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Fixed point theorems for expansive mappings in GG,-metric
spaces

MELTEM KAYA and HASAN FURKAN

ABSTRACT. In the present paper, we adopt the concept of expansive mapping in the context of Gp-metric
spaces in a similar manner expansive mapping in metric spaces. Furthermore, we obtain some results on fixed
points of expansive type mappings. Also, we prove some common fixed point results for expansive mappings
by using the notion of weak compatibility in G;,-metric space. Our results generalize some comparable results in
metric spaces and partial metric spaces to GG-metric spaces. Moreover, some examples are introduced in order
to support our new results.

1. INTRODUCTION

Fixed point theory has been one of the most important research fields and one of the
most rapidly developing fields in analysis during the last few decades. Since wide ap-
plication potential of this theory, the study of fixed points of mappings has been at the
center of strong research activity. In a large class of studies, the classical concept of a met-
ric space has been generalized in different directions by partly chancing the conditions
of the metric. Among this generalizations, we can mention the partial metric spaces and
G-metric spaces.

The notion of partial metric space was described by Matthews [12] in 1994 as a gener-
alization of metric spaces where self-distances are not necessarily zero. In 2005, Mustafa
and Sims [13] identified a new structure of generalized metric spaces named G-metric
space.

Recently, based on the two above notions, Zand and Nezhad [20] introduced a new
generalized metric space as a generalization of both partial metric spaces and G-metric
spaces by defining the notion of Gp-metric space. Following this remarkable research,
Aydi et al. [2] established some fixed point results in G-metric spaces which are first
fixed point results in Gp-metric spaces. Then, many fixed point results for mappings
satisfying various contractive conditions have been presented in GG,-metric spaces. Some
of these results are noted in [3, 4, 5, 14, 16, 18, 10, 15].

In 1984, Wang et al. [19] defined the concept of expanding mappings and proved some
fixed point theorems in complete metric spaces. In 1992, Daffer and Kaneko [6] defined
expanding condition for a pair of mappings and proved some common fixed point the-
orems for two mappings in complete metric spaces. Thereafter, the result of Daffer and
Kaneko [6] was extended to compatible mappings by Rhoades [17]. In 2008, Kumar [11]
generalized the results of Rhoades [17] to weakly compatible mappings in metric spaces.
Recently, Huang et al. [7] defined expanding mappings in the framework of partial metric
space in the similar way to expanding mappings in metric spaces and also extended a re-
sult of Daffer and Kaneko [6] for two mappings to the partial metric spaces. Also, Imdad
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etal. [8] proved a general common fixed point theorem for two pairs of occasionally weak
compatible expansive mappings in symmetric spaces.

The purpose of this study is to define the notion of expansive mapping in Gp-metric
spaces and also to generalize some results of Wang et al. [19], Daffer and Kaneko [6],
Huang et al. [7] and other comparable results by proving some fixed point theorems for
expansive mappings ensuring the existence and uniqueness of a fixed point and common
fixed point under certain conditions within the context of G/,-metric space.

2. BASIC FACTS AND DEFINITIONS

In this section, we recall some fundamental definitions and useful results for the sake
of completeness of this study.

Zand and Nezhad defined the concept of G,-metric space by combining the notions of
patrial metric space and G-metric space in the following manner.

Definition 2.1. [20] Let X be a nonempty set. A function G, : X x X x X — [0, +00) is
called a G,-metric if the following conditions are satisfied:

Gp,. v =y=2 if Gp<x7y7 z) = GP<Z’ z,2) = Gp(yvyvy) = Gp(a:,amx);

Gp,- 0 < Gp(z, z, x) Gp(z,z y) < Gp(z,y,z) forall z,y,z € X;

Gp,. Gp(z,y,2) = Gp(z, 2,y) = Gp(y, z,x) = ..., symmetry in all three variables;
Gp,. Gplz,y,2) < Gp(z,a,a) + Gp(a,y,z) — Gp(a,a,a) forany z,y, z,a € X.

Then the pair (X, G,) is called a G,-metric space.

