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A convergence of a Steffensen-like method for solving
nonlinear equations in a Banach space

IO0ANNIS K. ARGYROS and SANTHOSH GEORGE

ABSTRACT. We present a local as well as a semilocal convergence analysis of a Steffensen-like method in
order to approximate a locally unique solution of a nonlinear equation in a Banach space setting. This method
generalizes and improves the sufficient convergence conditions of earlier methods. In particular, a numerical
example is presented to show the advantages of our approach.

1. INTRODUCTION

In this paper we study the convergence of Steffensen-like method defined for each
n=0,1,... by [1-4]

Yn = Tn — aF(xn
Zn = Tn+bF(zy) (1.1)
T+l = Tn —A;lF(xn),

where z is an initial point a,b € R*, A,, = 6F(y,, 2,) and §F is a consistent approxima-
tion to the derivative F” [5, 6] (see also conditions (A) that follow) for approximating the
solution of a nonlinear equation

F(x) =0, (1.2)

where F': D C X — X is a continuously Fréchet-differentiable operator, X is a Banach
space and D is a convex subset of the Banach space X. Due to the wide applications,
finding solution for the equation (1.2) is an important problem in mathematics.

Observe that method (1.1) generalizes the method

Yn = Tn — aF(xn)
Zn = Tp+b0F(xy) (1.3)
Tpn+1 = Tnp — [yna Zn; F]ilF(xn)v

studied in [1-4] for a,b € R*. The following semilocal convergence result of method (1.3)
was shown in [2] (see also [1,3-6,8]) using divided difference of order one given by

1
[,y; F] = /0 F'(0z + (1 —0)y)db. (1.4)
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Theorem 1.1. Let F': D C X — X be a Fréchet-differentiable operator. Suppose that

[E(zo)l < d (1.5)
[F'(zo) Ml < do (1.6)
|F(@) = ')l < dslle -yl foreach a,y € D (1.7)
(a+0b)dzdady < 2, (1.8)
b} < o (1.9)
and

U(x07U* + d6d1) - Da (110)

where a > 0,0 > 0,d4 = d3(1 + ad—J;b),dg) = 72_((1@333@11 ,dg = max{a,b} and

_ _ 2
o L=V/I-2did & w11

dads
Define, scalar sequence {u,,} by
g = 0, Up i1 = Up — q/(un) foreach n=0,1,2,... (1.12)
q'(un)
where
dy
t)=—t"——+d 1.13
q(t) = 5 d5 +di. (1.13)
Then, method (1.3) converges to solution x* of the equation F(x) = 0. starting at xq, and

Ty Yn, " € U(zo,u* + didg) foralln = 0,1,2, . ... Moreover, the following estimates hold

|Tnt1 — 2| < Unp1 —u
and
zn — 2| < u* —uy.

Furthermore, the solution x* is unique in U(xo, 1) N D, where r = ﬁ — (u* + dgdy) provided
that dgdg(’u,* + d@dl) < 2.

In the present study we avoid the restrictive choice of the divided difference given
by (1.5) and use more flexible conditions than (1.4)—(1.10) in our semilocal convergence
analysis. This way, we expand the applicability of method (1.3).

The conditions are denoted by (A):

(A1) F: D" C X — X is Fréchet-differentiable and there exists a mapping 6 F : D° x
D° — L(X) such that for some o € D°, F'(x9)~', A;' € L(X) and there exist
a,be R, K >0,M >0,My >0,L7 >0,Ly >0,N>0,Ng>0,N;y >0,m >0
and n; > 0 such that for each z, y, 2 € D°

(A2) [[F (o)l < mo, HA(?lF(JJo)H <,

(As) | F"(20) " (6F (2, 2) — F'(2))]| < K|z — =],

(Aa) [[F'(zo) " (0F (w,y) — F'(2))l| < Millw — 2] + Mzly — =],

(As) [|[F'(zo) " (6F (w,y) — F'(z0))|l < Lallz — wol| + Lally — woll,

(As) [I6F (yo, 20)[| < No, [|6F(z,y) <N,

(A7) [[F'(2o)| < Ny,

The rest of the paper is organized as follows. In Section 2 we present the convergence
of a majorizing sequence and in Section 3 we present semilocal convergence analysis of
method (1.1). Numerical examples are given in the last Section.
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2. MAJORIZING SEQUENCES
We need some auxiliary results on majorizing sequences for method (1.1).

