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Coincidence and periodic point results in a modular metric
space endowed with a graph and applications

ANANTACHAI PADCHAROEN!, PoOM KUMAM'2 and DHANANJAY GOPAL3

ABSTRACT. In this paper, we present some results on the existence of coincidence and periodic point of F-
contractive mappings in the framework of modular metric spaces endowed with a graph. We also present an
application to partial differential equations in order to support the theoretical results.

1. INTRODUCTION

In 2007, by using the language of graph theory, Jachymski [12] introduced the concept
of a G-contraction on a metric space endowed with a graph and proved a fixed point
theorem which extends the results of Ran and Reurings [20]. In 2012, Wardowski [23]
introduced the concept of an F-contraction and proved a fixed point theorem which gen-
eralizes Banach contraction principle in many ways. These two results have become of
recent interest of many authors (see [3, 4, 9, 10, 11, 17, 18, 19, 21] and references therein).

On the other hand, Chistyakov [8] introduced the notion of modular metric space
and gave some fundamental results on this topic, whereas in [2] the authors introduced
the analogue of the Banach contraction principle theorem in modular metric spaces and
described some important aspects and applications of fixed points of mappings in this
framework.

Following this direction of research, in this paper, we establish some coincidence and
periodic point theorems concerning F-contractive mappings in modular metric space en-
dowed with a graph. Our main result is a generalization of Gopal et al [11] theorem and
others. We also give an application of our main results to establish the existence of solu-
tion for a nonhomogenuous linear parabolic partial differential equation.

Consistent with Chistyakov [8] and Abdou [2], we begin with some basic definitions
and results which will be used in the sequel.

Throughout the article N, Ry, R" and R will denote the set of natural numbers, non-
negative real numbers, positive real numbers and real numbers, respectively.

Let X be a nonempty set. Throughout this paper, for a function w : (0,00) x X x X —
[0, c0], we write

OJ)\(.Z‘, y) = w()‘v €, y)

forall A > 0and z,y € X.

Definition 1.1. [8, 2] Let X be a nonempty set. A function w : (0,00) x X x X — [0, o0] is
said to be a metric modular on X if, for all z, y, z € X, the following conditions hold:

(1) wa(z,y) =0, forall A > 0, if and only if z = y,

(13) wa(z,y) = wa(y,x), forall A > 0,
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(133) wryp(z,y) <wi(z, 2) +wu(z,y), forall A, p > 0.
If, instead of (i) we have only the condition (i)
wx(z,2) =0 forall A >0, z € X,

then w is said to be a pseudomodular (metric) on X. A modular metric w on X is said to
be regular if the following weaker version of (4) is satisfied:
z =y if and only if wy(z,y) = 0 for some A > 0.

Note that for a metric (pseudo)modular w on a set X, and any z,y € X, the function
A — wy(z,y) is nonincreasing on (0, c0). Indeed, if 0 < p < A, then

OJ)\(£E7y) Sw}\*#(xax)—’—w#(‘ray) :w#(xvy)'
Note that every modular metric is regular but the converse may not necessarily be true.

Example 1.1. Let X = R and w defined by wy(z,y) = co if A < 1, and wy(z,y) = |z — ¥
if X > 1. It is easy to verify that w is a regular modular metric but not a modular metric.

Definition 1.2. [8, 2] Let X, be a (pseudo)modular on X. Fix o € X. The two sets
X =Xu(xo) ={z € X :wr(z,x0) = 0 as A - oo}

and
X5 =X (xo) ={z € X :3X= A=x) > 0 such that wy(x,z9) < oo}
are said to be modular spaces (around zg).

Definition 1.3. [2] Let X, be a modular metric space.

(i) The sequence (xy,)nen in X,, is said to be w-convergent to x € X,, if and only if

wx (T, z) = 0,as n — oo for some A > 0.

(77) The sequence (z,,)nen in X, is said to be w-Cauchy if wy (zm, z,) — 0, as m,n —
oo for some A\ > 0.

(#4i) A subset C' of X, is said to be w-complete if any w-Cauchy sequence in C' is a
convergent sequence and its limit is in C.

(iv) A subset C of X, is said to be w-bounded if, for some A > 0, we have
0,(C) = sup{wx(z,y);z,y € C} < .

Definition 1.4. [18] Let X, be a modular metric space and C' is a nonempty subset of X,.
The sequence (2, )nen in C is said to satisfy Aps-condition if

1113 Win—(n+1) (Tn, Tm) = 0, for (m,n € N, m > n)

implies mlrlgloc wx(Tn, Tm) =0 forall A > 0.

