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A refinement of a Radon type inequality

DUMITRU M. BATINETU-GIURGIU, DORIN MARGHIDANU and OVIDIU T. POP

ABSTRACT. In this paper we prove a refinement of a Radon type inequality, previously considered by authors
in [Batinetu-Giurgiu, D. M. and Pop, O. T., A generalization of Radon’s inequality, Creat. Math. Inform., 19 (2010),
No. 2, 116-121] and [Batinetu-Giurgiu, D. M., Marghidanu, D. and Pop, O. T., A new generalization of Radon’s
inequality and applications, Creat. Math. Inform., 20 (2011), No. 2, 111-116].

1. INTRODUCTION

Let N be the set of positive integers, N = {1,2,... }. The inequality from (1.1) is usually
known in literature as Bergstrom'’s inequality, see [3], [4], [5], [7], [9], [11], [12], [18].

Theorem 1.1. Ifn € N,z € Rand y,, > 0,k € {1,2,...,n}, then

2 2 2 2
O S S G i B ek (1.1)
Yy Yo Yn YLty -+t yn
T T T
with equality if and only if—lz 2=
Y1 Y2 Yn

In [19], Radon proved the inequality from Theorem 1.2, currently called Radon’s in-
equality.

Theorem 1.2. Ifn € N,z > 0,y >0,k € {1,2,...,n}and p > 0, then

x111+1 x12)+1 m%—‘rl (1’1 + T + .. + xﬂ)p-’rl
ot L e T > (1.2)
Yy Yy Yn (y1+y2+ - +yn)P

In [1] we proved a generalization of Radon’s inequality which is the inequality from
the next Theorem 1.3.

Theorem 1.3. Ifn € N,z > 0,y, >0,k € {1,2,...,n},p> 0andr > 1, then

gt bt a?tr (T oy a;nyi;‘l)pw
ottt 2 ptr—1 ) (1.3)
[ Yo Un (y{+y5+...+yfb>
T X x
with equality ifand only if — = = = ... = =%
Y1 Y2 Yn
On the other hand, in [3] we proved another generalization of Radon’s inequality.
Theorem 14. Ifn e N,z >0,y >0,k € {1,2,...,n}tandp >r >0,
xp+1 Z,PJrl P+l 1+ To4 -+ p+1
L2 44 > prop B 22 ")T : (1.4)
yl y2 yn (y1+y2++yn)

with equality ifand only if v1 = xo = - - =xpand y1 = y2 = -+ = Yp.
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The main aim of this note is to prove a refinement of the Radon type inequality (1.3).

2. REFINEMENTS OF SOME RADON TYPE INEQUALITIES

In this section, we prove a refinement of the inequality from (1.3). In the proof we use
the idea from [11].
Theorem 2.5. Ifp,r e R,p+1r—22>0,a,b>0and x,y > 0, then
Ip+r prrr (:Carfl + ybrfl)qur

— 2.
aP - bp (ar+br)p+r—1 ( 5)

L (ot r = 1)(ab)2(ea™" + ybr =)+ 2(bx — ay)?
— (ar + br)p+r—l "
Proof. We have that

zp-%—r yp+r (zar—1+ybr—1)p+r

ap 3 (amFbr)pTr—1

bpm((m(a7~+br))p+7»71_(a(ma7»71+yb7~71))p+7~71)_apy((b(marfl_"_be—l))p+7‘71_(y(ar_i_b'r'))p+7‘fl)
apbp(ar+br)p+7‘—1 .

(2.6)

Without loss of generality, we can assume that bz > ay. From this inequality, it results
that
z(a” +b") > a(za" " 4+ yb" 1)
and
b(za™t +yb" ™) > y(a” +b").
The following inequality is well-known: for any o > 1 and 0 < u < v, the inequality

au® v —u) <v* —u® < av* v —u)

holds.
By using these inequalities in the right member of (2.6), we obtain

b ((x(a”+57)"+ 1 —(a(@a™= ! 4yb"~1))PH ) —aPy ((blaa” ! 4yb" )P — (y(am +b7)P L)
aPbP (a”4br)ptr—1

S bPx(p+r—1)(a(za™ 1 +yb"~))PTT=2(2b" —ayb" 1) —aPy(p+r—1)(b(za”™ "1 +yb" " PTT2(bxa" "1 —ya")
= aPbp (a7 b7 )pr—1

(p+r—1(za"" " 4+ yb" " HPT2(ab)PH" 2 (ba — ay)?
aPbp(ar + bryp+r—1 '

From the inequality above and (2.6), inequality (2.5) follows. The inequality in (2.5) holds
if and only if bx = ay or p +r = 2. O