Lemma 2.1. Let 5 > 0,7 > 0,0 > 0and n > 0 be given parameters. Denote by « the smallest
root in the interval (0, 1) of the polynomial p defined by

p(t) = ot + (v — on)t* + Bt — B. (2.14)
Suppose that
2
< 2.15
! v+ Vv + 40 (15)
and 3
n
—_— < a<1l-—m. 2.16
L—(y+Bn)n ~ i (210

Then, the scalar sequence {t,,} defined by
5(tn+1 - tn)2

to=0,t1 =0, tpyro =tny1 + T T r—— foreachn=20,1,2,..., (2.17)
is well defined, nondecreasing, bounded from above by
= % (2.18)
and converges to its unique least upper bound denoted by t* which satisfies
n <t <t (2.19)
Moreover, the following estimates hold
0<tpi1—tn <a"(tn —tn_1) < a"(t1 —to) (2.20)
and
0<t"—t, < T _nan. (2.21)

Proof. The polynomial p defined by (2.14) has roots in the interval (0, 1). Indeed, we have
that p(0) = —8 < 0 and p(1) = v > 0. Then, it follows from the intermediate value
theorem that polynomial p has roots in the interval (0, 1). Denote by a the smallest such
root. Next, we shall show estimate (2.20) using mathematical induction. Set

B B(try1 — tr)

1= (Yt + S(tha1 — tr)?)’
Then, to show (2.20), we must have «; < a. We get by (2.22) for k£ = 0, (2.17) and the
left hand side inequality of (2.16) that oy < o from which it follows that 0 < ¢5 —t; <
a(ty — tp) and to < 11:";2 (t1 — to) < t**. Hence, estimate (2.20) holds for k = 0. Suppose
that tj41 — tx < oty —tr—1) < ¥ (t1 — to) holds for all integers k < n. Evidently, (2.20)
holds, if

873

foreach £k =0,1,2,.... (2.22)

k 1— okt k 2
Ba (tl — to) + ’Y(Xﬁ(tl — to) + 50[(0& (tl — to)) —a<0.
orsince 2k > k + 1,
kL
Bty — o) + —a (t1 —to) + 6™ (ty — tg)> — 1 <0. (2.23)

Estimate (2.23) motivates us to introduce recurrent functions f; defined on the interval
[0,1) by
1—th !

fu(t) = onPt* 4 pt* 1ty 4 .

n— 1. (2.24)
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Then, (2.23) can be written as
file) <. (2.25)

We need a relationship between two consecutive functions f. In view of the definition of
polynomial p and function fj, we can write

_ kt2
frri(t) = fult) + 65207 + Bthn + T 1
k41,2 k—1 1tk
—OtT I = BT — o+
= fult) +p)t" . (2.26)
In particular, we have by (2.26) that
fr+1(a) = fr(a), since p(a) =0. (2.27)
Define function f, on the interval [0, 1) by
foolt) = lim_fi(t) (2.28)
Then, we have by (2.24) and (2.28) that
Foolt)y = 11 1. (2.29)

=T
It follows from (2.27) and (2.29) that (2.25) holds, if fo(a) < 0, which is true by the right
hand side inequality of (2.16). The induction for (2.25) (i.e., for (2.20)) is complete. Then,
we get from (2.20) that {510 < 1’1_’:21] < t**. Hence, sequence {t¢;} is nondecreasing
bounded from above by ¢** and as such it converges to its unique least upper bound t*
which satisfies (2.19). Finally, let m = 0,1, .... Then, we get by (2.20) that

thom —te = (tkem = thom—1) + .o+ (tegp1 — tr)
1 _ m
< oFtmTlp g pafy = aklian (2.30)
-«
By letting m — oo in (2.30), we deduce (2.21). a

Lemma 2.2. Let 5o > 0,8 > 0,7 > 0,7 > 0,60 > 0,6 > 0and n > 0 be given parameters.Let
o, p be as in Lemma 2.1. Define parameters sq, s1, S2 by

s50=0,51 =1, 82:77+60—7722. (2.31)
1= (vom + don?)
Suppose that
2 1
n < max{————— -}, (2.32)
Yo+ /15 +4%0 7
vsz+6(s2 — s1)° < 1 (2.33)
and
G <a<1- Y28 (2.34)
L—m
where ,
- B(s2 — s1)
ay = . 2.35
P (s +0(s2 — 51)?) (2.35)
Then, the scalar sequence {s,,} defined by
- 2
Sn+2 = Snt1 + Blsn+1 = sn) foreachn =1,2,... (2.36)