On the other hand, instead of G,,, Parvaneh, Roshan and Kadelburg used the following
condition in [14]:

Gy, 0<Gy(z,m,2) < Gy(z,m,y) < Gp(x,y, 2) forall z,y, 2 € X with z # y.
Also, they stated an important remark as following:

Remark 2.1. [14] With G, assumption, it is very easy to obtain that

Gp(l',.lf, y) = Gp(xvyvy)

holds for all z,y € X, i.e., the respective space is symmetric. On the other hand, there are
a lot of examples of asymmetric G-metric spaces. Hence, the conclusion stated in [20, 2]
that each G-metric space is a G,-metric space (satisfying Gy,,) does not hold. With the
assumption G, , this conclusion holds true.

Some easy examples of G,-metric space are given as follows:

Example 2.1. [20] Let X = [0, 00) and define Gy (z,y, z) = max{xz,y, 2}, forall z,y,z € X.
Then (X, G,) is a symmetric G,-metric space. Also, one can show that (X,G,) is not a
G-metric space.

Example 2.2. [20] If (X, d) is an ordinary metric space, then (X, d) can define symmetric
Gp-metrics on X by

i Gp(z,y,2) =d(z,y) +d(y, 2) + d(z, 2),

il. Gp(z,y,2) = max{d(z,y),d(y, 2),d(z,z)}.
Example 2.3. [14] Let X = {0, 1,2, 3} and

A = {(1,0,0),(0,1,0),(0,0,1),(2,0,0),(0,2,0),(0,0,2),(3,0,0),(0,3,0), (0,0, 3),

(1,2,2),(2,1,2),(2,2,1),(1,3,3),(3,1,3),(3,3,1),(2,3,3),(3,2,3), (3, 3,2) },
{(0,1,1),(1,0,1),(1,1,0),(0,2,2),(2,0,2),(2,2,0),(0,3,3),(3,0,3),(3,3,0),
(2,1,1),(1,2,1),(1,1,2),(3,1,1),(1,3,1),(1,1,3), (3,2,2), (2,3,2), (2,2,3)}.

B
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Define G, : X x X x X — [0, 400) by
ifr=y=2+#2,
ifr=y=2=2,
if (z,y,2) € 4,
, if (z,y,2) € B,
ifx£y+#z+#u.

It is easy to see that (X, G),) is an asymmetric G,-metric space.

GP(:E?ya Z) =

W N O =

In the rest of this paper, we will use the definition of G-metric space given by Zand
and Nezhad, that is, we will consider that (X, G}) is a symmetric G,-metric space.

Proposition 2.1. [20] Let (X, G),) be a Gp-metric space. Then for any x,y,z and a € X, it
follows that

Gp(2,y,2) < Gy, 2, y) + Gpla, , 2) — Gp(z, 2, 2);
ii. G »(,y,y) < 2G, (zxy) Gp(a:xx)
iii. Gp(x,y,2) < Gp(z,a,a) + Gp(y,a,a) + Gp(z,a,a) — 2Gy(a, a, a);
iv. Gp(z,y,2) < Gp(z,a,2) + Gpla,y, 2) — Gp(a, a, a).
Proposition 2.2. [20] Every G ,-metric space (X, G ) defines a metric space (X, dg,) where
de (.’E, ) (xvyvy) + Gp(yvxax) - Gp(l'vxa‘r) - G:D(yvya y)

forall z,y € X.

Definition 2.2. [20] Let (X, G,) be a Gp-metric space and {z,, } be a sequence of points of
X.

i. The sequence {xz,} is called G,-convergent to z € X if lim Gp(z,zn,z,) =
m,n— oo

Gp(z,z,z). A point z € X is said to be limit point of the sequence {z,};
ii. A sequence {z,} is said to be a G,-Cauchy sequence if and only if

lim Gp(an, Tm, m) exists (and is finite);
m, n— o0

iii. A Gp-metric space (X, G,) is said to be G,-complete if and only if every G,-
Cauchy sequence {z,} in X is G,-convergent to € X such that G,(z,z,z) =
lirnﬁ’b,ﬂ—)()O Gp (l‘n; Tm, xm)

Proposition 2.3. [20] Let (X, G,) be a Gp,-metric space. Then, for any sequence {x,,} in X and
a point z € X the followings are equivalent:
i. {x,}is G,-convergent to x;
ii. Gp(an, Tn,z) = Gplx,x,x) as n — oo;
iii. Gp(an,z,x) = Gp(z,z, ) as n — oo.

