily

2—r /
proved.
|

Definition 3.1. For f € C[0,0), the space of all bounded and continuous functions on
[0,00), the Lipschitz-type maximal function of order = given by Lenze [9] is defined as
follows:

ol wp O

——, z €[0,00) and T € (0,1].
t#mte0,00) |t — T

In the next result we obtain an estimate of the error for a Lipschitz type maximal func-
tion.

Theorem 3.3. Let f € Cp[0,00) and 0 < 7 < 1. Then for all z € [0, 00), we get

Lo (f1 s 7) = F(@)] < @r(f 2} ().
Proof. By the definition of @.(f, z) and applying the Holder’s inequality with p = 2 and
i=-1- %, the proof easily follows. O

q

3.1. Local Approximation Theorem.

Definition 3.2. Let C3[0, o) be the space of all real valued bounded and uniformly con-
tinuous functions on [0, c0) having the norm

Il = supzepo,c0) | f ()]

Definition 3.3. For § > 0 and W? = {h € C[0,00) : k" € C5[0,00)} , let us consider the
following K-functional:

Ky(f,0) = inf {|[f — Al +d|[n"|[}. (3.3)
heW?
Consequently, from [2], there exists an absolute constant C' > 0 such that

Ky(f,8) < Cws(f,V5), (3.4)
where

wo(f,V8) = sup sup |f(z+2t) —2f(z+1t)+ f(z)]
0<t</6 ©€[0,00)

is the second order modulus of continuity of f. In order to prove local approximation
theorem, let us define an auxiliary operator as

Z"(f;%w) :Ln(f§q»$>+f(l’)—f(x+}%l)qg(1)>7

[nlq
and then L, (1;¢, ) = 1;and L, (t; ¢, z) = =.
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Theorem 3.4. Let f € C5[0,00). Then for all > 0, the following inequality holds:

Rang(l))

Ealfi,3) = F(0)] < Con(f (o) 4o 127

2
where g, (2) = (Lnl(0 = 2)%ian.0) + (2520 ) )

Proof. Leth € W? and t € [0, ). By Taylor’s expansion we have

h(t) = h(z) + (t — )b (x f u)h' (u)du.
Thus,

(i gus ) — h()| SLn( || ()| du

;qn,x>du
ot Rz[aq]ngu)) RD
Tlan 1
/( ‘x—&—%g()—u‘m”(uﬂdu.

J’_
n] qn

Obviously, \f w)h” (u)du| < (t — z)?||h"||, therefore

q

b 0s) = ) < (Lt = 2)s0m.0) + (R’?]))) I E—
Since [Luy(f3)] < [1£]], we get |En(f: gus )| < 3]1f]|. Thus

|Ly(f5qn,x) — f(2)]
<L (f — B3 o, )\+I(f—h)(év)lJrIZn(h;qu)—h(x)|+

<41 = Bl + Y g (@)1 +w<f;

Rang(l)>
[nlq.,

Finally, taking the infimum over all 2 € W? on the right side of above inequality and
using (3.3)-(3.4), we obtain the desired result. O

Definition 3.4. For f € Cp[0,00) and § > 0, the second order Ditzian-Totik modulus of
smoothness is defined by

wi(f,8) = sup sup [f(z +1to(x)) — 2f () + fz — to(x))],

0<t<8 wtt(x)€[0,00)

where ¢(x) = Jx(z+ 1), 2 > 0.

Definition 3.5. The appropriate K-functional is given by
Kop(f,0%) = _inf {||f =Bl +0*[|¢*h"|I},

heWZ, ()

where W2 = {h € C[0,00) : h' € AC,c[0,00) : ¢?h" € Cp[0,0)} and AC),.[0, c0)
denotes the space of locally absolutely continuous functions on [0, 00).

Consequently, from ([3],Theorem 2.1.1) we have
TWi(f,0) < K 4(f,0%) < Cwi(f,0),
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for some positive constant C. Also, the Ditzian-Totik modulus of the first order is given
by

o(f:0)= swp sup |f(w+to(@) - f(@)],

0<[t] <6 wte(x)€[0,00)
where ¢ is an admissible step-function on [0, o).