1— (Y$nt1 + 0(Snt1 — sn)?)
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is well defined, nondecreasing, bounded from above by

&% = 8 + 312 :ZI (2.37)
and converges to its unique least upper bound s* which satisfies
89 < 8% < 5™, (2.38)
Moreover, the following estimates hold
0 < Spt1 — Spr1 < a(s2 — s1) (2.39)
and "
0<s" —sp41 < 1705(82—81)- (2.40)
Proof. Set

_ B(skr1 — sk)?
= 2.41
M = T ngr + 8 (onst — 50)?) (24D)

for each k = 1,2, .... We must show that
a < a. (2.42)

Estimate (2.42) holds for k = 1 by the left hand side inequality of (2.34). Then, we have by
(2.36) that

0 < s3—s2<a(s2—s1) = s3<s2+a(se2—s1)
< so+ (14 a)(s2—s1)—(s2— 1)
- L= . 243
= 51+1_a(52751)<5 . ( )
Suppose that (2.42) holds, then
_ okt
0 < Sgt2 — Skt1 < Oék(SQ —s1) and sgyo < 81+ ﬁ(sg — 51). (2.44)
Estimate (2.42) shall be true if k is replaced by k + 1 provided that
k 1— okttt k 2
Ba(se — s1) + ary[s1 + ﬁ(SQ —s1)] +ad(a”(s2 — 51))" —a <0. (2.45)
Define recurrent functions f; on the interval [0, 1) by
_ A 1— tk+1 bt 9
fe = B(s2 — s1)t" + 4t T3 (s2 —s1)+ 0" (s — s1)° — (1 —yn)t.
Then, we have that - B
Frs1(t) = fu(®) + p(t)t* (s2 — 51)
and

fk+1(a) = fk(a)~

Define function f., on the interval [0, 1) by

foot) = lim fr(t).

k—> 00

Then, we have that

Foolt) = [ (52 = 1) = (1= )],
Estimate (2.45) certainly holds, if f.,(a) < 0, which is true by (2.32)—(2.35). O

A simple inductive argument on sequences {t,,} and {s,} leads to the following com-
parison result between these sequences.
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Lemma 2.3. Suppose that the hypotheses of Lemma 2.1, Lemma 2.2 and

Bo < Bor yg<yor <0 (2.46)
hold. Then, the following estimates hold

so =to, 81 = 11
Sn < t, foreach n=2,3,... (2.47)
Sn+1 — Sn < tp41 —ty foreach n=1,2,... (2.48)

and

st <th (2.49)
Moreover, if strict inequality holds in any of the inequalities in (2.46), then strict inequality holds
in (2.47) and (2.48).

3. SEMILOCAL CONVERGENCE

We present the semilocal convergence analysis of method (1.1) in this section under
the (A) conditions. First, we use the sequence {t,,} given in Lemma 2.1 as majorizing for
method (1.1). The technique of proof for the next result is due to Kantorovich [10].

Theorem 3.2. Suppose that: hypotheses (A) and hypotheses of Lemma 2.1 hold with

1 = max{no, m},
B = K + (Mla| + Ma[b])N,
v=1L1+ Lo, (3.50)
§ = (L1lal + La|b]) N1, p = cmax{no, B1*}
where ¢ = max{|al, |b|} and
Up = U(zo,t* + p) C D. (3.51)
Then, the sequence {x,} generated by method (1.1) is well defined, remains in U for each n =
0,1,2,...and converges to a solution x* of the equation F(x) = 0 in Uy. Moreover, the following
estimates hold
||33n+1 - an <tpt1 —1n (352)
and
lzn — ™| <t* —t,, (3.53)
where the sequence {t,,} is defined by (2.17) and t* = lim,,__,  t,,. Furthermore, the solution x*
is unique in U(x,709) N D, where

ro = Lil - %(t* +0),
if
Lo(t" + p) < Lq. (3.54)
Proof. We shall show estimate
lTnt1 — Znl| < thyr —tn (3.55)

holds, using mathematical induction. Estimate (3.55) holds for £ = 0 by (A3). We also
have by (A2)

o = @oll < [lwo — @oll + |al | F(zo)l| < cno <t* + p,

20 = ol < [lzo — @oll + [bl[|[ F(@o)|| < cno <™+ p.
It follows that yg, z0, 1 € Uy C D. Hence, z, is well defined by method (1.1) for n = 0.
Let us note that condition (A4) implies the following Lipschitz condition for F’