Lemma 2.1. [14]
i. A sequence {x,} is a Gp-Cauchy sequence in a Gy-metric space (X, G)) if and only if it
is a Cauchy sequence in the metric space (X, dg,).
ii. A Gp-metric space (X,G,) is G,-complete if and only if the metric space (X, dg,) is
complete. Moreover, nlgrolo da,(x,x,) = 0 if and only if

lim Gp(z,zpn,z,) = lm Gpzp,z,z) = lm Gp(zn, Tn, Tm)
n— o0 n—oo nm%oo

= hILl Gp(zpn, Tm, Trm) = Gp(x, z, T).

Lemma 2.2. [2] Let (X, G,) be a G,-metric space. Then
i IfGp(z,y,2) =0, thenx =y = z;
ii. Ifx # vy, then Gp(z,y,y) > 0.
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Lemma 2.3. [14] Assume that {x,} — x as n — oo in a G,-metric space (X, G,) such that
Gp(z,z,x) = 0. Then, for every y € X,

L nh~>H;o Gp(zn,y,y) = Gp(2,9,9),

iil. lim Gp(xn, Tn,y) = Gp(z, z,9).
n—oo

The following proposition shows that the concepts of continuity and sequentially con-
tinuity are equal in a G)p-metric space.

Proposition 2.4. [20] Let (X1, G1) and (X2, G2) be Gp-metric spaces. Then a function f :
X1 — Xy is Gp-continuous at a point « € X, if and only if it is G,-sequentially continuous at x;
that is, whenever {x.,,} is G,-convergent to x one has { f (x,,)} is Gp-convergent to f(z).

Kaya et al. given an important remark, which shows the relationship between G-
continuity and dg,-continuity, as follows.

Remark 2.2. [10] It is worth noting that the notions of Gf)-continuity and d¢,-continuity
of any function in the contex of G,-metric space are incomparable, in general. Indeed,
if X = [0,+00), Gp(x,y,2) = max{x,y, 2}, dg,(z,y) = |& —y|, f0 = Ll and fz = 2?
for all z > 0, gz = |sinz|, then f is a G,-continuous and dg,-discontinuous at point
x = 0; while g is a G-discontinuous and dg,-continuous at point z = 7. Therefore,
in this paper, we take that 7' : X — X continuous if both T : (X,G,) — (X,G)) and
T:(X,dg,) — (X,dg,) are continuous.

Definition 2.3. [1] Let f and g be two self mappings of a nonempty set X. If fx =gz =y
for some x € X, then z is called the coincidence point of f and g and y is called the point
of coincidence of f and g.

Definition 2.4. [9] Two self mappings f and g are said to be weakly compatible if they
commute at their coincidence points, that is fo = go implies that fgz = g fx.

Now, we define the concept of expansive mapping in a G-metric space in analogy to
expansive mapping in a metric space, as follows.

Definition 2.5. Let (X, G)) be a G),-metric space and T be a self mapping on X. Then T
is called an expansive mapping if

GP(TI‘, Ty, TZ) > ka(J}, Y, Z))

where k£ > 1 is a constant for every z,y, z € X.

3. MAIN RESULTS

In this section, we first obtain some fixed point theorems for a single mapping and then
prove several common fixed point theorems for expansive mappings of different types on
Gp-metric spaces.

Now, we start by stating the following fixed point result.

Theorem 3.1. Let (X, G,) be a G,-complete G,-metric space and T : X — X be a surjective
mapping satisfying the following condition

Gp(Tz, Ty, Tz) > aGp(z,y,2) + bGp(z, x,Tx) + cGp(y,y, Ty) + dGp (2, 2,T2) (3.1)
forall z,y,z € X where a,b,c,d > 0witha+ b+ c+d > 1. Then T has a fixed point in X.

