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On bipolar fuzzy soft graphs

YILDIRAY CELIK

ABSTRACT. In this paper, we combine the concepts of bipolar fuzzy soft sets and graph theory. Then we
introduce notations of bipolar fuzzy soft graph and strong bipolar fuzzy soft graph. We also present several
different types of operations including cartesian product, strong product and composition on bipolar fuzzy soft
graphs and investigate some properties of them.

1. INTRODUCTION

The concept of fuzzy graph was firstly introduced by Rosenfeld [19]. Later, Bhat-
tacharya [8] gave some remarks on fuzzy graphs. Mordeson and Peng [17] introduced
several notations on fuzzy graphs. Akram et al. [1, 2, 3, 4] have introduced several new
concepts on fuzzy graphs.

The concept of bipolar fuzzy sets which is a generalization of fuzzy sets [23] was initi-
ated by Zhang [24]. Bipolar fuzzy sets whose range of membership degree is [-1,1]. If the
membership degree of an element is 0, then the element is irrelevant to the corresponding
property. If the membership degree of an element is within (0,1], then the element some-
what satisfies the implicit counter property. If the membership degree of an element is
within [-1,0), then the element somewhat satisfies the implicit counter property. It is em-
phasized that positive information gives us what is granted to be possible, while negative
information gives us what is considered to be impossible.

The concept of fuzzy soft set theory was firstly introduced by Maji et al. [15] as a new
mathematical tool for cope with uncertainties. Fuzzy soft sets have potential applications
in various fields. Maji et al. [15] investigated some properties of this notion. Thereafter
many researchers have applied this concept on different algebraic structures in mathe-
matics (see, [5,7,9, 10, 11, 12, 13, 14, 16, 20, 21, 22]). The concepts of fuzzy bipolar soft sets
and bipolar fuzzy soft sets have been introduced by Naz and Shabir [18]. They defined
their special union and special intersection and also showed that the both concepts are
equivalent. Aslam et al. [6] studied some basic operations on bipolar fuzzy soft sets.

In this paper, we apply concept of bipolar fuzzy soft sets to graph structure. We intro-
duce notations of bipolar fuzzy soft graph and strong bipolar fuzzy soft graph. We also
present several different types of operations including cartesian product, strong product
and composition on bipolar fuzzy soft graphs and investigate some properties of them.

2. PRELIMINARIES

Definition 2.1. [23] A fuzzy subset p of X is defined as a map from X to [0, 1]. A map
v: X xX —[0,1] is called a fuzzy relation on X if v(z, y) < min(u(z), p(y)) forallz € X.

Definition 2.2. [19] Let V' # () be a finite set, 1 and v be fuzzy subset and fuzzy rela-
tion on X, respectively. The pair G = (u,v) is called a fuzzy graph over V if v(z,y) <
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man(u(z), u(y)) for all z,y € V, where p and v are called fuzzy vertex and fuzzy edge of
G, respectively.

Definition 2.3. [19] Let H = (7, p) and G = (i, v) be two fuzzy graphs over the set V.
Then H is called the fuzzy subgraph of the fuzzy graph G if 7(z) < p(z) and p(z,y) <
v(z,y) forallz,y € V.

Definition 2.4. [24] Let X # () be a set. A bipolar fuzzy set B on X is given by as
B = {(z,p(2),p~(z))|z € X} where p* : X — [0,1] and p~ : X — [-1,0]. For
brevity, we shall use the symbol B = (™, 7).

Definition 2.5. [24] Let X # () be a set. Then a mapping A = (u}, 1) : X x X — [0,1] x
[—1,0] is called a bipolar fuzzy relation on X such that ¥ (z,y) € [0,1] and p(z,y) €
[—1,0].

Definition 2.6. [24] Let A = (u},p,) and B = (uf, up) be two bipolar fuzzy sets on
aset X. If A = (u},pny) is a bipolar fuzzy relation on a set X, then A = (u},u;) isa
bipolar fuzzy relation on B = (uf, up) if pi(z,y) < min(uh(z), ph(y)) and py(z,y) >
mazx(pug(z), ng(y)) forall z,y € X.

Definition 2.7. [1] A bipolar fuzzy graph with an underlying set V' is defined to be a pair
G = (A, B) where A = (u}, ) is a bipolar fuzzy setin V and B = (u};, 1) is a bipolar
fuzzy set in F such that uf(z,y) < min(p}(2), pf(y)) and pp(z,y) > maz(u; (), 5 (y))
for all {z,y} € E.

A and B are called bipolar fuzzy vertex and bipolar fuzzy edge of the bipolar fuzzy
graph G = (A, B), respectively. We use the notation xy for an element of E.

Thus, G = (A, B) isabipolar fuzzy graph of G* = (V, E) if uj(xy) < min(uf(z), uf(y))
and pi(2y) = maz(u3 (), 15 (y)) for all {ay} € E.

Definition 2.8. [15]Let X be an initial universe, E be set of parameters and F(X) be
collection of all fuzzy subsets of X. If F' is a mapping given by F' : A — F(X), then the
pair (F, A) is called a fuzzy soft set over X.