1F" (20) 7 (F" () = F'(y))|| < (M1 + Ms)||lz — y]| foreach z,y € D°. (3.56)
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Using the integral representation

1
F(a)= (o) = [ Py 0a = )do(e — ),

we deduce by (A4) and (As), respectively that

[F" (o) H(F(2) = Fy) — F'(u)(x — )| < (Mi(l|lz = ull + Ma|ly — u])) || — o
and

1" (0) "M (F () = F(y) — F'(y)(x = )| < Kllz —y]*.
Then, using method (1.1) for n = 0, we can write
F(z1) = F(z1) — F(z0) — F'(20)(z1 — 20) + (F"(20) — Ao)(21 — 20).
In view of (A4s), (3.50), (3.58)—(3.60), we get in turn that
|F" (o) M F (x| < |1 F"(x0) " (F(w1) — F(wo) — F' (o) (a1 — o))
+[| F' (w0) ™ (Ao — F'(0)) (1 — o)

< K@y — xo|* + (M a] + Ma|b]) || F(z0)]|
< Kllzy — mol® + (Ma]al + Mab])|| Aollllz1 — zo|1?
< (K + (Mila| + Mab|)N) |21 — ao?
= Bllar — ol < Bt — t0)*.
We also have that
lyr —zoll < [l — 2ol + [al [ F(z1) ]
<ty —to + || F' (o) |[[|F' (o) " F (1)
<t 4 enoBlts — to)?
= "B <t +p
and
21 —moll < llzy — ol + [b][[F (1)
<ty —to + [ F' (o) [|[| F' (o) " F(a1) || < t* + p.
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(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

Next, we shall show the existence of A; ! to define z5. We have by (A45), (3.50), (3.61) and

the proof of Lemma 2.1 that
1F" (20) ™" (A1 = F'(wo))| Lallyy = @oll + Lal21 — o

(L1 + La)l[x1 — wol| + (L1 |af 4 Lo |b]) || F (1)l

IAIA A IA

vyt + (5(t1 - t0)2 < 1.

(L1 + La)(t1 — to) + (Lalal + La|b[)N1B||lz1 — zo?

(3.62)

It follows from (3.62) and the Banach Lemma on invertible operators [5,10,11] that Al_1

exists and
J AT F (o) | < ! < !
! U= 1= (v + dller — wolDllzr — zoll = 1= (vt1 + 6(t1 — t)?)”
Consequently,
lzo — 1| < AT F (o) || F (x0) ™ F (1) |
< Bllzy — zol|?

L= (y+0([|z1r — zol) |21 — 2o
Bt — to)?
1 — (vt 4+ d(t1 — t0)?)

=t —t1,

(3.63)

(3.64)
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which shows (3.55) for &£ = 1. We also have that

[z2 — mol| < flwz — 21| + lzr — 2ol St —to <t* <" +p,
so zo € Uy. Hence, ¥, and z; are well defined. Next, from the approximation
F(zpt1) = F(zpg1) = F(og) = F'(op) (@51 — 2x) + (F'(28) — Ap) (@41 — 21) - (3.65)
as in (3.60) and (3.61), we get that
1F" (20) " F ek )l < Bllzrsr — el® < B(trsr — ). (3.66)
In addition, we get that

k41 = woll + lal | F(zk+1) |

trar — to + | F' (o) |[[| F' (o) "' F(ag41) |
thy1 + N1 B(tps1 — tr)? < t* + N Bn?
" +p

yx+1 — zo|

VAN VAN VAN VAN

and similarly
[2k+1 — @ol| < * + p.

Thatis, yx+1, 2k+1 € Ug. We must show that A;il exists. Using (As), (3.50) and the induc-
tion hypotheses as in (3.62) we get that

[1F' (20) ™" (Aks1 — F'(20))]| Lillyk+1 — ol + L2l zk+1 — o

(L1 + Lo)|zks1 — xo|

+(Lalal + La|b)[| F' (x0) F' (x0) ' F(zx41) |
ks — zoll + dllensr — i l?

Y(thg1 — to) + 6(trgr — ti)?

