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Generalized weighted statistical convergence in
intuitionistic fuzzy normed linear spaces

SELMA ALTUNDAG and ESRA KAMBER

ABSTRACT. In this paper, we introduce a new statistical convergence type, named weighted A-statistical
convergence to generalize the concept of weighted statistical convergence with respect to the intuitionistic fuzzy
norm (p,v). Moreover, we establish its relation to weighted statistical convergence and a new summability
method, named as (N,\ , p) -summability with respect to the intuitionistic fuzzy norm (u, v).

1. INTRODUCTION

Fuzzy set theory defined by Zadeh [41] has been investigated for the last 40 years. It
has been studied many branches of mathematics, engineering and phsiycs such as fuzzy
topology [31], metric spaces [9, 18], chaos control [11], nonlinear dynamical systems [17],
population dynamics [5] and quantum physics [25].

The theory of intuitionistic fuzzy set introduced by Atanassov [3] was investigated in
decision making problems and e>-theory [4, 8]. The concept of intuitionistic fuzzy metric
spaces was defined by Park [30]. Moreover, the notion of the intuitionistic fuzzy normed
linear space was given by Saadati and Park [33].

As an extended definition of usual convergence, the concept of statistical convergence
was given by Steinhaus [40] and Fast [10]. Many years later, statistical convergence was
discussed by many researchers in the theory of Fourier analysis, ergodic theory and num-
ber theory. Furthermore, statistical convergence has been investigated in the view of
summability theory benefiting from the works of Schoenberg [38], Salat [34], Connor [7],
Fridy [12] and Fridy and Miller [13]. As a variant of statistical convergence, the concept
of \-statistical convergence of real sequences was given by Mursaleen [29]. Applications
of statistical convergence and A-statistical convergence in the study of intuitionistic fuzzy
normed linear spaces can be found in [21, 22, 28] and [20, 23, 26, 29, 36 ,37] respectively.

Let p = (pk)so, be a sequence of nonnegatif numbers such that py > 0 and
n
P, = pr — 0o asn — oo. Set
k=0
1 n
ty, = Fn ;pkxk, n=20,1,2, ..

z = (z1,) is (N, p)-summable if lim ¢, = L. In this case, we write (N,p) — limz = L.
n—o0

Following the introduction of (N, p)-summability due to Hardy [15], the concept of
statistical convergence was generalized by Karakaya and Chisti [19] and called this new
method as weighted statistical convergence. The concept of weighted statistical conver-
gence was altered by Mursaleen et al. [27]. The definition was given as follows:
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Let define the weighted density of K C Nby 67 (K) = lim 3 |Kp, | if, the limit exists.
n—oo

A sequence = = (z,) is weighted statistically convergent (or Sy - convergent) to L if, for
every € > 0,

b ({k € N pyloy — L] = }) =0,

or equivalently

1
lim F|{k§Pn5pk\$k—L|Z€}|=0.

n—oo

In this case, it is denoted by S5 —limz = L.

In this study, we introduce the concepts of weighted A-statistical convergence and
(N, p)-summability in intuitionistic fuzzy normed linear spaces. We also investigate
some inclusion relations for these new concepts in intuitionistic fuzzy normed linear
spaces.

2. BASIC DEFINITIONS

In this section, we give the basic definitions satisfied to give new summability methods
in the intuitionistic fuzzy normed linear spaces.

Definition 2.1. ([29]) By a sequence A = (),), we mean a nondecreasing sequence of
positive numbers tending to co such that A,+1 < A, +1, Ay = 1. The sequence z = (zy)
is A-statistical convergent to L if for each ¢ > 0,

. 1
nILH;oE Kkel,: |z, —L| >} =0,
where I,, = [n — A, + 1, n]. In this case, it is denoted by S\ — limz = L.

Definition 2.2. ([6]) Let p = (pi)4-, be a sequence of nonnegatif numbers such that py > 0

L S 1
andP,\n.—kZI pk—>ooasn—>ooandan.—ﬁkzl PLTE-
€I, " kel,

i) A sequence z = (z) is (N, p)-summable to L if lim o, = L.If A, = n, z = (2 is
n—00
(N, p)-summability is reduced to (N, p)-summability.
ii) A sequence z = (x) is strongly (N ,p)-summable to L if,

1
lim — Pk |z — L] = 0.
n—oo P)\n k:ezl | ‘

Definition 2.3. ([6]) Let K C N. The number

1
by, (K) = lim ——|{k< P\, :keK}|

n—oo by
n

is said to be weighted A-density of K C N if the limit exists. In case A, = n, weighted
A-density reduces to the weighted density defined in [27].