Definition 2.9. [6] Let X be an initial universe and A C E be a set of parameters. Let
BF(X) denotes the set of all bipolar fuzzy subset of X. If ¢ is a mapping given by
¢ : A — BF(X), then the pair (¢, A) is called a bipolar fuzzy soft set over X. For any
a € A, ¢(a) is referred to as the set of a-approximate elements of (¢, A) and can be de-
fined as ¢(a) = {(1 b (@), 0™ d(a)(2))|z € X,a € A}, where pT ¢, (x) represents the
degree of = keeping the parameter a, 1~ ¢(,)(x) represents the degree of = keeping the
non-parameter a.

Definition 2.10. [6]Let (¢, A) and (v, B) be two bipolar fuzzy soft sets over X. We say
that (¢, A) is a bipolar fuzzy soft subset of (¢, B) and write (¢, A)=<(+, B) if A C B and
¢(a) C(a) foralla € A.

3. BIPOLAR FUZZY SOFT GRAPHS

Definition 3.11. A bipolar fuzzy soft graph with underlying set V' is an ordered 4-tuple
G= (G*, F, K, A) such that
i. Aisnon-empty set of parameters
i. (F,A)is abipolar fuzzy soft set over V
iii. (K, A) is abipolar fuzzy soft set over E
iv. (F(e), K(e))is abipolar fuzzy graph for all e € A. That is
ﬂ;(e) (:Ey) < min(ﬂ;(e) (I), N;(e) (y)) and ,LL]_((e) (xy) > maz(ﬂ;(e) (x), N;(e) (y)) for
all {zy} € E.
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Note that (F, A) is called a bipolar fuzzy soft vertex and (K, A) is called a bipolar fuzzy
soft edge.

Throughout this paper, we denote G* = (V, E) a crisp graph, H(e) = (F(e),K(e)) a
bipolar fuzzy graph, and G = (G*, F, K, A) = ((F, A), (K, A)) a bipolar fuzzy soft graph.
Example 3.1. Let G* = (V, E) such that

V ={z1,29,23,24} and E = {z122, z2x3, 324, T4T1 }.
Let A = {e1, e2} be a parameter set and let (F, A) be a bipolar fuzzy soft set over V defined
by
F(e1) ={(z1,0.8,—0.2), (z2,0.4,—0.5), (z3,0.5,—0.5)}
Fles) ={(z1,0.5,-0.2), (z2,0.7,—0.3), (z3,0.4,—0.3), (x4,0.7, —0.3)}
Now let (K, A) be a bipolar fuzzy soft set over E defined by
K(e;) ={(x122,0.3,—-0.1), (z2x3,0.1,-0.4), (x321,0.4,—0.1)}
K(es) ={(x122,0.5,—0.1), (z223,0.4, —0.3), (x324,0.4,—0.2), (x421,0.3,—0.1)}
It is clearly seen that H(e;) = (F(e1),K(e1)) and H(ea) = (F(ez2), K(e2)) are bipolar
fuzzy graphs corresponding to the parameters e; and ey, respectively, as shown in Figure
1. Hence G = (G*, F, K, A) is a bipolar fuzzy soft graph.

Ty T

H(er) H(e2)

FIGURE 1. Bipolar fuzzy soft graph G

Definition 3.12. Let CA?; = (G*,F1,K;,A) and 672 = (G*, F3, K3, B) be two bipolar fuzzy
soft graphs of G*. Then G, is called bipolar fuzzy soft subgraph of G, if

i. ACB

ii. Hyi(a) = (Fi(a),K1(a)) is a bipolar fuzzy subgraph of Hs(a)= (Fz(a), K2(a)) for all

acA.

Example 3.2. Consider the bipolar fuzzy soft graph G=(G*,F,K, A) as taken in Example 3.2.
Let B = {e1, e2} be a parameter set, (F1, B) be a bipolar fuzzy soft set over V and (K, B)
be a bipolar fuzzy soft set on E defined by

Fl(el) = {(x% 023 70'1)7 (137 047 702)

Kl(el) = {(!EQZCg,O.]., —01)}
Fi(ez) = {(21,0.4,—0.1), (x2,0.4, —0.3), (23,0.3,—0.1)}
Kl (62) = {(mll‘g, 0.4, —0.1), (3321‘3, 0.37 —0.1)}

It is clearly seen that Hi(e1) = (Fi(e1), Ki(e1)) and Hi(e2) = (Fi(e2), K1(e2)) are bipo-
lar fuzzy graphs corresponding to the parameters e; and e, respectively, as shown in
Figure 2.
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FIGURE 2. Bipolar fuzzy soft graph Gy

Also Gy = (G*,Fy,K,,B) isa bipolar fuzzy soft graph. Hence Giisa bipolar fuzzy soft
subgraph of G.

Definition 3.13. A bipolar fuzzy soft graph G = (G*, F, K, A) is called strong bipolar
fuzzy soft graph if

N;(e)(xy) = min(u;(e)(x), N;:(e) (v)) Pk (e) (zy) = max(ﬂ;(e)(x), N;(e)(y))
foralle € Aand zy € E.
Example 3.3. Let G* = (V, E) such that V = {1, 22,23} and E = {x 29, xox3, T371}.