Ytrp1 + 0(thyr —t)? < 1. (3.67)

IAIA

IN N

It follows from (3.67) that
1

L= (Yllersr = 2oll + Ollzrtr — wll?)
1

1 — (Vg1 + 0(tir1 — th)?)
Hence, using method (1.1), (2.17), (3.66) and (3.68), we get that
leiss — 2l < IAZL @)l F' (o) Flaps)|

Bltps1 — ty)?
1— (ytrg1 + 0(tgt1 — tg

which completes the induction for (3.55). We also have that

141 F (o)

IN

(3.68)

)2) = tk+2 - tk-‘rla (369)

2k12 — ol Zk+2 — Trga |l + [[T5+1 — Zo|
thto — g1 +ter1 —to

t—tg < t* +p. (3.70)

IA N CIA

That is, z342 € Up. By Lemma 2.1 sequence {¢,} is complete. If follows from (3.55) that
sequence {z,} is also complete in a Banach space X and as such it converges to some
z* € Uy (since Uy is a closed set). By letting k — oo in (3.66) we deduce that F'(z*) = 0.
Estimate (3.53) follows from (3.52) by using standard majorization techniques [5, 8-11].
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Finally, to show the uniqueness part, let y* € U(xg,79) N D with F(y*) = 0. Define linear
operator () = fol F'(y* + 6(z* — y*))dd. Using (As) and (3.54) we get that

1F"(20) "M@ — F'(wo))| < Lally* — ol + La||z* — o
3.71)
< Liro+ La(t" +p) < 1.

That is, Q! exists. Then, in view of the identity 0 = F(y*) — F(z*) = Q(y* — z*), we
conclude that z* = y*. O

Remark 3.1. (@ If a = 0 and b = 1, Theorem 3.1 extends and improves the result
of Steffensen’s method in [1,2] (see also the numerical examples). Moreover, if
a = b = 0, we obtain the result for Newton’s method by ¢** given in closed form
by (2.18).
(b) The limit point ¢* can be replaced by t** given in closed form by (2.18) in Theorem
3.2.
(c) Inview of (3.61), we can arrive instead (using (As) instead of (As3) ) at

|22 — z1]| < Bollz1 — zol|? (3.72)

where 8y = L1 + (Mi]a| + Ma|b|). Notice also that in view of (As) there exist
Li < L; and Ly < Ly such that

IF (z0) " (0F (y1, 21) — F'(20))|| < Lullyr — mol| + Lallz1 — @ol|.

Notice that y; = 1 + aF(x1) = 29 — AglF(azo) + aF(xg — AalF(a:O)) and z; =
xy +bF(zy) = 29 — Ay ' F(z0) + bF (9 — Ay ' F(x0)) which depend on the initial
data. Set yo = L1 + Lo and dp = (L1|a| + La|b]) NoSo-

Notice that Ny < N,L; < K,y < 8,7 < v and §y < 4. These observations
motivate us to introduce second majorizing sequence {s,,} defined by (2.36).

(d) The results obtained here can be improved further as follows: Suppose that (As)
holds but the rest of the (A) conditions hold for x,y, 2 € Dy := D° N Uz, ﬁ)
Notice also that the iterates z,, lie in D; which is a more precise location than
D°. Then, since D; C D°, we have that K < K, M; < My, M, < My, Ny < Ny
and N < N, where the “bar” constants correspond to the new (A) conditions.
Then, in case any of the preceding inequalities is strict, we obtain weaker sufficient
convergence conditions and tighter error bounds on the distances ||z, +1 — z*|.

(e) If there exists t* € [t*, ﬁ) then the limit point 2* is the only solution of equa-
tion F(z) = 0in D* := D° N U(xo,t*). Indeed, let y* € D* with F(y*) = 0. Define
Q = 6F(z*,y*), where 0 F is defined by (1.5). Then, we have by (As5) that

1F" (20)™H(Q = F'(wo))|| < Lalla™ = woll + Lally™ — woll < (L1 + La)t* < 1,

so Q71 € L(X). Then, from the identity 0 = F(z*) — F(y*) = Q(z* — y*), we
conclude that z* = y*.

Hence, we arrive at:

Theorem 3.3. Suppose that the hypotheses (A) and the hypotheses of Lemma 2.2 hold. Then, the
conclusions of Theorem 3.2 hold with s*, {s,} replacing t*, {t,,}, respectively.