Proof. Suppose x is an arbitrary point in X. Since T is a surjective mapping, there exists
z1 € X such that g = T'z;. Continuing in this way, we can define a sequence {z,} by
Tp1 = Tx,,n>1. 1f z, = z,_1 for some n > 1 then we see that z,, = Tz,,. Thus z,, is
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a fixed point of T'. Therefore, we assume that two consecutive terms of sequence {x,,} are
not equal. Now, using inequality (3.1), we have

Gp(@n—1,2n,2n) = Gp(T2pn,TTnt1,TTni1)

> aGp(Tn, Tnt1, Tnt1) + 0Gp(Tn, Tn, Txy)
+CGP(xn+1a Tpy1, Topy1) + de(xn-i-lv Tyt1, Tny1)
aGp (T, Tnt1, Tnt1) + OGp (X, Tny Tne1) + ¢Gp(Tnt1, Tnt1, Tn)
+dGp(Tnt1, Tnt1,Tn),

which yields

(1- b)GP(xn*h Ty, Tn) > (a+c+ d)Gp(wna Tyl Tnyl)-

If a4+ c+d=0,thenb > 1 from hypothesis. The above inequality implies that a negative
number is greater than or equal to zero. That is impossible. So, a+c+d # 0 and (1-b) > 0.
Therefore, we can write

Gp(xnaxn-l-laxn-i-l) S qu(xn—la-rn7xn)7 (32)

where ¢ = %. Since a + b+ ¢+ d > 1, it implies ¢ < 1. Using (3.2) repeatedly, we
obtain

Gp(xn, Tnt1, Tnt1) < ¢"Gp(zo, T1,21). (3.3)
Then, for all n,m € N, m > n, we have by repeated use of the rectangle inequality and
equation (3.3) that

Gp(-r'ru Tm, mm) S Gp(xna Tn+1, xn—i—l) + Gp(xn-i-la Tn+2, xn+2) + ...
+Gp($m717xmaxm)
< "+ "+ 4+ NG (w0, 1, 20)
qn

<
= 7_

qu(l'o,ZZ?h 131),

which shows that Gy(zy, Zm,zm) — 0 as n,m — oo. Hence, {z,} is a Gp-Cauchy se-
quence in X. By the completeness of (X, G),), there exists z € X such that {z,} is G)-
converges to z, that is

nh_)rrgo Gp(zn, xn, 2) = nh—>Holo Gp(xn,2,2) = nrlérgoo Gp(xn, Tm, Tm) = Gp(z,2,2) = 0.

Since 7' is a surjective mapping, there exists u € X such that T'u = z. Now, we denote that
z = u. Then, from condition (3.1), we obtain
Gp(xn,2,2) = Gp(Trpi1,Tu,Tu)
aGp(Tni1,u,u) + bGp(Tnt1, Tnt1, Tny1) + (¢ + d)Gp(u, u, Tu)
= aGp(Tnt1,u,u) + bGp(Tnt1, Tnt1,xn) + (¢ + d)Gp(u, u, 2).

v

Taking the limit as n — oo in the previous inequality, we get
0==Gp(z,2,2) > aGp(z,u,u) + (c + d)Gp(u,u, 2) = (a + ¢+ d)Gp(u, u, 2),

which means that G, (u,u,z) = 0, thatis w = z = Tu. This gives that z is a fixed point of
T.

We can deduce that if a < 1, then fixed point of T" is not unique, since the mapping will
provide Condition (3.1). But, if ¢ > 1 this fixed point is unique. O
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Corollary 3.1. Let (X, G)) be a G,-complete G,-metric space and T : X — X be a surjective
mapping satisfying the following condition

Gp(Tz, Ty, Tz) > AGp(z,y, 2) (3.4)
forall z,y,z € X where A > 1. Then T has a unique fixed point in X.

Proof. From Theorem 3.1, we can conclude that 7" has a fixed point z in X by taking b =
¢ =d = 0and a = ) in Condition (3.1).