Theorem 3.5. If f € Cg[0,00) and n € N, then

Ll frns ) — fl)] < Cw3 <f, 1/ [n]qn> L3, <f, RDg(l))

[n]q, vo(x +1)

Proof. For any h € W2, we have

t
(s oy ) — h(a) SLn( [l i

3 Qs x) du

(x+R’?qf‘ g“)) RD, (1
/ " ‘x—i—%g()—u‘m"(u)du

+
[n](hz
2.
< gy Entl 2 )
z(x +1)
1+R?q]g<1>> z + BPapo) _
9y nlgn [n]
il )
+llo I|L z(z+1) k
since
t—ul _ |t -z
<

P (u) — ¢*x)’
for u between t and z. Hence

Eatigna) = h@)] < 16— (1 )] +

2
(Rf?qj”g(l)>
Nlan C
+[¢*A"]] =

AN
@) S [n]qnW R

Now for f € Cg[0,00) and any h € W2
L (f5 @) = F@)] < |Ln(f = b5 gy ) = (f = B)(@)] + | L (h; g, &) = h(2))|

o ) - s

C

n[n]q,

\f(w¢@>%) - 1)

<ol 1268) (),

Now taking the infimum on the right hand side of the above inequality over all h € W2
and using the equivalence between K> 4(f,§?) and wi (f,9), we get the desired result. O

<Alf=hll+ [16°h" ||+
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Definition 3.6. For any b > 0, the usual modulus of continuity on the interval [0, 0] is
defined as

wp(f;0) = sup sup |f(t) — f(x)].

[t—z|<8 2,t€[0,b]
3.2. Weighted Approximation.

Theorem 3.6. If f € C5[0, 00), then for every x € [0,b] and n € N

|Lo(f5 Gn,z) — f(2)] < 4Kf(1 + $2)'7n,qn (z) + 2wp41 <f7 Tn,qn ($)> .

Proof. From [5], for x € [0,b] and ¢ € [0, 00)

10 = 1) < 4502 = o+ (1455 N (750),

Applying L, (.; ¢n, z) and Cauchy-Schwarz inequality to the above inequality, we obtain
Ln(fign, @) = f(@)]  <AKp(1+2*)Lo((t = 2)% gn,7) +

wp1(f39) <1 + W)

< AK (1 + %)y g, (2) + w1 (f; ) (1 n 7’;(”3)>

Taking § = \/Vn.q, (), the required result follows. O

Definition 3.7. The space C5[0, 00) is defined by
|/ (@)l

C3[0,00) :={f € C5[0,00) : limy— 00 12 < oo}
Theorem 3.7. For f € C3[0,0)

Proof. From[4], it is sufficient to verify the following:
Hm ||L,(t*; g, ) — 2%[]2 =0, k=0,1,2.
n—oo

The desired result is obvious for & = 0, in view of Lemma 2.1.
Next, again using 2.1, we have

S L P [ P
. e Dy, ()
( )[n]Qn z€[0,00) 1+x
- IDusul
9(1)[nlq,

and hence the condition (3.5) holds for k£ = 1.
Lastly, applying Lemma 2.1 once again, we get

[ L (t; G, x) — |2
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n 34n, L) — T |[2
1 La (¢ ) — 2]

n[n]q, _ su a?
= ([n - 1]qn 1) 16[020) 1422
(@2[7)q.| D, 9(D)] + 43 Dy, 9(an)| [0, + (1 + ¢n)[n]q, 9(1))

9(1)gn[nlq, [n — 1],
l,Ef[n]qna:eqn [n]g,x

+

sup
z€[0,00) 1+ 22

(1 +4gn |an (1)|+qn| q,L9(1)|
an [ —

qn

< 1
(n_l(hl

e a7 [N, |Da,9(1)| + 65D, 9(an)|[n]q, + (1 + gn)[1q,9(1))
9(1)gn[nlg, [n — 1],
(1 + gn)|Dqg,9(1)| + a2 |DF g(1)]
n[n]q, [n —1]q, 7

which tends to zero as n — oo, thus the required result is also true for k = 2.
This completes the proof. O

