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Fixed points of nearly weak uniformly L-Lipschitzian
mappings in real Banach spaces

ADESANMI ALAO MOGBADEMU

ABSTRACT. Let K be a nonempty convex subset of a real Banach space X. Let T' be a nearly weak uniformly
L-Lipschitzian mapping. A modified Mann-type iteration scheme is proved to converge strongly to the unique
fixed point of T'. Our result is a significant improvement and generalization of several known results in this
area of research. We give a specific example to support our result. Furthermore, an interesting equivalence of
T-stability result between the convergence of modified Mann-type and modified Mann iterations is included.

1. INTRODUCTION

Let X be an arbitrary real normed space with the dual X*. We denote by J the normal-
ized duality mapping from X into 2X" by
J(@) ={f €X": {z, f) = =l = I£1I*},
where (.,.) denotes the generalized duality pairing between elements of X and X*. We

first recall and define some concepts as follows.

Definition 1.1. Let K be a nonempty subset of a real normed linear space X. Let T : K —
K. T is called asymptotically nonexpansive if for each z,y € K
1Tz = Ty|| < knllz — y||?, ¥n > 1,
where (k,,) C [1,00) with nli_)n;O k, = 1. T is called asymptotically pseudocontractive with
the sequence(k,) C [1,00) if and only if nlggo kn=1,and foralln € Nandall z,y € K,
there exists j(z — y) € J(x — y) such that
< Tz — Ty, j(x —y) >< ke — y[|>,Vn > 1.

Remark 1.1. An asymptotically nonexpansive mapping is asymptotically pseudocontrac-
tive. However, the converse may not be true in general (see [2], [3]).

Definition 1.2. Let K be a nonempty subset of a real normed linear space X. LetT : K —
K. A mapping T is called uniformly L— Lipschitzian if, for any z,y € K, there exists a
constant L > 0 such that

[Tz =Tyl < Ljjz —yl|,vn > 1.

Let {0}, } >0 be a sequence in [0, 00) such that lim, .0, = 0.
A mapping T' : K — K is called nearly Lipschitzian with respect to {o,} if for each
n € N, there exists a constant k,, > 0 such that

[Tz = T"y|| < kn(llz =yl + on), Vo, y € K. (1.1)
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A nearly Lipschitzian mapping 7" with sequence {0} is said to be nearly uniformly
L-Lipschitzian if k,, = L, for all n € N.

Observe that the class of nearly uniformly L-Lipschitzian mapping is more general
than the class of uniformly L-Lipschitzian mappings.

The class of nearly uniformly L-Lipschitzian have been studied extensively by many
authors: for results in this regard, see e.g. Sahu [16], Kim et al. [8] and Mogbademu [10],
[11]; for uniformly L-Lipschitzian mappings, see e.g. Chang [2], Chang et al. [3], Goebel
[6], Ofoedu [12] and Rafiq [13]; see also Berinde [1] and the references therein.

Now, we discuss the following new concept.

Definition 1.3. Let K be a subset of a real normed linear space X and {a,},>1 be a se-
quence in [0, 00) such that li_>m an, = 0. Amapping T : K — K is called nearly weak
n oo

uniformly Lipschitzian with respect to the sequence {a, } if for each n € N, there exists a
constant L > 1 such that

[T"2 = T"y|| < L(||lz = yll + an), Vo € K, y € F(T). (1.2)

It is easy to see that if 7" has a bounded range, then it is nearly weak uniformly Lips-
chitzian. In fact, since R(T™) C R(T), then sup,cx |[T"z| < supyex |77tz < -+ <
sup, [ Tal| < a, thus [T — Ty < |Ta — Ty|[ < (o — yl)) < Lillz — yl| + a,), where
z € K, y € F(T). On the contrary, it may not be true in general. Therefore it is of interest

to study the class of mappings in fixed point theory and its applications.

Example 1.1. Let X = R, K =[0,1]. Define T : K — K by

o[ % zeb,
0, z>1.

