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Generalized rough relations via ideals

A. KANDIL, M. M. YAKOUT and AMR ZAKARIA

ABSTRACT. The aim of this paper is to construct a new rough relation structure for a given ideal and to
study many of their properties. Further, definitions of lower and upper approximations via ideal have been
introduced. These new definitions are compared with Pawlak’s definitions. It’s therefore shown that the current
definitions are more generally.

1. INTRODUCTION

A classic paper of Z. Pawlak [17] on rough sets is considered to mark the birth of the
rough set theory. Several mathematicians, logicians, and researchers of computers have
become interested in the theory and have done a lot of research work of rough set theory
[4, 12] and its applications. Its applications are shown in wide fields such as machine
learning [3], data mining [2], decision- making support and analysis [14, 19, 20] and expert
system [22].

A great effort of many researchers has been done to design newer, faster, and more
efficient methods for solving the concept approximation problem. Rough set theory has
been introduced by Pawlak [17] as a tool for concept approximation under uncertainty.
The idea is to approximate the concept by two descriptive sets called lower and upper
approximations. The lower and upper approximations must be extracted from available
training data. Kandil et al. [8, 9] introduced a generalization of rough sets and rough
membership functions via ideal. Also, Zakaria et al. [23] introduced the generalization of
rough multiset via multiset ideals. Other important research about rough set theory and
its generalizations can be found in [1, 5, 7, 10, 13].

Basic idea for the notion of rough relation is connected with the fact that in some cases
we might be unable to decide for sure whether some objects, states processes, etc., are in
a certain relationship or not. This may be caused by our limited accuracy of observation,
measurement or description of some phenomena, processes, states, etc.

The notion of ideal topological space was first studied by Kuratowski [11] and Vaidya-
nathaswamy [21]. Compatibility of the topology with an ideal I was first defined by
Njastad [16]. In 1990, Jankovic and Hamlett [6] investigated further properties of ideal
topological spaces.

2. PRELIMINARIES AND BASIC DEFINITIONS

Let A1 = (U1, R1), ..., An = (Un, Rn) be a family of approximation spaces, where Ri is
an equivalence relation on Ui for i = 1, 2, ..., n, and let

An = (Un, R),

Received: 16.09.2015. In revised form: 03.11.2016. Accepted: 17.11.2016
2010 Mathematics Subject Classification. 54A05, 54H99.
Key words and phrases. Rough relation, ideal, lower approximation, upper approximation.
Corresponding author: Amr Zakaria; amr.zakaria@edu.asu.edu.eg

79



80 A. Kandil, M. Yakout and A. Zakaria

where Un = U1 × U2 × ...× Un, R = R1 ×R2 × ...×Rn defined as

((x1, x2, ..., xn), (y1, y2, ..., yn)) ∈ R⇔ (xj , yj) ∈ Rj , for each j = 1, 2, ..., n.

Obviously, R is also an equivalence relation and An is an approximation space, called
the product of Ai. The equivalence classes of the relation R are called R-elementary rela-
tions in An and a finite union of R-elementary relations is called an R-definable relation
in An.

Definition 2.1. [18] Let An = (Un, R) be a product of approximation spaces. For any
relation Q ⊆ Un, define two relations R(Q) and R(Q) called the lower and upper approx-
imations of Q in An, respectively, and defined as:

R(Q) = {(x1, x2, ..., xn) ∈ Un : [(x1, x2, ..., xn)]R ⊆ Q}, (2.1)

R(Q) = {(x1, x2, ..., xn) ∈ Un : [(x1, x2, ..., xn)]R ∩Q 6= ∅}, (2.2)
where [(x1, x2, ..., xn)]R denotes the equivalence class of the relation R containing
(x1, x2, ..., xn).

Proposition 2.1. [15] Let A1 = (U1, R1) and A2 = (U2, R2) be two approximation spaces. The
product of A1 by A2 is the approximation space denoted by A = (U,R), where U = U1 × U2.
Then

[(x, y)]R = [x]R1
× [y]R2

.

Example 2.1. Let A1 = (U1, R1) and A2 = (U2, R2) be two approximation spaces, where
U1 = {x1, x2, x3, x4}, R1 = ∆ ∪ {(x1, x2), (x2, x1), (x3, x4), (x4, x3)}, U2 = {a, b, c}, R2 =
∆∪{(a, b), (b, a)}, A = (U,R) = (U1×U2, R), where U ={(x1, a), (x1, b), (x1, c), (x2, a), (x2, b),
(x2, c), (x3, a), (x3, b), (x3, c), (x4, a), (x4, b), (x4, c)} and R is defined by ((x, y), (z, t)) ∈
R⇔ (x, z) ∈ R1 and (y, t) ∈ R2. Hence,

[(x1, a)]R = {(x1, a), (x1, b), (x2, a), (x2, b)},
[(x1, c)]R = {(x1, c), (x2, c)},
[(x3, c)]R = {(x3, c), (x4, c)},
[(x4, a)]R = {(x3, a), (x3, b), (x4, a), (x4, b)}.