Theorem 2.6. Ifn,m e Nn>m,z; >0,y >0,k € {1,2,...,n},p>0andr > 1, then

m ptr n ptr
-1 —1
n_ooptr <Z TkYj, ) <Z TkYj, >
Z ko k=l _ > N :
———— m e ul e
- > Uk > Uk

k=1 k=1

Proof. By using inequality (1.3), we have that

n p+r
r—1
Z LYy
Z yi’ 2 p+r—1
k=m+1 < n r)

E Yk

k=m+1

2.7)
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p+r
n p+r (Z xkyr 1)

ad then

Lk
2 St 238)
k=m+1 (Z y]7€>
k=1
p+r zn: 1 ptr
r—1 l‘kyyr
(Z TkYy ) ey oE
z p+r—1 + n p+r—1
Yk r
Ex) (£.)
By applying Radon’s inequality, we have that
1 e f: r—1 -
o TryY
(Z TkY ) po TR
p+r—1 + n p+r—1
()
= k=m++1
m " p+r
(Z R S DI 1)
k=1 k=m-+1
z p+r—1
(Z Y + Z yk>
k=m+1
and by taking (2.8) into account, inequality (2.7) follows. O
Theorem 2.7. Ifn,m e N,n>m,z; >0,y >0, k€ {1,2,...,n},p>0,r > 1and
i p+r
i 2Pt (E mkyr 1)
ai=>y_ ;p - A i eNi<n, 2.9)
— k G
= <Z y;)
k=1
then
Ap = Q. (2.10)
m Pt
Proof. If in inequality (2.7), we add in each member ) —5—, we obtain
k=1 Yi
p+r n p+r
m p+r (Z Cl'kyr 1) m xp+r Z xkyz 1>
Z yk m p+r—1 Z n p+r—1
S (ET R (5
from where, inequality (2.10) is obtained. (]
Corollary 2.1. In the conditions of Theorem 2.7, we have
Ap > Ap1 > -+ >ag > a; = 0. (2.11)

Proof. It results from Theorem 2.7. O
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Theorem 2.8. Ifn € N, z;, >0,y >0,k € {1,2,...,n},p>0,r > landp+r—2 >0, then

b N af - bt (gl gy 4wy )P (212)
Y1 Yy Tn (yf +y5 + - yp)ptrt
S xf+r x;;&r (aciyf_l +xjy;—1)p+r
1<ma'X< p + P r \pt+r—1
<i<j<n \ yj Y; (yf +vj)

r—2 r—1 r—1\p+r—2 9

'y Ty syt p Tl — T

> (p+r—1) max (yiys)" " (@i Y5 ) (ziy; — ;1) )
1<i<j<n (y;“ + y;t)p+r—1

Proof. It results from Corollary 2.1 and Theorem 2.5. O

Remark 2.1. In the conditions of Theorem 2.8, for » = 1 we obtain the main result from
[15].

In the following, we give some applications. These applications are refinements of
some inequalities from [1].

Application 2.1. Ifn € N, y, >0,k €{1,2,...,n},p>0,r > 1landp+r — 2 > 0, then

r—1

1 1 1 r=1 4 T Land
IO SOOI S € ! Vo )" (2.13)
Y1 Vs Yn (Y1 + s+ +yp)P

r—2¢, r—1 r—1\p+r—2 2
. ’ +! A P P
S (ptr—1) max (iy;)" (i +y;7) (wi —vi)”
1<i<j<n (y7 +yj)prr=t

Solution. In inequality (2.12) we consider z;, = 1, k € {1,2,...,n}.

Application 2.2. If a,b, ¢ > 0, prove that

aj n f N i (ab? + bc? + ca?)?
b2 2 a? (a® 4+ b3 + c3)*

5 15 225 15 B 24 .25 5 45 24 1125
zmax(a B> (ab®*+bc?)® b0 & (bef+ca?)® & a®  (ca +ab))

(2.14)

T2 B @ @ (@it @ B (@)

> dma be(ab?+bc?)3 (ac—b%)?  ca(bc®+ca?)3 (ba—c?)? ab(ca®+ab?)?(cb—a?)?
X .
(b3 +c3)4 ’ (c3+a3)4 (a3+03)*

Solution. If n = 3, p = 2 and r = 3, from (2.12), inequality (2.14) follows.