Following Wardowski [23], we denote by F the family of all functions F : RT — R
satisfying the following conditions:

(F1) F is strictly increasing on R™,

(F2) for every sequence {s,} in R*, we have li_>m sp = 0if and only if

lim F(s,) = —o0,
n—oo
(F'3) there exists a number k € (0, 1) such that 111%1+ sFF(s) = 0.
5—

Example 1.2. The following functions F' : Rt — R belongs to F:
(i) F(s) =Ins,with s > 0,
(ii) F(s) =Ins+ s, withs > 0.
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Let (X, w) be a modular metric space and D be a nonempty subset of X,. Let A denote
the diagonal of the Cartesian product D x D. Let G, be a directed graph (digraph) such
that the set V(G.,) of its vertices coincides with D, and the set E(G,,) of its edges contains
all loops, i.e., E(G,,) 2 A. We assume G,, simple graph (opposite of multigraph), so we
can identify G,, with the pair (V(G.,), E(G.)). Our graph theory notations and terminol-
ogy are standard and can be found in all graph theory books, like [6] and [14]. Moreover,
we may treat G, as a weighted graph (see [14], p. 309) by assigning to each edge the dis-
tance between its vertices. By G_;! we denote the reverse of a graph G, i.e., the graph
obtained from G,, by reversing the direction of edges. Thus we have

E(GSY) = {(y,2)|(z,y) € E(G.)}-
A digraph G,, is an oriented graph if whenever (u,v) € E(Gy), then (v,u) ¢ E(G.).
The letter G, denotes the undirected graph obtained from G, by ignoring the direction

of edges. Actually, it will be more convenient for us to treat G,, as a directed graph for
which the set of its edges is symmetric. Under this convention,
E(G.) = B(Gu) U E(GY).

We call (V’, E’) a subgraph of G, if V! C V(G,,), E' C E(G,,), and for any edge (z,y) €
E xz,yeV.

If z and y are vertices in a graph G.,, then a (directed) path in G, from z to y of length N
is a sequence (7;)=Y of N + 1 vertices such that 7o = 2, x5 = y and (z,,_1,7,,) € F(G,,)
fori = 1,...,N. A graph G,, is connected if there is a directed path between any two
vertices. G, is weakly connected if G, is connected. If G, is such that F (G,,) is symmetric
and 7 is a vertex in G,,, then the subgraph G|, consisting of all edges and vertices which
are contained in some path beginning at z is called the component of G, containing . In
this case V(Gy2)) = [7]a,,, where [z]¢g,, is the equivalence class of the following relation
R defined on V(G,,) by the rule: yRz if there is a (directed) path in G,, from y to z. Clearly
G[2] is connected.

2. PERIODIC POINT RESULTS

Throughout this section we assume that (X,w) is a modular metric space, D be a
nonempty subset of X,, and G := {G,, is a directed graph with V(G,) = D and A C
E(Gu)}-

Definition 2.5. [12, 3] The pair (D, G,,) has Property (A) if for any sequence {z,, },en in
D, with z,, - zasn — oo and (zy,, Tnt1) € E(Gw), then (z,,z) € E(G,), for all n.
Definition 2.6. Let ' ¢ F and G, € G. A mapping T : D — D is said to be F-G,,-
contraction with respect to R : D — D if
(i) (Rz,Ry) € E(G,) = (Tz,Ty) € E(Gy) forall z,y € D, i. e, T preserves edges
w.rt. R,
(7i) there exists a number 7 > 0 such that
w1(Tz,Ty) > 0= 7+ F(w(Tz,Ty)) < F(w1(Rz, Ry))
forall z,y € D with (Rz, Ry) € E(G.).

Example 2.3. Let ' € F be arbitrary. Then every F-contractive mapping w.r.t. R is an
F-G,,-contraction w.r.t. R for the graph G, givenby V(G,,) = D and E(G,,) = D x D.

We denote by C(T,R) := {z € D : Tx = Rz} the set of all coincidence points of two
self-mappings 7" and R, defined on D.
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Now, we state our first theorem which generalises the main theorem of Gopal et al. [11]
for regular modular metric spaces.

Theorem 2.1. Let (X, w) be a reqular modular metric space with a graph G,,. Assume that D =
V(Gy) is a nonempty w-bounded subset of X, and the pair (D, G.,) has property (A) and also
satisfy A -condition. Let R, T : D — D be two self mappings satisfying the following conditions:
(i) there exists xy € D such that (Rxo, Txo) € E(GL),

(#9) T isan F-G,-contraction w.r.t R,

(iii) T(D) C R(D),

(#43) R(D) is w complete.