Now, let X = {(x1, a), (x1, b)}, Y = {(x1, c), (x2, c), (x3, c), (x4, c)} and Z = {(x1, a),
(x1, c), (x3, a), (x3, c), (x4, c)}, then

R(X) = ∅ R(X) = {(x1, a), (x1, b), (x2, a), (x2, b)},
R(Y ) = Y R(Y ) = Y,

R(Z) = {(x3, c), (x4, c)} R(Z) = U.

3. GENERALIZED ROUGH RELATIONS VIA IDEALS

Definition 3.2. Let U1, U2, ..., Un be a nonempty sets and I< ⊆ P (U1×U2× ...×Un). Then
I< is called an ideal on Un if:

(1) A, B ∈ I< ⇒ A ∪B ∈ I<,
(2) A ∈ I<, B ⊆ A⇒ B ∈ I<.

Example 3.2. Let U1, U2, ..., Un be a nonempty sets, (x1, x2, ..., xn) ∈ Un and B ⊆ Un.
Then the following are ideals on Un:

(1) I< = P (U1 × U2 × ...× Un),
(2) I< = {∅},
(3) I<(x1,x2,...,xn) = {A ⊆ Un : (x1, x2, ..., xn) 6∈ A} called principle ideal of (x1, x2, ..., xn),
(4) I<B = {A ⊆ Un : A ⊆ B} called principle ideal of B,
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(5) I<f = {A ⊆ Un : A is finite} called ideal of a finite subsets of Un,
(6) I<c = {A ⊆ Un : A is countable} called ideal of a countable subsets of Un.

Definition 3.3. Let An = (Un, R) be an approximation space and I< be an ideal on Un.
For Q ⊆ Un, a pair of lower and upper approximations, denoted by apr(Q) and apr(Q),
are defined respectively as:

apr(Q) = {(x1, x2, ..., xn) ∈ Q : [(x1, x2, ..., xn)]R ∩Qc ∈ I<}, (3.3)

apr(Q) = Q ∪ {(x1, x2, ..., xn) ∈ Un : [(x1, x2, ..., xn)]R ∩Q 6∈ I<}. (3.4)

Example 3.3. Consider Example 2.1 and let Q1={(x1, a), (x1, b)}, Q2={(x1, c),(x2, c),(x3, c),
(x4, c)} and Q3 = {(x1, a), (x2, b)} are subsets of U1 × U2 and I< = {∅, {(x1, a)}, {(x2, b)},
{(x1, a), (x2, b)}}. Then

apr(Q1) = ∅ apr(Q1) = Q1 ∪ {(x2, a), (x2, b)},
apr(Q2) = Q2 apr(Q2) = Q2,

apr(Q3) = ∅ apr(Q3) = Q3 ∪ {(x1, b), (x2, a)}.

Theorem 3.1. For any approximation space A = (U,R) the following assertions hold:
(1) If I< = P (U1 × U2 × ...× Un), then apr(Q) = ∅,
(2) If I< = {∅}, then apr(Q) = R(Q).

Proof. (1) Let I< = P (U1×U2×...×Un). It follows that apr(Q) = Q∪{(x1, x2, ..., xn) ∈
Un : [(x1, x2, ..., xn)]R ∩Q 6∈ P (U1 × U2 × ...× Un)} = ∅.

(2) Let I< = {∅}, then apr(Q) = Q ∪ {(x1, x2, ..., xn) ∈ Un : [(x1, x2, ..., xn)]R ∩ Q 6=
∅} = R(Q).

�

It should be noted that Theorem 3.1 part (2) shows that the current definitions are more
general than Pawlak’s definitions [18].