Theorem 3.8. Foreach f € C5[0,00) and a > 0, we have

\Ln(f; gn, ) — f(2)]

lim sup =0.
N0 2€[0,00) (]. + $2)1+a

Proof. Let zg € [0, 00) be arbitrary but fixed. Then

\Ln(f3 Gn, @) = f(2)] | Ln(f3 qn> x) — ()] | Ln (S5 gn, ) — [ ()]

sup < sup + sup
z€[0,00) (]. + .’E2)1+a z<zg (]. =+ $2)1+a T>x0 (]. —+ .’b2)1+a

|Ln (14 % g, )|
S Ln yQ4n) — x + su
Ln (£ n) = fllcro.eol Hf‘|2x>£0 (Lt 22) e
+ sup |f(2)]

r>T0 (1 +I2)1+a
= .[1 +I2 —|—Ig,say. (36)

Since | (2)| < [|fl2(1 + %), we have sup,s, il < k.

Let e > 0 be arbitrary. We can choose z to be so large that

1112 €
(1+a3) <% G7)

In view of Theorem 3.1, there exists a n; € N such that

2

( )1+0z (1 +x2)1+a 3)
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Hence
|Ln(1 + %5 gn, @) I1£1]2 €
— Yn>nq. 3.8
Hf||2 ISBE) (1 ¥ $2)1+a (1 ¥ .’E%)a + 37 n-=mn ( )
Thus, combining (3.7) and (3.12)
2
12+I3<§+§+§ gvn>n1 (3.9)

Using Theorem 3.2, we can see that the first term of the inequality (3.6) implies that

1La(f50n) = fllctowl < 3 CVn > . (3.10)

Let ng = maz(n1, n2). Then, combining (3.6), (39) and (3.10) we get the desired result.
O

If f € C5[0,00), then the weighted modulus of continuity is defined by
[f(z+h) = f(z)]
Q(f;0) = sup . (3.11)
U0 = By G RO+ 22)
We have the following basic properties of the weighted modulus of continuity Q(f;¢):

Lemma 3.2. [6]. For the function Q(f, ), we have

(1) Q(f,9) is a monotone increasing function of 6,
(2) limgs_o+Q2(f,0) = 0;
(3) forany X\ € [0,00), Q(f,Ad) < 2(1 4+ N)(1+ 6%)Q(f, ).

Theorem 3.9. For f € C5[0,00) there exists a positive constant A such that

z€[0,00)

Proof. We have

|L’ﬂ(f§qnax) - f(.’L')| < Ln('f(t) - f(x)|§Qnax)
By using (3.11) and Lemma 3.2. for f € C3[0, 00), we have

[f() = f@)] <A+ (= 2)*)A+ 2S5t - ) (3.12)

< 2(1 + t6x>(1 + D01+ (t—2))(A +2?).  (3.13)

Hence

Lolfina) = f@) =20+ 800f00+ ) L (1457 )0 ¢ 00

< 2(1+0%)Q(f;0)(1 + xQ){Ln<1; Gn> ) + L ((t — )% gn, @)

1 1
+5Ln(|t — z|;gn, ) + 5Ln(|t —z|(t — x)2; qn,x)}.

Using Cauchy-Schwarz inequality, we get

|Ln(f3 qn, @) = f(2)] < 2(1 +6%)Q(f;8)(1 + x2){Ln(1; tn, %) + Lu((t = 2)*; 4n, 7)

1
+ = \/L (t—x)? qn,x)—i—g\/Ln((t Ygn, \/L (t—x)? qn,x)}.
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There exist positive constants A; and A, such that

Lo((t — )% gn, ) < Al(l[;i;Q),Ln((t — )t qn, ) < Ag(1 + 22)?
and
(t — x)? VA a1
(2 (5 ms)) G

So, we have

Lo(fiama) — f@)] <201+ 2)9(f:0)1 +x2>{1 © A4 )

2
+7”Al}2(1 +a?)t 4 AlAQ(”if/Q)u +z2)%}.
d[n]qn [n]qn

Choosing § = H%/Q, we obtain

an

Lo(fsam @) — £(@)] sz(1+ )Q(f;l <[n1qn><1+x2>{1+A1<1+x2>

[n— 1],
VA1 +22)7 + VA A (1 +2%) (1 + xQ)%}.

Taking A = 4(1 + A1 + /A1 + VA1 As), we have the desired result. O
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