Uniqueness of fixed point: Let z # w be another fixed point of T, that is Tw = w.
Then, by (3.4) we get

Gp(z,w,w) = Gp(Tz, Tw, Tw) > AGp(z,w,w),
which is a contradiction and hence z = w. This proves uniqueness. O

Corollary 3.2. Let (X, G)p) be a G,-complete G,-metric space and T : X — X be a surjective
mapping. Suppose that there exists a positive integer n such that

Gp(T"x, Ty, T"z) > AGp(z,y, 2)
forall x,y,z € X where A > 1. Then T has a unique fixed point in X.

Proof. From Corollary 3.1, T™ has a unique fixed point z. Furthermore, since we have
T"(Tz) =T(T"z) = Tz, Tz is also a fixed point of 7. This shows that Tz = z, that is, z
is a fixed point of T'. Since the fixed point of T is also fixed point of 7™, the fixed point of
T is unique. |

Next theorem is one of the main results of this study.

Theorem 3.2. Let (X, G,) be a G,-complete Gp,-metric space and T : X — X be a continuous
surjective mapping satisfying the following condition

Gp(Tz, Ty, Tz) > Au (3.5)
where u = min{Gy(x,y, 2), Gy(z, 2, Tx), Gy(y, y, Ty), Gp(2, 2, T2)}, for all x,y, 2 € X and
A > 1. Then T has a fixed point in X.

Proof. Let {x,} be a sequence in X defined by z,,_1 = Tz, If x,,_1 = z,, for some n > 1,
then 7" has a fixed point in X, which is z,,. Assuming z,_1 # x, for each n > 1, the we
have from (3.5)

Gp(xn—lal‘nyxn) = GP(TJI”,TJ,‘”+17T.’L‘”+1) > A

where u = min{Gp,(zn, Tn11, Tnit1), Gp(Trn-1, Tn, Tn) }.
Now we have to consider the following two cases.
If u=Gp(zpn-1,Tn,x,), then

Gp(xnfla Tn, xn) Z )\Gp(xnfly Tn, xn)v

which is impossible since A > 1.
Also if u = Gp(zy, Tnt1, Tny1), then

Gp(xnfla Tn, xn) Z )\Gp(xna Tn+1, xn+l)7
ie.,

Gp(xnv Tn+1, xn+1> < qu(xn—h Ly xn);

1
where ¢ = X and ¢ < 1. Continuing in this way, we obtain

Gp(xn7xn+17xn+1) S qnGp($07951,331)- (36)
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We can prove that {z,,} is a G,,-Cauchy sequence in X using rectangle inequality and (3.6)
as proved in Theorem 3.1. Since (X, Gp) is Gp-complete, the sequence {z,,} G,-converges
to a point z € X. So, we can conclude that lim dg,(2,z,) = 0if and only if

n—0o0

nh_{glo Gp(zp,xp, 2) = nh_{rgo Gp(zp, 2, 2) = 71,,713,1300 Gp(zp, Tm, Tm) = Gp(z,2,2) = 0.
Since T" is a continuous mapping, thanks to Remark 2.2 we have Tz, 11 converges to
Tz in (X,dg,). On the other hand, Tz, 11 = x, converges to z in (X,dg,) because of

lim dg, (2, 2,) = 0. By uniqueness of the limit in metric space (X, dg,), we deduce that
n—oo

Tz = z. O

Let’s state and prove a fixed point theorem for expansive condition given by a rational
expression.

Theorem 3.3. Let (X,G),) be a G,-complete G,-metric space and T : X — X be a surjective
mapping satisfying the following condition
aGp(xa $, Tx)Gp(y7 y7 Ty)

Gp(ma $7 y)
+CGP('T7 z, y) (37)

forall z,y € X with Gp(z,x,y) > 0, where a,b >0, ¢ > lwitha+2b+c¢ > 1. Then T has a
unique fixed point in X.

