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Coefficient estimates for a class of bi-univalent functions
associated with quasi-subordination

H. ORHAN, N. MAGESH and J. YAMINI

ABSTRACT. In the present work, we define a new class associated with quasi-subordination and investigate
the estimates on the first two coefficients |az| and |a3|. Some interesting applications of the results presented
here are also discussed.

1. INTRODUCTION

Let A denote the class of functions of the form
o0
z)=z+ Z anz" (1.1)
n=2

which are analytic in the open unit disc U = {z : z € Cand |z| < 1}. Further, by S we
denote the family of all functions in .4 which are univalent in U. Let i(z) be an analytic
function in U and |h(z)| < 1, such that

h(Z) = Ao + Alz + A22’2 + A32’3 + ey (12)

where all coefficients are real. Also, let ¢ be an analytic and univalent function with
positive real part in U with ¢(0) = 1, ¢'(0) > 0 and ¢ maps the unit disk U onto a region
starlike with respect to 1, and symmetric with respect to the real axis. The Taylor’s series
expansion of such function is of the form

©(2) =1+ Biz+4 Boz? + B32® + -+, (1.3)

where all coefficients are real and B; > 0. Throughout this paper we assume that the
functions h and ¢ satisfy the above conditions one or otherwise stated.

For two functions f and g, analytic in U, we say that the function f(z) is subordinate
to g(z) in U, and write

f(z) <g(z)  (2€D)
if there exists a Schwarz function w, analytic in U, with
w(0) =0 and |w(z)] <1 (z €U)

such that

f(z) =g(w(z))  (2€0),

In particular, if the function g is univalent in U, the above subordination is equivalent to
f(0)=g(0) and f(U) C g(U).
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For analytic functions f and g, the function f is quasi-subordinate to ¢ in the open unit
disc U, if there exist analytic functions h and w, with |h(z)| < 1, w(0) = 0 and |w(z)| < 1,
such that {ng; is analytic in U and written as
f(2)
h(2)
We also denote the above expression by

f(2) <q9(2)  (2€0)

=< g(2) (z € U).

and this is equivalent to
f(z) =h(z)g(w(z))  (z€0).

Observe that if h(z) = 1, then f(z) = g(w(z)), so that f(z) < g(z) in U. Also notice
that if w(z) = z, then f(z) = h(z)g(z) and it is said that f is majorized by g and written
f(2) < g¢(z) in U. Hence it is obvious that quasi - subordination is a generalization of
subordination as well as majorization (see [16]).

In [10] Ma and Minda, introduced the unified classes $*(¢) and K(y) given below:

S*(p) = {f .feA and Z;(S) <plz); ze IU} (1.4)
and
K(p):= {f cfeAdand 14 ZJ{//ES) <p(2); ze€ U}. (1.5)
For the choice
oz = U2 g ca ) (16)
or
W):GZ)B 0<B<1) (17)

the classes S*(¢) and K(¢) consist of functions known as the starlike (respectively convex)
functions of order « or strongly starlike (respectively convex) functions of order /3 respec-
tively. Further, analogous to Ma-Minda starlike and convex classes, Mohd and Darus [12]
considered the notion of the quasi - subordination and introduced the classes S; () and
Kq4(p) given below:

S:(p) = {f fed and B4 <) —1; ze€ IU} (1.8)

f(z)

and ,
Kq(p) := {f : feAand ZJJ;((S) <gp(2)—1; ze€ U}. (1.9)

Following, Mohd and Darus [12], many researchers used the notion of the quasi - sub-
ordination to introduce several classes one could refer [6, 8, 11] and the references therein.
It is well known that every function f € S has an inverse f~!, defined by