Then Tp = p if and only if p = 0. In fact, for a real sequence {c,, },,>1 such that o,, — 0 as
n — oo, we easily compute to have

m mn 1 1
1Tz = T"pll < S(le = pll+ 57), VzeK, p=0

Hence, T satisfies the nearly Lipschitzian condition.

Remark 1.2. It is obvious that every nearly Lipschitz map with a fixed point satisfies in-
equality (1.2). Clearly, the class of nearly weak uniformly L-Lipschitzian mappings is a
generalization of the class of nearly uniformly L-Lipschitzian mappings which in turn is
a generalization of the class of uniformly L-Lipschitzian mappings (see [5].
It is the interest of this paper to discuss the following modified Mann-type iteration scheme
associated with nearly weak uniformly L-Lipschitzian mappings to have a strong conver-
gence in the real Banach spaces setting.
Let 21 € K be a nonempty convex subset of a real normed linear space X and 7' : K — K
be a map. For a sequence {v, = f(z,)} in K where f : K — K is a mapping, define
{zn}nzy by

Tn+1 = (1 - an)xn + OénanUna n > 1, (13)
where {«a,, }22, is a sequence in (0, 1) . We observe that the iteration process (1.3) is well
defined and is a generalization of the modified Mann and modified Ishikawa iterations
used by several authors (see [2]-[16]). This is true in the sense that, when v,, = f(z,,) = x,,
then (1.3) reduces to the modified Mann iteration define by

Tn+1 = (1 - an)xn + anTnx'rn (14)
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where {«, }52; is a sequence in (0, 1). If in (1.3), v, = f(zn) = (1 —Bn)xn + BT "2, Where
Br, is a sequence in (0,1), then it will reduce to the modified Ishikawa iteration method
(see [14]).

2. PRELIMINARIES
In the sequel, we shall need the following lemmas.
Lemma 2.1. [4]. Let X be real Banach Space and J : X — 2% be the normalized duality
mapping. Then, for any x,y € X
lz +yll* < ll2ll* +2 < y,j(z +y) > Vi(z +y) € J(z +y).

Lemma 2.2. [4, 10] Let @ : [0, 00) — [0, 00) be an increasing function with ®(z) =0 < =0
and let {b, }5°, be a positive real sequence satisfying

> by =400 and lim b, =0.
=1 n—oo
Suppose that {a,, }>2 is a nonnegative real sequence. If there exists an integer Ny > 0 satisfying
a2,y < az +o(by) — by ®(ant1), Yn >Ny

olbn) — 0, then lim a, = 0.
4 n—00

where lim
n— o0

3. MAIN RESULTS

Theorem 3.1. Let K be a nonempty convex subset of a real Banach space X. Let T : K — K be
a nearly weak uniformly L-Lipschitzian mapping with sequence {a., } as defined in equation (1.2).
Let {e,} € (0,1) and {k,} C [1,00) be sequences with lim, o€, = 0 and lim, ook, = 1.
For a sequence {v,,} in K, define a sequence {z,} in K satisfying lim,,_, ||v, — z,|| = 0 by
T € K,
Tn1 = (1 - an)$71 + anTnvna n > 13
where {ou, 5, is a sequence in (0, 1) such that ()3, -, o = 00 (ii) im0y = 0. There
exists 79 > 0 such that o, < 79 ¥n > ng, for some ng € N. Suppose there exists a strictly
increasing function ® : [0, 00) — [0, 00) with ®(0) = 0 such that
<T"z=T"p,j(x = p) >< knllz = pl|* = (z = pl) + €n
forallz € K,p € F(T). Then {xy, }n>1 converges strongly to the unique fixed point of T
Proof. Let p € F(T), it is easy to see that p is unique. For, if p’ is another fixed point of T,
thenT"p = pand T"p' = p/,¥n > 1. Thatis, [|p—p'[|* < knllp—p'|*=2([lp—¢' ) +€n. Yn >
1. Taking limits of bothsides as n — oo, we get
lo=d'I1P<llo=0'1I7=2lp =o'l < llp—o'lI%,

a contradiction. Hence, p is unique.
Since T is nearly weak uniformly Lipschitzian and ® : [0, 00) — [0,00) with ®(0) = 0isa
strictly increasing continuous function such that

(T = T"p, j(x = p)) < kulle = pl2 = B[l = pl}) + n, (3.5)
forz € K, p € F(T), implying that

Ol = pll) < knllz = plI* + Lllz = pll + an) |z = pll + €n.