Definition 2.4. ([6]) A sequence = = (z},) is said to be weighted A-statistically convergent
(or S, - convergent) to L if, for every € > 0,

1
lim ——[{k < Py, @ pi|zx — L] > }| = 0.

n—oQ An

In this case, we write S5, — limz = L. S5, denotes the set of all weighted A-statistically
convergent sequences.
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Definition 2.5. ([39]) A binary operation = : [0, 1] x [0,1] — [0, 1] is said to be a continuos
t-norm if, it satisfies the following conditions:
i) * is associative and commutative,
ii) * is continuous,
iii) ax1=aforalla € [0,1],
iv) a*xb < cxdwhenever a < cand b < d for each a, b, ¢,d € [0,1].

Definition 2.6. ([39]) A binary operation o : [0, 1] x [0,1] — [0, 1] is said to be a continuos
t-conorm if, it satisfies the following conditions:
i) o is associative and commutative,
ii) o is continuous,
iii) acO0=aforalla € 0,1],
iv) aob < codwhenevera < cand b < d for each a, b, ¢,d € [0,1].

Definition 2.7. ([32]) The five-tuple (X, u, v, %, o) is said to be intuitionistic fuzzy normed
linear space (or shortly IFNLS) where X is a linear space over a field F, * is a continuous ¢-
norm, o is a continuous t-conorm, y, v are fuzzy sets on X x (0, 00), 1 denotes the degree of
membership and v denotes the degree of nonmembership of (z,t) € X x (0, 00) satisfying
the following conditions for every =,y € X and s,¢ > 0:

i) u(z, t)+v(x t) <1,

i) p(x,t) >

iii) a:,t) = 1 1f and only if v = 0,
iv) p(ax,t) = p(:c,‘ |)1f047é0,

(,
(
(
V) g, t) p(y,s) < plz+y,t+s),
vi) p(z,.): (0,00) — [0, 1] is continuous,

1

(

(@,

(

viii) v

)
) :

vii) u(x t) =1land hmu(x t) =0,
1) <

ix) v(zx,t)=

= 01fandonly1fx =0,

x) v (ax t)-v(a:,H)lfa;éO,

xi) v (z,t)ov(y,s) >v(z+y,s+1t),

xii) v (z,.) : (0,00) — [0, 1] is continuous,

xiii) lim (a:, t) =0and lim v (z,t) = 1.
t—o0 t—0

Definition 2.8. ([32]) Let (X, u, v, *,0) be an IFNLS. A sequence = = () be a sequence in
X is convergent to L. € X with respect to the intuitionistic fuzzy norm (u, v) if, for every
e > 0and ¢ > 0, there exists kg € N such that (v, — L,t) > 1 —eand v (z — L,t) < ¢ for
all £ > ko where k € N. It is denoted by (u,v) — limz = L.

Theorem 2.1. ([35]) Let (X, u,v,*,0) be an IFNLS. Then, a sequence z = (z) in X is
convergent to L € X with respect to the intuitionistic fuzzy norm (u,v) if and only if
lim p(xp — L,t) =1land lim v (zy — L,t) =0.
k— o0 k— o0

3. GENERALIZED WEIGHTED STATISTICAL CONVERGENCE IN IFNLS

In this section, we generalize the concept of weighted statistical convergence with re-
spect to the intuitionistic fuzzy norm (y,v) following the line of Altundag and Kamber
[2]. Moreover, we investigate some connections between this definition with the concept
of weighted statistical convergence and (N, p)-summability with respect to the intuition-
istic fuzzy norm (p, v).
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Definition 3.9. Let (X, p,v,*,0) be an IFNLS. A sequence z = (z3) in X is said to
be (WA, p) -summable to L € X with respect to the intuitionistic fuzzy norm (u,v) (or

(N, p) ) summable to L € X ) if, for every ¢ > 0 and ¢ > 0, there exists ny € N such
that

1
- S >1—
P/\"’;M(Pk(xk ),t)>1—¢

and

1
Kkgv(pk(iﬂk—L)7t)<5

(kv)

for all n > ng. In this case, we write (N, p) —limz = L.