Proof. As in the proof of the previous theorems, we define a sequence {z,,} by z,,_1 =Tz,
for each n > 1. Without loss of generality, we suppose that two successive terms of
sequence {x, } are different. Then, from condition (3.7), we get

Gp(n—1,2Zn-1,20n) = Gp(Tan,TTn,Txni1)
aGp(Tns Tn, T20) Gp(Tnt1; Tnt1, TTp1)
Gp(xn, Tn, Tni1)
+0[Gp (X, Ty Txy) + Gp(Tnt1, Tnt1, TTng1)]
+c¢Gp(Tn, Tny Tnt1)
aGp (T, Tny Tn—1)Gp(Tn+1, Tnt1, Tn)
Gp(zn, Tn, Trny1)
+b[Gp(xn> T,y Tn—1) + Gp(xﬂJrl? Tn+1, mn)]
+c¢Gp(Tn, Tny Tng1)-

>

Then, from the above inequality, we can deduce that

(1 —a— b)Gp(xn—la Ln—1, xn) > (b + C)Gp(xn7 Ly xn—&-l)-
Since b+ ¢ > 0, we have a + b < 1. Therefore, we have
l—a-—0»

b+c
= qu(xnflaxnflaxn)v

Gp(xn733n,$n+1) < Gp(xn—lazn—hxn)

—a —

where ¢ = .
C

< 1. In an analogous way, we can calculate

Gp(xnfh Tn—1, *Tn) S qu(xnf% Tn—2, xn71)~
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By induction, we get
Gp(xnaxnaxn—i—l) S qu(In—laxn—laxn)
<

QQGP(xn—Qa Tp—2, xn—l)

q"Gp(xo, 0, 21).

By using the same arguments as in Theorem 3.1, we can say that the sequence {z,} is a
Gp-Cauchy sequence in X, which is G,-complete, and so G,-converges to z € X. Hence,
we obtain

nli)n;o Gp(z, 2, Ty) = 71,h—>H;o Gp(zy, 2, 2) = mTl’iLri}loo Gp(xn, Tn, Tm) = Gp(z,2,2) = 0.

Thereby, we can say that T'w = z for u € X, since T is a surjective mapping. We will show
that z = u. Let’s assert the contrary, that is z # u. Then, from condition (3.7), we get
Gp(xp,xn,2) = Gp(Txps1,TTni1,Tu)
aGp(Tnt1, Trnt1, TTnt1)Gp(u, u, Tu)
Gp(Tnt1, Tny1,u)
+0[Gp(Tnt1, g1, Tnt1) + Gp(u, u, Tu)] + ¢cGp(Tns1, Tnt1,u)
aGp(Tnt1, Tnti1, Tn)Gp(u, u, 2)
Gp(xn-i-la Ty, )
F0[Gp(Tnt1, Tnt1, Tn) + Gpu, u, 2)] + cGp(Tni1, Tni1, u).

>

If we take the limit as n — oo in the last inequality, we have
0==Gp(z,2,2) > (b+¢)Gp(u,u, 2),

which implies that G, (u, u, ) = 0, that is z = u. This is a contradiction. So, our assump-
tion that z # w is not true. Hence, we can deduce that z = u.

Now, we denote that z is a unique fixed point of 7. Assume the contrary. Let w be
another fixed point of T, in other words z # w and Tw = w. Then, we gain

Gp(z,z,w) = Gp(Tz, Tz Tw)
aGyp(z, 2, Tz)Gp(w, w, Tw)
2 ’ G, (= ;:w) +0[Gp(z, 2, T2) + Gp(w, w, Tw)]
+cGp(z, z,w)
— aGp(zvzaZ)Gp(UJ,w,w)
= (o 0) +0[Gp(2, 2, 2) + Gp(w, w,w)] + cGp(z, z, w).
This means that (¢ — 1)G,(z, z,w) < 0, which is possible with G, (z, z,w) = 0 since ¢ > 1.
This results in a contradiction and so we get z = w. 0

We now present a concrete example in support of previous result.