Taking limit of both sides as n — oo, we get

Oz — pll) < (1 + L)llz — pl*.
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If ||z — p|| = 0 Vn € N, then we are done. So, we assume x; # Tz for some z; € K such
that

en + (kn + L)llz1 = pl* + Lllzy — pl|* € R(P)

and denote that ag = €, + (ky, + L)|lz1 — p||* + L||z1 — p||?, R(®) is the range of ®. Indeed,
if ®(a) — +o0 as a — oo, then ag € R(P); if sup{®(a) : a € [0,00]} = a; < 400 with
a1 < ag, then for p € K, there exists a sequence {u,} in K such that u, - pasn — o
with u,, # p. Clearly, Tu, — Tp as n — oo thus {u,, — T'u,} is a bounded sequence.
Therefore, there exists a natural number ng such that

a
€n + (kn + L)|Jup — p||2 + Ljun, — ,0||2 < ?1

for n > ny, then we redefine z; = u,, and
en + (kn + L)|z1 — pl|> + Lllz1 — p[|* € R(®).

Step 1. We first prove that the sequence {z,,}°°, is bounded. Set R = ®~!(ay), then
from above (3.5), we obtain that ||z; — p|| < R.
Denote

Bi={zeK:|lz—p[| <R}, By={xe€K:l|z—p|<2R}. (3.6)

Now, we want to prove that z,, € By. If n = 1, then z; € B;. Now, assume that it holds
for some n, that is, z,, € B;. Suppose that, it is not the case, then ||z,+1 — p|| > R > g.
Since {a,} € [0, 0] with a,, — 0 as n — oo, set M = sup{a,, : n € N}. Define 1o € R" by

. —mm{1 R R (4 (4) o(4) o(4)
0= ' 2R+ M) (L2RF M R) > 32R2 > 16R[2(L 2R MF R+ M|’ 16R[L(2R M)+ R]’> 8
(3.7)
Since lim;, ;00 0, = 0 and lim,, o k, = 1. Without loss of generality, let 0 < o,k — 1,
en < 19 for any n > 1. We get

[zn1 = pll £ (1 = an)l|an = pll + ol T"vn — p (3.8)
R+71L(2R+ M)

2R,

an|[T" vy — 4|

an([|T"vn = pll + llzn — pl)

7o(L(2R+ M) + R),

lvn — zp | + an || T vy — 24|

[Znt1 — znll

[vn = Tnall
[on = 2nll + an (I T"vn — pll + [lzn — pl])
R+ 10(L(2R+ M) + R).

(VAN VAN VAN VANRN VAN VAN VAR VAN
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Using Lemma 2.1 and the above estimates, we compute

[2ni1 = plI? < (1= an)®[lan = pl|? + 200, < T"0p — &, j (@01 — p) > (3.9
(1 @) — I+ 200 < s — s jnss — ) >
+ 20, < Tpy1 — T, J(Tper — p) >
+ 20, <T"vy, — T"p41, j(Tpt1 — p) >
< tm — ol + 2000 (ka1 — I — B — pl) + )
= 2ap[[Zni1 = ol + 200 L([[vn — Zpti ]| + a2 — o

+ 20‘n||37n+1 - xn” ||$n+1 - p||

oL o2
< = gl — 20,05 + 20, 2 2) a2 1 20, 202
+ 20 2(3) OR[2(L(2R + M) + R) + M|
"T16R[2(L(2R+ M) + R) + M|
(%)
+ 2a, 2R[L(2R+ M) + R]

16R[L(2R + M) + R]

R
lzn — PH2 - an@(i)
R2.