Then C(R,T) # 0.

Proof. Let x9 € D such that (Rzo,Tzg) € E(GL), since T(D) C R(D), then there exists a
point z1 € D such that Rxy = T'zg. From (i), we have (Rxo, Rz1) € E(G,), and since T
preserves edges w.r.t. R, we get (T'zg,Tz1) € E(G.,). By continuing this process, having
chosen z,, in D, we obtain z,.; in D such that

(Rzy, Rryy1) = (Txp—1,Tx,) for every n € N.

Let ky, = w1 (RZp, Rrpt1) for all n € NU{0}. If there exists ng € NU {0} such that Rz, =
Rzpo41, then Tz, = Rxp,41 implies that T, 11 = Rapy41 thatis z,,41 € C(T, R).
Now, we assume Rz, # Rz,+1 for any n € NU {0}. Since T is an F-G,-contraction w.r.t
Ron E(G,), then we have

F(kn)

S

~

8

3

T

~

8

3
~—
~— N —

IA A

.F(wl(Rxl,Rxg) —(n—1Dr
(k1) — (n—1)T.

I IA
’11

Thus,
F(ky) < F(k1) = (n—1)T. (2.1)
By letting n — oo in (2.1) and since D is w-bounded, we have 1i_>m F(kn) = —o0. Thus,
lim &, = 0, by (F2). Now, by (F3), there exists k € (0, 1) such that lim «* F(x,) = 0.
n—oo n—oo
Note that
K F () = K F(r1) < RE(F(k1) — (n = 1)7) = K3 F (k1)
= —kFm-17r<0.

Therefore, by letting n — oo in (2.2), we obtain lim (n—1)xk = 0. Consequently lim nxk =
n—oo

n—o0
0. Thus, there exists n; € Nsuch that nk* < 1foralln > ny,ie. s, < 1/n'/* foralln > n;.
Now, for integers m > n > 1, we have

Win—(nt1)(RTp, Rryp) < wi(Rrp, Rrpyr) +wi(Repgr, Reng2) + -+ wi(Repm 1, Ray,)

(2.2)

< Z Rj
i=n
x 1
i=n 1F

Since w satisfies A js-condition, we have

lm  wiy(2p, zm) = 0.
m,n—00
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This shows that { Rz, } nen is a w-Cauchy sequence in R(D). Since R(D) is w-complete
then there exists u € R(D) such that lim Rz, = u. Let v € D be such that Rv = u. By
n—oo

property (A), we have (Rxz,,,u = Rv) € E(G,,) for all n, and hence by (i7), we get

F(wi(Rzxy,Tv)) = F(wi(Trp-1,Tv))
< F(wi(Rxp—1,Rv)) —T.

Since lim wi(Rxy,—1,Rv) = 0, then by (F2), we have lim F(wi(Rx,—1,Rv)) = —oc.
n—oo n—oo
Hence 1i_>m F(w1(Rxy,Tv)) = —oo, which implies that li_>m w1 (Rxy,, Tv) = 0, and since

w is regular, we have Rv = v = lim Rz, =Tvie v e C(R,T).
n—00

O

3. PERIODIC POINT RESULTS

In this section we prove some periodic point results for self mappings on a modular
metric space endowed with a graph.

Definition 3.7. [13] Let (X, w) be a modular metric space and 7' : D — D be a mapping.
Then T is said to have the property (P) if Fiz(T") = Fixz(T) for every n € N where
Fig(T) ={zr e D: Tz =z}.

Again, let (X,w) be a modular metric space and T : D — D be a mapping. The set
O(z) = {x, Tz, T?z,...,T"z, ...} is called the orbit of z under T.

Definition 3.8. A mapping T': D — D is called strong orbitally G,-continuous at « if

lim 7"z = z, and (T"x, T""z) € E(G,) = lim T""'z = Tz,.
n— oo

n— oo
A mapping T is called strongly G,,-orbitally continuous on D if T is strongly orbitally
G,-continuous for all x € D.
We denote DT := {z € D : (z,Tz) € E(G,) or (Tx,z) € E(G,)}.
Definition 3.9. Let (X,w) be a modular metric space. A mapping 7" : D — D is called an
F-G,, graphic contraction if
(1) T preserves edges, i.e. (z,y) € E(G,) = (Tz,Ty) € E(G.),
(77) there exists a number 7 > 0 such that
wi(Tz, T?z) > 0= 7+ F(w (Tx, T?z)) < F(w (z,Tx)) (3.3)
forallz € DT and F € F.