Remark 3.2. It follows from Lemma 2.3 that sequence {s,} is more precise than {¢,}.
However, the conditions to verify in Lemma 2.2 are more than in Lemma 2.1 (see also the
numerical examples).

Concerning the local convergence of method (1.1), let us introduce the conditions (A*):
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(A7) F: D° C X — X is Fréchet-differentiable and there exists z* € D and a mapping

§F : D° x D° — L(X) such that F(z*) = 0, F'(z*)~! € L(X).
(A3) | F(z) " (0F (2, 2) — F'(2))]| < K|z — 2]
(A3) | F'(2) 7 (OF (2,y) = F'(2))|| < M|z — 2] + Mally — 2|,
(AD) [F' (@) (OF (,y) = F'(a)|| < Lalle — 27| + Laly — ],
(A3) [|0F (2, y)| < N
(AG) [IF(z")]| < Nu,
(A7) |[F' (@)~ F'(2)]| < M
(A3) U(z*, R*) C D, where

R*=(14+cNM)r*
and
" 1
" T K 14+ (Li|a| + La|o)N1 M + 2N (M |a| + Ma|b])”
Next, we present the local convergence analysis of method (1.1) using the preceding

notation.

Theorem 3.4. Suppose that the condition (A*) hold. Then, the sequence {x,,} generated for xo €
U(x*, R*) — {«*} by method (1.1) is well defined, remains in U(z*, R*) for eachn = 0,1,2,...
and converges to x*. Moreover, the following estimates hold

[t —a* || < enllwn — 27| < llam —a*|| < R* (3.73)
where
o — Elzn = 2"l + N(Mia| + M2|b)|Zn+1 = zul]llzn — 27|
. 1= (v+ (Lala| + La[b) N1 M) [z, — 2~
Proof. We use the proof of Theorem 3.2, induction and the approximation
Tnpr =2t = (A4, F(2"))

X[F' (@) (F (@) = F(2%) = F'(@0)(@0 — ) + (F'(20) = An)(@0 — 2*))]
and the estimate
[F" (%) F () |

I
S

"(2") TN (F(wn) = F(a)|

1
I /0 F'(@) 7 F' (a7 + (2 — 27)) (@q — ™)d0|

to arrive at
[F (@) (F(ax) = F(a*) = F'(z) (wx — %) + F'(2*) 7 (F (21) — Ap) (2 — 27|

< |F() " (Flay) — Fae*) - F (o) (o — 7))
I ) (F ) — A (s — o)
< Kl — 2| + (Mala] + Mafp)Nliaxss — ez — 2]
< g(R)|e - 2"
and )
A @O < T el + L) N D e — o
where

9(t) = [K + 2N (Mi|a| + M2[b])]¢,
which leads to estimate (3.73). Then, it follows from
[2r1 — || < cflay — 2™ < R”
that limy—,oo 7 = z* and zp41 € U(z*, R*), where ¢ = ¢g1(R*) € [0,1) and ¢1(¢t) =

g9(t) -
T—(v+(Lila[+L2 o) N1 M)t
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Remark 3.3. Remarks similar to Remark 3.1 can now follows for the local convergence
case in an analogous way.
4. NUMERICAL EXAMPLES

We present one example in this section. We define for simplicity [z,y; F] = 1(F'(z) +
F'(y)) for each z,y € D with z # y and [z, x; F] = F'(z) for each z € D.

Example 4.1. Let X =Y = R3 D = U(0,1),2* = (0,0,0)T. Define function F on D for
w = (,y,2)" by

—1
F(w)=(e" =1, == +y,2)7.

2
Then, the Fréchet-derivative is given by
e’ 0 0
Fv)y=1] 0 (e—1y+1 0
0 0 1

We obtain fora = b =05, K = My = My =N=M = $,L; = Ly = %anle =1.
Then,

r* = 0.1607.
1
If we use Remark 2.6 (d), we have K = M; = My = N =M = <~ L, = L, = < and
N; = 1. Then,
7 =0.3063.
Moreover, with the approaches in [1-8], K = M; = My =M =Ly = Ly = $and Ny = 1.

Then, we get
7 = 0.1449.

Notice that ¥ < r* < 7 as expected, since that “bar” constants are smaller (see also
Remark 3.1 (d) or Remark 3.3). This example justifies the claims made in the abstract of
this study.
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