Application 2.3. If a,b,c > 0, prove that

CRRN —— . o b e g
a(b+c)3  blcta)®  cla+b)3  (a2+b2+c2)2 \b+c c+a at+b) '

ifandonlyifa =b=c.
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Solution. If n = 3, z1 = ! _ ! ! = =by; = =1land
olution. If n = 3, 1 = m,l‘g = C+a,a?3 = aier’yl =a,Yy2=0ys=¢p=.lan
r = 2, from (2.12), after calculus, we have
(S S ! o b ey’
alb+c)®  bleta)®  clat+bd)d  (a®+b2+c2)?2 \b+c c+a a+b
> 9 ma A(a?+b* +ac+be)(b—a)® a?(b? + ¢ + ba + ca)(c — b)?
X
- (b+c)3(c+a)?(a? + b?)? (c+a)3(a+0b)3(b2+c2)2
b2(c? + a? + cb + ab)(a — c)?
(a+b)3(b+c)3(c® + a?)?

From the inequality above, the conclusion of this application is obtained.
3. THE MAIN RESULTS ABOUT THE INEQUALITY FROM (1.4)
In this section, we prove a refinement of the inequality from (1.4).
Theorem 3.9. Ifn.m e N, n>m, x; >0,y >0,k € {1,2,...,n}andp > r >0, then

m p+1 n p+1
= apt! <kzlxk> (Zxk)
DL ETAT= WV

. k=1
r—p
T 2 n

L et S (3.16)
kemr1 Yk (Z yk> (Z yk)
k=1 k=1

i

Proof. We note X; = kX—:I T, Y = kX_:I yr, where i € {1,2,...,n}. By using inequality (1.4),
we have that
+1 +1 1 p+1
DA T A S €.,
r Yr T (L Y, )T
k=m+1 Y m k=m+1 Yk m - m
n +1 1 p+1 1 p+1 1 p+1
-y zy, +(aXm) +(aXm) ,..+(5Xm)
v o (mYm) (5 Ym) (7 Yom)"
k=m+1 “F m ~ M m ~ M m =M
m times
n ptl
k=m+1
> n/ P —,
n
k=m+1
from where, inequality (3.16) follows. O
Theorem 3.10. If n,m e N,n>m, z, >0,y, >0,k € {1,2,...,n},p>r>0and
i p+1
i o (Z xk)
b = Z L kzi —,ieN,i<n, (3.17)
= ()
k
k=1
then
by > b

(3.18)
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Proof. If in inequality (3.16), we add in each member the sum
m :L.p+1

k
r

k=1 Yy

we obtain the desired inequality (3.18). O

Corollary 3.2. In the conditions of Theorem 3.10, we have
bp > bp1 >+ >by > by =0. (3.19)
Proof. It results from Theorem 3.10. O

Theorem 3.11. Ifn e N,z >0,y >0,k € {1,2,...,n}andp > r > 0, then

p+1 p+1 +1 +1
x1T n xQT g b _nr_p(ﬂn + g+ xy,)P (3.20)
Y1 Ys Yn (1 +y2+-+un)"
p+l Pt I
> max i — + Jir — QT—p% > 0.
Lsi<jsn \ Y Yj (yi + ;)
Proof. It results from Corollary 3.1. O

The following applications are refinements of some inequalities from [3].

Application 3.1. If a, b, c > 0, prove that

1 1 1 (ab + bc + ca)?
> 3.21
a3(b+c) + b3(c+ a) + 3(a+b) ~ 6a3b3cE(a+b+c) (3:21)
ab + bc + ca 3 3
—— 5 TA> ——+A> ———,
2a2b2c? ~ 23/ (abc)t 2/ (abc)*
where
Ao 1L, 1 (a+0)° 1,1
- e adt(b+c)  b(ct+a) 2aB3(a+b+2c) b(c+a) A(a+b)
B (b+c)? 1 N I (c+a)d
203c3(2a+b+c) Ala+b)  a(b+c) 2c3aP(a+2b+c))’

1
Solution. The first inequality is obtained from (3.20) forn =3, p =2, r =1, 21 = —

1 1
Ty = b z3=—,y1 =b+c y2 = c+aand y3 = a + b. For the other inequalities, we use
C

the inequalities
(ab + be + cd)? >ab+bc+ca> 3
6a3b3c3(a+b+c) —  2a%0%c T 2¢/(abc)t

see [3].

Remark 3.1. This applications is a refinement of the following problem given in the 26th
International Mathematical Olympiad, Canada, 1995:
Ifa,b,c > 0 with abc = 1, then
1 n 1 n 1 N §
ad(b+c) bc+a) cAla+d) ~ 2

. (3.22)
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Application 3.2. If a, b, c > 0, then the inequality

a® B c® 1

3
b7+§+§_§(“+b+c) (3.23)
5 5 5 pd 5 5 5 5 5
Smax (L 4L _laxb b o bro o a0 (eta) ),
b2 2 4b+ce)2 a2 4(c+a)?’a? b2 4(a+b)?

holds.

Solution. In (3.20) we considern = 3, p=4,r=2,x1 =a, 22 =b,x3 =¢,y1 = b, y2 = ¢
and y3 = a.
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