Remark 3.1. If we consider F(s) = Ins for all s > 0, then Definition 3.9 reduces to G,,-
graphic contractive given in [9].

Before stating the theorem of this section, we give the following lemma without proof.

Lemma 3.1. Let (X, w) be a modular metric space endowed with a graph G,,. Let T : D — D be
a G ,-graphic contractive. Then T is a G, -graphic contractive too.

Theorem 3.2. Let (X, w) be a reqular modular metric space with a graph G,,. Assume that
D = V(G,,) is w complete, w-bounded (nonempty) subset of X, and the pair (D, G.,) satisfy
A yr-condition. Suppose that T : D — D is an F-G,,-graphic contraction satisfying the following
condition:

(%) (z,Tx) € E(Gy)or (Tz,x) € E(G,) forall x € D.
Then T has the property (P) provided that T is strongly G,-orbitally continuous on D.
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Proof. Let zg be an arbitrary point in D. Define a sequence {z,, }nen in D such that 41 =
Tz, for all n € NU {0} and denote k,, = w1 (zn, z,+1) for all n € N U {0}. If there exists
ng € NU {0} for which z,,,11 = 2y,, then T'z,,, = z,,, and the proof is finished. Then, we
assume that z,,11 # z,, foralln € NU {0}.

Since (zg, Txo) € E(Gy) (or (Tzg,x0) € E(G,)) and T preserves edges, thus we get

(Txzo, T(Txp)) = (x1,22) = (21, Tx1) € E(G,,) = (Tx1,T(Tx1)) = (22, 23) € E(Gy).

By this process, we get that (T, 7" 2¢) = (2, 2n11) € E(Gy) for all n € N U {0}.
Now using (3.3), we get

F(kn) = F(wi(@n,Tnt1))
= F<W1(T$n—laT2zn—1))
< F(wl (xnflv Txnfl)) -T
= F(wi(Ten 2, T?p2)) =T
< F(wl (tp—2,Txp_3) — 27
= .F‘(wl(TanTQ'xl))_ (n_l)T
< F(wi(zo,z1)) — nT

F(FL()) — NT

for every n € N U {0}. Therefore, proceeding as in the proof of Theorem 2.1, we get
that {T"xz¢}nen is w-Cauchy sequence. Since {T"zy : n € N} C O(z9) € D and D is
w-complete, therefore {z,,} w-converges to some z.. € D. Since T is strongly orbitally G,,-
continuous on D, then r, = lim T"zq = T( lim T" 'zg) = Tx.. Thus T has a fixed

n—0o0 n—oo
point and Fiz(T") = Fixz(T) is true for n = 1. Now assume that n > 1 and assume that

z € Fiz(T") but z ¢ Fiz(T), then wy(2,Tz) = s > 0. By (%), we have (2,T%) € E(G,,) or

(Tz,z) € E(G). If we assume (z,Tz) € E(G.,), by (3.3), we get
F(s) = F(wi(z,T2)
= F(u(T(T"12), T*(T"12)))
< Flw(Th 12, T"2)) — 7
< F(w(Tn22,T" 12)) — 27
< F(wi(z,T2)) —nt
Thus F(s) < ILm [F(w1(z,Tz)) — nt] = —o0 and hence F(s) = —oo, which is a con-

tradiction until wy(z,T%)) = 0 and by the regularity of w, we get that = = Tz. Hence,
Fiz(T™) = Fiz(T) for alln € N.
O

4. EXISTENCE OF SOLUTION FOR A NONHOMOGENEOUS LINEAR PARABOLIC PARTIAL
DIFFERENTIAL EQUATION

In this section, following the idea in [7], we discuss the application of coincidence
(fixed) point techniques to the solution of the non-homogeneous linear parabolic partial
differential equation satisfying a given initial condition.

More precisely, we consider the following initial value problem

{ up(x,t) = gy (x,t) + H(z, t,u(z, t), ug(x,t)), —o<r<oo,0<t<T

t)
(a:,O) ( ) >0, -0 < x <00, (4.4)
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where H is continuous and ¢ is assumed to be continuously differentiable and such
that ¢ and ¢’ are bounded.