@) =2 (2€0)
and

7 (w)) = w Qw<mux7Mﬁ21)

where
" Hw) = w — asw? + (2a3 — az)w® — (5a3 — 5asas + ag)w* + - - - . (1.10)
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A function f € A is said to be bi-univalent in U, if both f and f~! are univalent in
U. Let o denote the class of bi-univalent functions in U given by (1.1). For a brief history
and interesting examples of functions which are in (or which are not in) the class o, to-
gether with various other properties of the bi-univalent function class ¢ one can refer the
work of Srivastava et al. [18] and references therein. Recently, various subclasses of the
bi-univalent function class o were introduced and non-sharp estimates on the first two co-
efficients |az| and |as| in the Taylor-Maclaurin series expansion (1.1) were found in several
recent investigations (see, for example, [1, 2, 3, 4, 11, 13, 17, 19]). However, not much was
known about the bounds of the general coefficients a,,; n > 4 for functions f € ¢ up until
the work by Jahangiri and Hamidi [9]. They obtained bounds for the n—th coefficients
an;n > 3 of certain subclasses of bi-univalent functions using the Faber polynomial series
expansions subject to a given gap series condition. But, the problem to find the coefficient
bounds on |a,| (n = 3,4, ...) for functions f € o is still an open problem.

In this paper we define the following subclass of the function class o:

A function f € o given by (1.1) is said to be in the class N/} (¢) if the following quasi
- subordination conditions are satisfied:

(1= <f(zz)># +Af(2) (f(;))“_ —1=<49(z)—1 A>1,u>0,2€U) (1.11)
and

M pn—1
(1-=X) (g(;v)) + g’ (w) <g(ww)> —-1=<4p(w)—-1 A>1, >0, wel), (1.12)

where g = f~1.

Remark 1.1. From among the many choices of p, A and the function ¢ which would
provide the following new and known subclasses:

(1) N2 () =Rgo(X @) (A >0)[5]
2) N“l(w) Fio () (0> 0)[7]
®) J\fo,g(@)= ( )
4) Ny (p)

For h(z) = 1 the class Néf;} (¢) := N#2(p) was considered by Tang et al. [19] and Orhan
et al. [13, 14] to obtain bounds on initial coefficients |az| and |ag|. Further, for ¢ given by
(1.6) in the class N/} (¢) with h(z) = 1 and for ¢ given by (1.7) in the class N/ (¢)
with h(z) = 1 were considered by Caglar et al. [2]. Also, the class was generalized by
Srivastava et al. [17]. Motivated in this line we define the class N/;*(¢) and obtain the
estimates on initial coefficients of normalized analytic function f in the open unit disk
with f and its inverse g = f~! satisfying the conditions given in (1.11) and (1.12) are both
quasi-subordinate to a univalent function whose range is symmetric with respect to the
real axis. In order to derive our results, we need the following lemma.

Lemma 1.1. (see [15]) If p € P, then |p;| < 2 for each i, where P is the family of all functions p,
analytic in U, for which

Ri{p(z)} >0 (2 €0,
where

p(2) =1+piz+pzi+--- (2€U).
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2. INITIAL COEFFICIENT ESTIMATES FOR THE CLASS Nq*f;}(@)
Theorem 2.1. Let f of the form (1.1) be in Nt} (). Then
|Ao|B1v/2B1

laal < : y (2.13)
V]AoBE(2A + p) (L + p) — 2(B2 — B1)(A + p)?]
and |A1|B1 | 2|Aol[Bi+|B2—Bil]
1|B1 o|[B1 2—B;
lag| < Dfp T W) Osp<l (2.14)
SI=9 [AdBy | [AolBy | 2 Aol|B2= B >1 )
22 +p 22 +p @ B =

Proof. Since f € N (), there exists two analytic functions r,s : U — U, with 7(0) = 0
and s(0) = 0, such that

(1-)\) <fiz>>” FAf(2) (f(;)y_l 1= h(2)(p(r(2)) — 1) (2.15)

and

(- (gfj’)) 7' (w) (g(w)) =R 1. (216

w
Define the functions u and v by

u(z) = Lr(z) =1+4wuz+ugz2 +ugz>+--- (2.17)
1—7r(2)
and )
v(z) = +s(2) =14viz4wv922+uv32> 4+ -+ (2.18)
1—s(2)
or equivalently,
_ou(z) -1 1 ui
r(z) = u(z)+1—2<u1z+<uQ 5 z
2
i (U _ Wtz o3
+ (U3 + 5 ( 5 uz> 5 ) z° + > (2.19)
and
_oov(z) -1 1 B ﬁ 9
s(z) = EFSIE (vlz—f— (1}2 5 |
vy [v? V1V
(3 e
Using (2.19) and (2.20) in ( 2.15) and (2.16), we have