Theorem 3.2. Let (U,R) be an approximation space and Q1, Q2 ⊆ U1 ×U2. Then the lower and
upper approximations, defined in (3.3) and (3.4), satisfy the following assertions:

(L1): apr(U1 × U2) = U1 × U2,
(L2): apr(∅) = ∅,
(L3): apr(Q1) ⊆ Q1,
(L4): Q1 ⊆ Q2 ⇒ apr(Q1) ⊆ apr(Q2),
(L5): apr(Q1 ∩Q2) = apr(Q1) ∩ apr(Q2),
(L6): apr(Q1) ∪ apr(Q2) ⊆ apr(Q1 ∪Q2),
(L7): apr(apr(Q)) = apr(Q),
(U1): apr(U1 × U2) = U1 × U2,
(U2): apr(∅) = ∅,
(U3): Q1 ⊆ apr(Q1),
(U4): Q1 ⊆ Q2 ⇒ apr(Q1) ⊆ apr(Q2),
(U5): apr(Q1 ∪Q2) = apr(Q1) ∪ apr(Q2),
(U6): apr(Q1 ∩Q2) ⊆ apr(Q1) ∩ apr(Q2),
(U7): apr(apr(Q)) = apr(Q),
(LU ): apr(Q) = [apr(Qc)]c.

Proof. Straightforward. �
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4. PROPERTIES OF ROUGH RELATIONS

In this section, an approximation space A = (U, S) and B = (U2, R) as the approxima-
tion product space are considered, where S ⊆ U × U and R ⊆ (U × U)2.

Proposition 4.2. Let Q be a reflexive relation on U . Then apr(Q) is a reflexive relation on U .

Proof. Since Q ⊆ apr(Q) and Q is reflexive on U , hence apr(Q) is reflexive on U . �

The following example shows that Proposition 4.2 is invalid for apr(Q), in general.

Example 4.4. Let (U, S) be an approximation space such that U = {a, b, c, d}, S = ∆ ∪
{(a, b), (b, a), (b, d), (d, b), (a, d), (d, a)} and I< = {∅, {(a, c)}, {(b, d)}, {(a, b)}, {(a, b), (a, c)},
{(a, c), (b, d)}, {(b, d), (a, b)}, {(a, c), (b, d), (a, b)}}. Hence

[(a, b)]R = {(a, a), (b, b), (d, d), (a, b), (b, a), (a, d), (d, a), (b, d), (d, b)},
[(a, c)]R = {(a, c), (b, c), (d, c)},
[(c, a)]R = {(c, a), (c, b), (c, d)},
[(c, c)]R = {(c, c)}.

Let Q = ∆ be a reflexive relation on U . Then we get apr(Q) = {(c, c)}; that is, apr(Q) is
non-reflexive relation on U .

Remark 4.1. Let Q be a symmetric relation on U . Then
(1) If apr(Q) 6= Q, then apr(Q) is not necessary to be symmetric,
(2) If apr(Q) 6= Q , then apr(Q) is not necessary to be symmetric.

The following example clarify Remark 4.1.

Example 4.5. Consider Example 4.4.
(1) Let Q = {(a, c), (c, a)}, then apr(Q) = Q ∪ {(c, b), (c, d)}, which is not symmetric

relation on U
(2) Let I< = {∅, {(a, c)}, {(d, c)}, {(a, c), (d, c)}} and Q = {(c, b), (b, c)}, then apr(Q) =
{(b, c)}, which is not symmetric relation on U .

Proposition 4.3. Let Q be an antisymmetric relation on U . Then apr(Q) is antisymmetric rela-
tion on U .

Proof. If apr(Q) 6= ∅, then there exists (x, y) ∈ apr(Q). But if (x, y), (y, x) ∈ apr(Q), since
apr(Q) ⊆ Q and Q is antisymmetric, we have x = y. �

The following example shows that Proposition 4.3 is incorrect for apr(Q), in general.

Example 4.6. Consider Example 4.4, let Q = {(a, d), (b, c)} is an antisymmetric relation.
Then apr(Q) = Q ∪ {(a, a), (b, b), (d, d), (a, b), (b, a), (b, d), (d, b), (d, a), (d, c), (a, c)} which
is not antisymmetric relation on U .

Remark 4.2. Let Q be a non-symmetric relation on U .
(1) If apr(Q) 6= Q, then apr(Q) is not necessary to be non-symmetric,
(2) If apr(Q) 6= Q, apr(Q) is not necessary to be non-symmetric.

the following example illustrates Remark 4.2.

Example 4.7. Consider Example 4.4 and the ideal I< = {∅, {(d, c)}, {(a, c)}, {(c, d)},
{(c, a)}, {(d, c), (a, c)}, {(d, c), (c, d)}, {(d, c), (c, a)}, {(a, c), (c, d)}, {(a, c), (c, a)},
{(c, d), (c, a)}, {(a, c), (d, c), (c, d)}, {(a, c), (d, c), (c, a)}, {(d, c), (c, d), (c, a)},
{(a, c), (c, d), (c, a)}, {(a, c), (c, d), (c, a)}, {(a, c)(d, c), (c, d), (c, a)}}.
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Let Q = {(b, c), (c, b), (a, b)} be a non-symmetric relation, then apr(Q) = {(b, c), (c, b)}
which is symmetric relation on U .
Let Q = {(a, a), (b, b), (a, b)} be a non-symmetric relation, then apr(Q) = Q ∪ {(d, d),
(b, a), (a, d), (d, a), (b, d), (d, b)}which is symmetric relation on U .