By a solution of the problem (4.4), we mean a function v = u(z,t) defined on R x I,

where I := [0, T, satisfying the following conditions:
(1) u,ut, Ug, Uge € C(RxT). { C(R x I) denote the space of all continuous real valued
functions },

(#4) wand u, are bounded in R x I,

(131) ug(x,t) = Uge(z,t) + H(x, t, u(x,t), uy(z,t)) for all (z,t) € R x I,

(i) u(x,0) = p(z) for all z € R.

It is important to note that the initial value problem (4.4) is equivalent to the following
integral equation

) = [ T k(e & 0)p(©)de + / / T k(e 6t - VH(E 7 u(E, ), ua (6, 7)) dedr (45)

forallz e Rand 0 < t < T, where
k(x,t) == ——e™ 4.
(%) VAt
The problem (4.4) admits a solution if and only if the corresponding integral equation
(4.5) has a solution.

Let
Q= {u(z,t);u,u, € C(R x I)and |Ju|| < oo},
where
[ul == sup |u(z,t)|+ sup |uz(z,t)].
zeR,tel zeR,tel

Obviously, the function w : R x 2 x Q — R, given by

1 1
wr(u,0) i= 5= vl = 3d(u,0)

is a metric modular on Q. Clearly, the set 2, is a complete modular metric space indepen-
dent of generators.

Theorem 4.3. Consider the problem (4.4) and assume the followings:
() for ¢ > 0with |s| < cand |p| < ¢, the function F(x,t, s, p) is uniformly Holder continu-
ous in x and t for each compact subset of R x I,
(i) there exists a constant ¢y < (T + 2n~2T2)~' < q, where q € (0, 1) such that
O S %[H(xamSvaQ)_H(x7ta517p1)]
< en 82 — 81 +p2—p1
A
forall (s1,p1), (s2,p2) € R x Rwith s; < sy and p; < pa,
(#4i) H is bounded for bounded s and p.
Then the problem (4.4) admits a solution.

Proof. 1t is well known that v € €, is a solution (4.4) iff u € Q, is a solution integral
equation (4.5).

Consider the graph G with V(G) = D = Q, and E(G) = {(u,v) € D x D : u(z,t) <
v(z,t) and uy(x,t) < v, (z,t) ateach (z,t) € R x I'}. Clearly E(G) is a partial ordered and
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(D, E(G)) satisfy property (A).
Also, define a mapping A : Q, — Q, by

()ie.0)i= [ bz -0 ds+// K@ — &1 — ) H(E, 7, u(€, 7), up (€, 7)) dedr

for all (z,t) € R x I. Then, finding solution of problem (4.5) is equivalent to the ensuring
the existence of fixed point of A.

Since (u,v) € E(G), (uz,v,) € E(G) and hence (Au, Av) € E(G), (Au,, Av,) € E(G).
Thus, from the definition of A and by (ii) we have

11(A0) (2 1) — (A, )
= %/ / k(x_g,t_T)|H(£’T’U(§’T)’UI(§’T)) _H(E,T,U;(f,T),ux(f,T)ﬂdde

// Ko =&t = men | 1006 ) — (6 ) + w6 ) — uale, 7)) | dér
< cywy(u,v)T. (4.6)

Similarly, we have

H(A)g (2, t) — (Au)z(z,t)] < cpwa(u,v / / (x — &t —7)|dédT

< 2n~ 2T20Hw)\(u,v). 4.7)
Therefore, from (4.6) and (4.7) we have
wx(Au, Av) < (T + 27T7%T%)CHW)\(U7U)
ie.
wx(Au, Av) < quy(u,v), g € (0,1)
ie.
d(Au, Av) < e "d(u,v), 7 >0
Now, by passing to logarithms, we can write this as

In(d(Au, Av)) < ln(e”"d(u,v))

7+ In(d(Au, Av)) < In(d(u,v))

Now, from example 1.2(i) and taking T' = A and R = 7 (identity map), we deduce that
the operator T satisfies all the hypothesis of Theorem 2.1.
Therefore, as an application of Theorem 2.1, we conclude the existence of u* € ), such
that «* = Au* and so u* is a solution of the problem 4.4. O

CONCLUSION

Taking into account its interesting applications, obtaining fixed point results in modu-
lar metric spaces has received considerable attention in recent years. In this connection,
the main aim of this paper was to present some results on the existence of coincidence and
periodic point of F-contractive mappings in the framework of modular metric spaces en-
dowed with a graph. We also applied the obtained results to partial differential equation.
The new concepts lead to further investigations and applications.

For instance, using the recent ideas in the literature [22, 5], it is possible to extend our
results to the case of coupled as well as higher dimensional fixed points.
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