Definition 3.10. Let (X, p, v, *,0) be an IFNLS. A sequence x = (z}) in X is said to be
weighted A-statistically convergent to L € X with respect to the intuitionistic fuzzy norm

(i, v) (or S(T\Z’U)- convergent to L € X) if, foreverye > 0and ¢t > 0,

ox, {k € N:p(pi (x, — L), 1) <1 —e orv(py(zx — L), t) > €}) =0, (3.1)

or equivalently

1
lim — [{k < Py, :p(pg (. — L),t) <1—c orv(pg(xx — L),t) >} =0.

n—oo An

In this case, we write S% V) _limz = L.
A

Remark 3.1. (i) If A, = nforall n € N in Definition 3.9, then (N, p) &) _ summabil-

Gw)_ summability introduced in [2].

ity is reduced to (NN, p)
(ii) If pr, = 1 for all k € N in Definition 3.9, then (N, p) (ww)_ summability is reduced
to (V, )\)(“ ). summability introduced in [16].
(iii) If pr, = 1 for all k£ € N in Definition 3.10, then the concept of S%:’“)— convergence is
reduced to the concept of S{#¥)- convergence introduced in [26].

(iv) If A, = n for all n € N in Definition 3.10, then the concept of S%L;U)- convergence
is reduced to the concept of Sj(vi‘ ) convergence introduced in [2].
It is easily seen that if S%:’v) —limz = L, then S% ) _limz = L, since 22 is bounded by
1 and so 2= is bounded by 1. We prove the following theorem for the reverse situation.

P

Theorem 3.2. Let (X, u, v, *,0) bean IFNLS and x = (zy,) be a sequence in X. If lim inf 1;?” >
n—00 n

0and SYY) —lima = L, then SYY) —limz = L.
N N

Proof. Suppose that lim inf 1;?" > 0. Then, there exists § > 0 such that § < 1;?—" < 1. Then
n—o00 n n

foreverye > 0andt > 0, we have

1
P—|{k§Pn s u(pp (g —L),t) <1—¢ or v(pg(xp—L),t) > e}
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1)
ZK\{’CSPM s (pr(zy — L), t) <1—¢ or v(pg(er — L), t) >e}.

By the assumption, it follows that S%“) —limz = L. O

In the following theorems, we establish the relation between S5, (1v)_ convergence and

(N, p) (o) summability in intuitionistic fuzzy normed linear spaces.

Theorem 3.3. Let (X, p,v,*,0) be an IFNLS, © = (x) be a sequence in X and % > 1 for
alln € N. Ifx = () in X is (Nx,p) W) Syummable to L € X, then x = (z) is S%‘;”)_
convergentto L € X.
Proof. Suppose that (W,\,p)(“’v) —limz = L. Forevery e > 0and ¢t > 0, let
Kp,, (e)={k<Px, : p(pr(er—L),t)<1—¢ or v(pk(xr—L),t) > ¢}

and

Kp, (e)={k <Py, : p(pe(zx —L),t) >1—¢ and v (pk (zx — L), 1) <e}.
Then,

e > k(e —L),t) = 5= > ppk(zr—L),1)
" kel, " kel,
kEKpAn (e)

> wpk(xr—1L),t)
" kel,
keKD, (€) (3.2)

> p1 > p(pr (zr — L), t)

1
+ 5

By inequality (3.2.), we have lim % )K By (s)‘ = 1. On the other hand, for every ¢ > 0
n—oo n n
and ¢t > 0,

pin k; U(Pk(ffk—L),t):%n >, vlpk(ze—L),t)

+
4
_
c
)
ES
)
ES
|
=
&

ek, () (33)

keKp, (€)

> B ’KPM (5)‘5.