IN

IN

which is a contradiction. Hence {x,,}72; is a bounded sequence.

Step 2. We want to prove that ||z, — p|| = 0 as n — oco. By step 1, we obtain that
{l|xr, — p||} is a bounded sequence. Let My = sup{||z,, — p||} + sup{||vn, — p||}. Observe
that

[#nt1 = pll < (1= an)||zn — pll + anl|T"vn — pl| (3.10)

< R+1L(2R+ M)
< 2R,

[Znt1 = zall < || T"vn — an|
< an([T"vn = pll + llzn = pll)
< an(L(llvn = pll + an) + [lzn — pl])
< an(L(M7 + an) + M),

[vn = Zn1ll < lvn — 2|l + an [T vn — 20|
< lon = anll + an([T"vn = pll + |20 — pl])
< on — @n|| + an(L(My + ay) + My).

Since lim,, ;00 ay = 0, limy, 00 by, = 1 and {z,,}22; is bounded. From (3.9), we observed
that

nhﬁngo L||vp — Xp41]] = 0. (3.11)
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So from (1.3), we have
Fonss = pl2 < (1= ) n = pl> + 200 < T — 0, jlnss —p) > (312)
=(1- an)2Hxn - p||2 + 20, <T"Tpt1 — Tpy1, J(Tng1 — p) >
+ < Tpg1 — T, J(@pg1 — p) >
+ <T"v, —T"wpi1, J(Tny1 — p) >
< lzn = ol + 200 (knllznts — pll* = ([znss — pll) + €n)
- 20‘n||xn+1 - p”2 + QO‘HL(an - xn-i-l” + an)Hxn-&-l - pH
+ 20 || Znt1 — zulll|lZns1 — pll
< lwn = ol + 2000 (ke — 1) M7
=20, @(||Zn11 — pl]) + 2anen
+ 20, L(||vn, — nl| + an(L(M71 + an) + My)) + an) M
+ 2a, (an (L(M7 + ayp) + My)) M,

= ||z, — p”2 - QQH‘I)(Hxn-H - pH) + o(an),
where
2a7b(k7t - 1)M12 + 20¢TLL(HUTL - xn” + an(L(Ml + an) + Ml)) + an)Ml
+2a, (an (L(M7 + an) + My)) My + 20,6,
= o(ay).
Thus, by Lemma 2.2, we obtain that lim,,_, ||z, — p|| = 0. This completes the proof. [
From Theorem 3.1, we have the following corollary.

Corollary 3.1. Let K be a nonempty convex subset of a real Banach space X. Let T : K — K be
a nearly weak uniformly L-Lipschitzian mapping with sequence {a.,} as defined in equation (1.2).
Let {e,} € (0,1) and {k,} C [1,00) be sequences with lim, €, = 0 and lim, ok, = 1.
For some xy € K, define the modified Mann iterative sequence {x,} by

Tpp1 = (1 — o)y + 0T @y, n>1,

where {ov, }7, is a sequence in (0,1) such that ()3, -, oy, = 00 (ii) limy, o0 o, = 0. Then,
there exists 7o > 0 such that «,, < 19 ¥Yn > nyg, for some ng € N. Suppose there exists a strictly
increasing function ® : [0, 00) — [0, 00) with ®(0) = 0 such that

<T"z=T"p,j(z — p) >< knllz = p|* = (|z — pll) + en
forallz € K, p € F(T). Then {xy,},>0 converges strongly to the unique fixed point of T

Proof. By letting v,, = x,, in Theorem 3.1, we get the convergence of modified Mann iter-
ation (1.4). |

Remark 3.3. Unlike as in several existing results in the literature (see [2, 3, 6], [10]-[16]),

Theorem 3.1 and Corollary 3.1 are applicable for any nearly weak uniformly L-Lipschitzian
mapping. It is also well known that whenever a theorem is proved using Mann-type it-

eration (without error term), the method of proof follows easily to the case of Mann-type

iteration process with error term.