Remark 4.3. Let Q be a transitive relation on U .
(1) If apr(Q) 6= Q , then apr(Q) is not necessary to be transitive,
(2) If apr(Q) 6= Q , thenapr(Q) is not necessary to be transitive.

The following example explain Remark 4.3.

Example 4.8. Consider Example 4.4 and the ideal mentioned in Example 4.7.
(1) Let Q = {(b, a), (b, c), (c, a)} be a transitive relation on U , then apr(Q) = {(b, c), (c, a)}

which is not transitive relation.
(2) Let Q = {(b, a), (b, c), (c, a), (c, c)} be a transitive relation on U , then apr(Q) =

(U1 × U2)\{(c, b), (c, d)} which is not transitive relation because (c, a), (a, d) ∈
apr(Q), but (c, d) 6∈ apr(Q).

Proposition 4.4. Let Q be a binary relation on U and I< be an ideal on U ×U satisfies condition
Q ∈ I< ⇒ Q−1 ∈ I<. Then

(1) apr(Q−1) = (apr(Q))−1,
(2) apr(Q−1) = (apr(Q))−1.

Proof.

(1) Let (x, y) ∈ apr(Q−1)⇔ [(x, y)]R ∩ (Q−1)c ∈ I<
⇔ [(x, y)]R ∩ (Qc)−1 ∈ I<
⇔ ([(x, y)]R ∩ (Qc)−1)−1 ∈ I<
⇔ [(y, x)]R ∩Qc ∈ I<
⇔ (y, x) ∈ apr(Q)

⇔ (x, y) ∈ (apr(Q))−1

(2) Let (x, y) ∈ apr(Q−1)⇔ [(x, y)]R ∩Q−1 6∈ I<
⇔ ([(x, y)]R ∩Q−1)−1 6∈ I<
⇔ [(y, x)]R ∩Q 6∈ I<
⇔ (y, x) ∈ apr(Q)

⇔ (x, y) ∈ (apr(Q))−1

�

Acknowledgement. The authors are grateful to the anonymous referee for a careful
checking of the details and for helpful comments that improved this paper.

REFERENCES

[1] Ali, M. I., Davvaz, B. and Shabir, M., Some properties of generalized rough sets, Inform. Sci. 224 (2013), 170–179
[2] Chan, C. C., A rough set approach to attribute generalization in data mining, Inform Sci., 107 (1998), 169–176
[3] Chmielewshi, M. R. and Grzymala-Busse, J. W., Global discretization of continuous attributes as preprocessing

for machine learning, Internat. J. Approx. Reason., 15 (1966), 319–331
[4] Davvaz, B., Roughness in rings,Inform. Sci., 164 (2004), 147–163
[5] El-Sheikh, S. A. and Zakaria, A., Note on ”rough multiset and its multiset topology”, Ann. Fuzzy Math. Inform.,

10 (2015), 235–238



84 A. Kandil, M. Yakout and A. Zakaria

[6] Jankovic, D. and Hamlet, T. R., New topologies from old via ideals, Amer. Math. Monthly, 97 (1990), 295–310
[7] Kandil, A., Yakout, M. and Zakaria, A., On bipreordered approximation spaces, J. Life Sci., 8 (2011), 505–509
[8] Kandil, A., Yakout, M. M. and Zakaria, A., Generalized rough sets via ideals, Ann. Fuzzy Math. Inform., 5

(2013), 525–532
[9] Kandil, A., Yakout, M. M. and Zakaria, A., New Approaches of Rough Sets via Ideals, Handbook of Research

on Generalized and Hybrid Set Structures and Applications for Soft Computing. IGI Global, 2016, 247–264.
Web. 23 Mar. 2016, doi:10.4018/978-1-4666-9798-0. Ch012

[10] Kondo, M., On the structure of generalized rough sets, Inform. Sci., 176 (2006), 589–600
[11] Kuratowski, K., Topology I, Warszawa, 1933
[12] Lee, H. J. Park, J. B. and Joo, Y. H., Robust load-frequency control for uncertain nonlinear power systems: A fuzzy

logic approach, Inform. Sci., 176 (2006), 3520–3537
[13] Liu, G., Rough set theory based on two universal sets and its applications, Knowledge-Based Systems, 23 (2010),

110–115
[14] McSherry, D., Knowledge discovery by inspection, Decision Support Systems, 21 (1997), 43–47
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