By inequality (3.3.), we have lim Pi” Kp, ()| = 0. Hence, we obtain S(T\’;A’“) —limz =

L. (]

The following example shows that the converse of Theorem 3.3. is not valid in general.
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Example 3.1. Let (R, |.|) denote the space of real numbers with the usual norm and let

axb=ab andaob =min{a+b,1} forall a¢,b € [0,1]. Forall z € R and every ¢t > 0,
consider p(x,t) = %\rl and v (x,t) := tf‘lzl In this case, (R, p,v,*,0) is an IFNLS.
Consider A\, = nforalln € Nand p;, = k%rl for all k € N and define a sequence = = (z)

whose terms are given by

- VE, if k=m8(m eN),
k= 0, otherwise.

Then, for every 0 < € < 1 and for every ¢t > 0, let

KPn (€> :{kgp’n : /J’(pkx/mt) S 1—¢ or 'U(pk.rk;,t) 25}

Since
||
Kpn(e)z{kan: legl—s or ’“T;ze}
t+k7+k1 t+kf1
:{kSPn: | > G }g{kgpn:xk:\/é},
we have

1
lim B |Kp, (€)] = 0.

n— oo n

So, by definition 3.10. we obtain S(T\‘; V) _limz = 0. However, since as n — oo,
A

NE

P%L w (prxi,t) — 0o
k=1

and

1
P?L

NgE!

v (prk,t) = oo,
E=1

x = () is not (N, p)-summable to 0 with respect to intuitionistic fuzzy norm (u, v) .

Theorem 3.4. Let (X, 11,0, %,0) be an IFNLS, & = (z3,) in X and D= > 1 forall n € N. If

n

SL;;“) —limz = L, pu(p (x5 — L) ,£) > 1 — M and v (px (zx — L) ,t) < M forall k € N, then
(N)\,p) () _ limx = L.

Proof. Suppose that S%‘A’U) —lima = L. Then, for every e > 0and ¢t > 0,
Kp, () ={k< P\, :p(pr(zp—L),t) <1—¢c or v(pg(zp —L),t) >}
and
KfDM (e)={k< Py, :ppr(xzxg—L),t) >1—¢c and v(pg (zx — L) ,t) <e}.

Hence,
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pin plpk(ex—L),t) = p— X plpk(ze— L)1)
kel, kel

where
1
S1(n) = 5— > ok (zk— L)1)
A ke,
keKp, (e)
and
1
Sp(n)=75— > plpk(zr—L),1)
A ke,
keKE, ()
If k € Kp,, (¢), then
1 P (E
Sl(n):P— Z w(pr (xp, — L) t)>’ An )’(1—M)
v kel An
kEKPAn (e)
Since S(T\,;;U) —lima = L, we have
lim S; (n) > 0.
n—oo
Ifke K¢ (e), then we have
An
K (o)
1 ‘ P
Sz (n) = 55— Z p(pr (zp = L) 1) > —= (1-¢)
\ P
n kel, "
KeKE” ()

which yields that
lim Sp(n) > (1—¢).

n—oo
Using equalities (3.4.)-(3.5.) and inequalities (3.6.)-(3.9.), we get

1

lim —— —L).t)=1.
A k; w(pr (zx — L), t)

Similarly,

107

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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i > v(pk(zp — L), t) = 5 > vk (wx— L)1)
" kel, " kel,
kEKp, (e)
+p— > vlpk(zr— L)1)
" kel,
keKp (¢)

= S5 (n) + S4 (n)

where

and

S3(n) = o kz; v (pr (zr, — L), t)
el,
kEKp, (¢)

< %ﬂ |Kp>\n (€)|M —0

(3.11)

. . 1 .
since lim 55— |Kp,, (e)]=0.
Ifke K¢ (e),

A",

kel
keKp, (o) 312

which yields that
lim Sy (n) <e. (3.13)

By inequalities (3.11.)-(3.13.), we get

) 1
nl;rrgo— Z v(pk (zp — L), t) = 0.
An kely,

(3.14)

Using equalities (3.10.) and (3.14.), we have
(3.15)

(NA,p) o) _ limx = L.
O
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4. CONCLUSION

In this paper, we defined a new variant of summability method, called as (N, p)-
summability in IFNLS and used this summability method to introduce a new variant of
statistical convergence, called as weighted A-statistical convergence in IFNLS. Moreover,
we investigate some relations between these concepts. In establishing most of the proofs,
we have benefited from the properties of intuitionistic fuzzy norm. The obtained results
and relations in this paper are more general than the corresponding results for normed
linear spaces.
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