Now, we give an example to support practical application of our main result.

Example 3.2. Let X = R be the set of real numbers with the usual norm, K = [0, o0) and
T : K — K be a mapping define by

Z‘Q

Tr =
. 1423’

Vx € K.
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It is easy to show that T" is nearly weak uniformly L-Lipschitzian with sequence {a,}
having fixed point p = 0 and strictly monotonic increasing. Observe that for any « € K,

Tre < T 'z < .. < Tuz. Let define a function @ : [0, 00) — [0, 00) by ®(t) = % Then
® is a strictly increasing continuous function with ®(0) = 0. Forall z € K and p € F(T),

seth, =1+1,¢, = an = 5= and L > 1, then we get

_1
14+n”’
< TPz —T"0,j(x—0)> < <Tz—0j(x—0) >

< |lz—02-@(z—-0])+0
kn|lz — 02 — ®(|z — 0]) + €,,Vn > 1

IN

and
|T"z —T"0| < |Tz—0|
< L(lz—0]+0)

< L(lz— 0]+ ay),¥n > 1.

Clearly, T is nearly weak uniformly L-Lipschitzian and applicable to Theorem 3.1 and
Corollary 3.1.

Prototype. An example of our control sequence «, in our Theorem 3.1 and Corollary 3.1
is Qp = Tfn-
4. THE EQUIVALENCE OF STABILITY BETWEEN MODIFIED MANN-TYPE AND MODIFIED
MANN ITERATIONS

The following definition is well known (see [7]).

Definition 4.4. Let X be a real Banach space. Suppose that F/(T'), the fixed point set of T,
is nonempty and that the sequence {z, } converges to a point p € F(T).

(i). Let {y,} C X, and define €, = ||yn+1 — (1 — an)zn — @ T™f(yn)]- If limy o0 €, = 0
implies lim,,_,o yn, = p, then the modified Mann-type iteration scheme (1.3) is said to be
T-stable or stable with respect to 7.

(ii). Let {yn} C X, and define ¢, = ||ynt+1 — (1 — an)zn — @ T"yy |- U lim, v e, = 0
implies lim,, o yn = p, then the modified Mann iteration scheme (1.4) is said to be T-
stable or stable with respect to 7'.

According to Definition 4.4, we shall prove that the modified Mann-type and modified
Mann iterations are equivalent for a nearly weak uniformly L-Lipschitzian map:

|tnt1 — (1 — ap)u, — @y T"0,|| =0 = ILm Uy = P- (4.13)
lZntr — (1 — an)an — T x| =0 = lim z, = p. (4.14)
n—oo

Theorem 4.2. Let X be a real Banach space . Let T be a nearly weak uniformly L-Lipschitzian
self mapping with sequence {ay, } as defined in equation (1.2), {ou, }22, is a sequence in (0, 1) such
that lim,,_, o o, = 0, then the following are equivalent:

(i). The modified Mann-type iteration is T stable.

(ii). The modified Mann iteration is T stable.

Proof. Firstly, we prove that (4.13) = (4.14).

Suppose lim,,—s oo [|tn+1 — (1 — @)ty — oy T"uy|| = 0, then

tnt1 — (1 — an)un — anT" 0| < [Jtngr — (1 — an)un — an Ty || + [|an Ty — o T 0y |
< ungr — (1= an)un — anT"up|| + an L(||un — vnl| + an)
— 0.
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So according to (4.13), we have lim, o un = p.
Conversely, we prove that (4.14) = (4.13).
Suppose limy, 0 [|Znt+1 — (1 — @p)xn — 0T, || = 0, then

|nt1 — (L —ap)zy — T, < |lzps1 — (1 — an)xn — anT o, || + [|anT v, — an T2y |
< Hanrl —(1- an)xn - O‘nTnvnH + O‘nL(an - xn” +an)

— 0.
|

By (4.14), we obtain lim z, = p.
n— oo
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