(1- ) (f(;))” +Af(2) (f(;))“_l —1=h(2) |:L,0 (“(z) — 1) - 1] 2.21)

u(z) +1
and
1% p—1 _
(1— ) <g(ww)> + g (w) (g(;”)) 1= h(w) [cp (;W) - 1] . @22)
Again using (2.19) and (2.20) along with (1.3), it is evident that
h(z) [cp (38 jr 1) — 1] (2.23)

1 1 1 1 1
= §AOB1U12’ + (2A131U1 + iAoBl <UQ — 21@) + 4A032U%> 22 + -
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o | (fere1)

and

1
2

1 1 1 1
= iAOBlrUlw + <2A1B11)1 + §AOB1 (’UQ - U%) + 4A0B2v%) ’LU2 4+

It follows from (2.21), (2.22), (2.23) and (2.24) that

1
A+ p)as = §A031U1
2

a 1 1 1 1
(2A + p)faz + ?2(# -1 = §A131U1 + §AoB1 <U2 - 2”%) + iAoBzuf

1
—(A + M)CLQ = §A031U1
and
a3 1 1 1, 1 )
(2A + M)[j(,u +3) —a3] = §A131v1 + 514031 v2 = 5ur ) 1A032U1-

From (2.25) and (2.27), we find that
_ AOB1U1 —A()Bl’Ul

S 20+ 20 +p)

az

it follows that
Uy = —v1
and
8\ + p)?a3 = AZB}(uf +v}).
Adding (2.26) and (2.28), we have

AyB Ao(B; — B
B3N+ ) +1) = D2 gy )+ AP 2y gy
Substituting (2.29) and (2.30) into (2.32), we get,
2 231()\+M)2(UQ +1)2)
1

T ABEA+ ) (p+1) = 2(Ba — B\ + p)?
Now (2.29) and (2.33) yield

_ A%B?(UQ + ’UQ)

2 2MA0BE2A+ p)(n+ 1) — 2(Ba — Bi)(A+ )2’

[ V)

a
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(2.24)

(2.25)
(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

Applying Lemma 1.1 in (2.34), we get desired inequality (2.13). By subtracting (2.26) from

(2.28) and a computation using (2.30) finally lead to
2 AlBlul A()Bl (UQ — UQ)
as +
22X + ) 8\ +4u

az =

(2.35)

Again applying Lemma 1.1, the equation (2.35) yields desired inequality (2.14). This com-

pletes the proof of Theorem 2.1.
Corollary 2.1. If f € S; (), then

las| < |Ao|B1v/ B1
= /|AoB? — By + By

and
|A1|By

<
las| < B)

+ | Ao|[B1 + 2| By — By].

O
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Remark 2.2. Corollary 2.1 reduces to [7, Corollary 2.3, p.82].

Corollary 2.2. If f € Ry o(), @), then

las| < |Ao| B1vB1
VIAoBI(2A +1) — (B2 — Bi)(A +1)?|
and
las| < |A1| By 4 |Ao|[B1 + | Ba — BlH.
22+ 1
Corollary 2.3. If f € Fl (), then
las| < |Ao|B1v2B1
VIAoBE (2 + p)(1 + p) = 2(By — B1) (1 + p)?|
and 4118 | A0 0< <1
|as| < { A, i o5 S B B she
2te T o2 T o@ware 0 A2 L

Remark 2.3. The inequalities discussed in Corollary 2.3 improve the results obtained in
[7, Theorem 2.1, p.80].

Corollary 2.4. If f € H,.o(p), then

lag) < ——A0lBLVE
~ VI3A¢B? (32 — By)|

and
las| < - [|A1|B1 + |Ag|(B1 4 |Bs — By)]-

Remark 2.4. The estimate |as] obtamed in Corollary 2.4 coincides with the estimate of [7,
Corollary 2.6, p.84].

Remark 2.5. For f given by (1.1) in the class N/} (¢) with h(z) = 1, the inequalities (2.13)
and (2.14) reduce to the result in [19]. Further, for ¢ given by (1.6) in the class N; o Mo )
with h(z) = 1, the inequalities (2.13) and (2.14) reduce to the result in [2] and for h(z) =
and ¢ given by (1.7) the inequalities (2.13) and (2.14) reduce to the result in [2].
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