Example 3.4. X = [0,00) and G,(z,y,2) = max{z,y, z}. Then (X, G)) is a G,-complete
Gp-metric space. Define the surjective self mapping T : X — X by 7'z = 2x. Without loss
of generality assume that > y. Then for all z,y € [0, 00) with x > y we have

Gp(Tz,Tx,Ty) =2z > %
Gp(z,z,Tx)G,(y,y, Ty)
Gp(ZE,I,y)

+b[GP(‘T7 Z, T.%‘) + G;D(y> y7 Ty)] + CG;D(xa z, y)

>
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1
wherea =b = 3 and c = g Thus T satisfies all the conditions of Theorem 3.3 and hence

T has a unique fixed point. Clearly, x = 0 is a unique fixed point of T'.

Now, we introduce a common fixed point theorem for expansive mappings by using
the notion of weakly compatibility in G-metric spaces.

Theorem 3.4. Let (X, G)) be a G,-metric space and S and T' be weakly compatible self mappings
of X satisfying

Gp(Sz,Sy,Sz) > aGp(Tx,Ty,Tz)+bGy(Tx,Tx, Sx) + cGp(Ty, Ty, Sy)
+dGp(T2,Tz,5z) (3.8)

forall x,y,z € X, whereb,c,d > 0,a > lwitha+b+c+d> 1. IfT(X) C S(X) and one of
the subspaces T'(X) or S(X) is Gp-complete, then S and T have a unique common fixed point in
X.

Proof. Let zy € X be an arbitrary point. Due to T'(X) C S(X), we can pick a point z; € X
such that T'zy = Sx; = y; and for this point x;, there exists a point 2 € X such that
Tx1 = Sxa = yo. So, there exists a sequence of points {z,, } such that Tz,, = S, 11 = Yn+1.
Note that, if T'z,, = T'z,_1 for some n > 1, then Tz, = Sz, and x,, is a coincidence point
of T'and S. Hence, let us suppose that y,, # yn+1 for all n € N. Now, using equation (3.8),
we get

Gp(Stp—1,5%, Sx,)

aGp(Txn—1,Txn, Txy) +bGp(Trn—1,Txn_1,5Tn_1)
+cGp(Txp, Txy, Sty) + dGp(Txp, Ty, Stp)

aGp(yna Ynt1sYnt1) + pr(yna YnsYn—1) + CGp(?Jn-&-h Yn+1>Yn)
+dGp(Yn+15Yn+1, Yn)-

Thus, we can conclude that

Gp(ynflv Yn, yn)

v

Gp(Yns Ynt1s Ynt1) < 4Gp(Yn—1,Yn> Yn)s
b

— €(0,1).
atc+d
By induction, we get

where ¢ =

Gp(ynvyn+1;yn+1) < qu(:Unflvynayn)
S QQGP(ynf%ynflaynfl)
< ¢"Gp(yo,y1, 1)

Therefore, for all n,m € N, n < m, we obtain

Gp(ynv Ym ym) S Gp(ynv Yn+1, ynJrl) + Gp(yn+1a Yn+2, yn+2) + ...
+Gp(Ym—1, Yms Ym)
[q" +q" T+ 4+ ¢ G (Yo, y1, 1)

n

< liGpQ/Oyyl’yl) — 0asn — oo.
—q

Hence, {y,} is a G)-Cauchy sequence in X. Since T'(X) C S(X) and T'(X) or S(X) is a
complete subspace of X, there exists z € S(X) such that

IN

lim Gp(Yn,Yn,2) = im Gp(yn,2,2) = Um  Gp(YnsYm,Ym) = Gp(z,2,2) = 0.
n—,oo

n— oo n,M—00
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As a consequence, we can find v € X such that Su = z. Now, we show that Tu = z. We
have by (3.8),

Gp(Txp—_1,Su, Su)

Gp(Szyp, Su, Su)

aGp(Txy, Tu, Tu) + bGp(Txy, Tay, Sty) + cGp(Tu, Tu, Su)
+dGp(Tu, Tu, Su)

aGp(yn+1a Tu,Tu) + pr(yn+1» Yn+1,Yn) + CGP(TUv T, z)
+dGp(Tu, Tu, z).

v

Taking the limit as n — oo, we gain
0=Gp(z,2,2) > (a+c+d)Gp(z, Tu, Tu),

which means that G, (z, Tu, Tu) = 0 since a + ¢ + d # 0, that is z = Tu. Hence, we have
z = Su = Tu. Because S and T are weakly compatible, we can say that STu = T'Su, in
other word Sz = T'z.
Now, let us prove that z is a common fixed point of S and T'. From (3.8),
Gp(Sz,52,,8x,) > aGp(Tz,Txyn, Txy)+bGp(T2,Tz,82) + cGp(Txy, Ty, Sty)
+dGp(Txp, Txy, Sty)
= aGp(Tz, Yn+1, yn+1) + pr(TZ, Tz, SZ) + CGp(yn-i-la Yn+1, yn)
+de(yn+1u Yn+1, yn)
If we take the limit as n — oo in the previous inequality, we obtain
Gp(Sz,2,2) > aGp(Tz,2,2) +bGp(T2,Tz,5z)
> aGp(Tz,2,2) = aGp(Sz, 2, 2).

This leads to G,(Sz,2,2) = 0 since a > 1, which means that Sz = z. Hence, we get
Sz=Tz=z.

To prove uniqueness, suppose that z # w is another common fixed point of S and T,
then we get Sw = T'w = w. By using (3.8),

Gp(z,w,w) = Gp(Sz, Sw, Sw)

> aGp(Tz,Tw,Tw) + bG,(Tz,Tz,5%) + cGp(Tw, Tw, Sw)
+dG,(Tw, Tw, Sw)
= aGp(z,w,w)+ (¢ + d)Gp(w, w,w)
> aGp(z,w,w),
which need that z = w. This completes the proof. O

We give an example to illustrate Theorem 3.4.

Example 3.5. X = [0,1] and Gp(z,y, z) = max{z,y,z}. Let S(z) = g and T(z) =

for all € X. Itis clear that T'(X) C S(X) and S(X) is Gp-complete. Further, for a
x,y,z € [0,1] with x > y > 2, we obtain

=o |8

1

r Yy z x
Gp(Sz,Sy,Sz) = max{g,%i}:5
4z
> 2
-9
> aGy(Tx,Ty,Tz) +bGy(Tz, Tz, Sx) + cGp(Ty, Ty, Sy)

+dGy(Tz,Tz,S5z)
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fora =2,b=c=d = 77 Moreover, mappings S and 1" are weakly compatible at

z = 0. Consequently, all assumptions of Theorem 3.4 are satisfied and hence 0 is the
unique common fixed point.

Taking @ = Aand b = ¢ = d = 0 in Theorem 3.4, we get the following corollary
generalizing the results of Daffer and Kaneko [6] and Rhoades [17] to weakly compatible
mappings in a G,-metric space.

Corollary 3.3. Let (X, G,) be a G,-metric space and S and T be weakly compatible self mappings
of X satisfying

Gp(Sz, Sy, Sz) > AGp(Tx, Ty, Tz)
forall z,y, z € X, where A\ > 1is a constant. If T(X) C S(X) and one of the subspaces T'(X) or
S(X) is Gp-complete, then S and T have a unique common fixed point in X.

Now, we shall construct an example and show that the necessary condition of weakly
compatible can not be removed.
Example 3.6. Let X = [0, 1] with the G,-metric G,(z,y,2) = max{z,y, z}. Define the
mappings
1—
S@)=1-rand T(z) = — *

forallz € X. Then T(X) C S(X) and S(X) is G,-complete. Furthermore, for all z,y, z €
[0,1] we get

Gp(Sz,Sy,Sz) = max{l—=z,1-y,1—2z}
l—-z 1-y 1—=%
2 72 72 }
= aGp(Tz,Ty,Tz)
wherel < a < 2andb=c=d=0. Also, S1 =T1 = 0but ST1 = 1 and TS1 =
%. Hence, S and T are not weakly compatible mappings. It follows that except for the

> amax{

weakly compatibility of S and 7, all other hypothesis of Theorem 3.4 and Corollary 3.3
are satisfied. But, the mappings S and T' do not have a common fixed point. This shows
that the weakly compatibility of S and 7" in Theorem 3.4 and Corollary 3.3 is an essential
condition.
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