Let A = {e1,e2} be a set of parameters and let (F, A) be a bipolar fuzzy soft set over V'
defined by

F(e1) ={(%1,0.7,—-04), (22,0.5,—-0.6), (z3,0.6,—0.5)}
Fles) = {(21,0.4,—0.3), (22,0.8,—0.5), (z3,0.3, —0.4)}
Now let (K, A) be a bipolar fuzzy soft set over E defined by
K(e1) ={(x122,0.5,—0.4), (z223,0.5,—0.5), (x321,0.6,—0.4)}
K(e2) = {(x122,0.4,-0.3), (z223,0.3,-0.4), (r321,0.3,—0.3)}
Obviously, H(e1) = (F'(e1), K(e1)) and H(e2) = (F(e2), K(e2)) are bipolar fuzzy graphs.
Hence G = (G*, F, K, A) is strong bipolar fuzzy soft graph of G* as shown in Figure 3.

(F0-'¢0)

H(ey) H(ez)

FIGURE 3. Strong bipolar fuzzy soft graph G
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Definition 3.14. Let @1 = (G1,F1,K;,A) and 672 = (G%, F3, Ky, B) be two bipolar fuzzy
soft graphs of simple graphs G = (V1, E1) and G5 = (Va, E3), respectively. The carte-
sian product of G; and G» is denoted by G; x G2 = (G*,F, K, A x B), where G* =
(Vi x Vi, Ey x Es), and is defined by

{(u;@l) X Iy o)) = NS (o (@1), 1 ) (22)
('uf_'“l(h) x M;2(52))(m1’x2) = max(u}l (el)(xl)aH;2(52)($2))
forall (z1,z2) € V1 x V4

{(:Lﬁ];l(el) X H}_(Q(Q))((w,mz)(byﬂ) = min(u;;l(el)(x), /L;Q(EQ)('I% y2))

(“;(1(61) X M;_(2(62))((z,z2)(z,y2)) = max(ﬂ}%(el)(m)vM;(Q(Q)(x%y2))
forall ze€V; and (x2,y2) € E>

{(u;mel) x “}2(@))((11%)@1%)) = mi“(”;mel)(‘”lvyl)’ “E(e2>(z))

('U/I_(l(el) X :u[_(2(62))((11,z)(y1,2)) = max(u‘f_(l(el)(x:hyl)"u;é(ez)(z))
forall zeV, and (z1,11) € By

foralle; € Aand e; € B.

Example 3.4. Consider two graphs G = (4, Eq) and G5 = (V4, E3) such that
Vi ={z1,y1, 21,1}, Br = {zyn, zata } and Vo = {22, 42, 22}, Eo = {22y2, Y220}
Let A = {e1} be a set of parameters, and let (F3, A) and (K7, A) be two bipolar fuzzy soft
sets over V; and E, respectively, defined by
Fi(er) ={(21,0.5,—0.2), (y1,0.7,—0.3), (z1,0.4,—0.3), (¢1,0.7, —0.3)}
Kl (61) = {(xlyl, 0.5, —0.2), (thl, 0.4, —03)}
Now let B = {e3} be a set of parameters, and let (F3, B) and (K3, B) be two bipolar fuzzy
soft sets over V5 and Ej, respectively, defined by
F2(62) = {({L‘Q, 0.2, —0.2)7 (yg, 0.37 —0.3)7 (22, 0.57 —04)}
Kg(@g) = {(.1‘2:(]2, 0.2, —0.2), (yQZQ, 0.3, —03)}
It is easy to see that, H(e1) = (Fi(e1), Ki(e1)) and H(ez) = (Fa(ez2), Ka(ez)) are bipolar
fuzzy graphs. Hence Gy = (Gy,F1,K;,A) and Gy = (G35, F3, K5, B) are bipolar fuzzy soft
graphs of G} and G7%, respectively, as shown in Figure 4.

FIGURE 4. Bipolar fuzzy soft graphs G, and G

The cartesian product of G; and G, is as shown in Figure 5.
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FIGURE 5. Cartesian product of bipolar fuzzy soft graphs Gy and G,

Theorem 3.1. If G4 and G+ are two bipolar fuzzy soft graphs, then so is G x G,



Proof. Let Gy = (

*, F1, Ky, A) and Gy = (G3, F», K4, B) be two bipolar fuzzy soft graphs

of simple graphs G} = (V1, E1) an%nq%mr(é{gzy@gf gigspectively. 199
From Definition 3.14, for all e; € A and e> € B, there are three cases.

Case (i) If 1 € V1 and zo € V3, then

(/‘;r(l(el)xﬂ;gg(ez))(xl,xz) = min(/i;l(el)(xl)vN]E(Q)(C@))

= min[(uzl(el) X M‘F"’z(eg))(zl)’(ugl(el) X M;z(ez))(IQ)]

(N;?l(el)xﬂf_ﬁ(ez))(zl,zg) = max(ﬂl_rl(el)(xl)vM;z(ez)(x2))

= max[(/‘}%(el) X ﬂ;2(62))(11)7 (#;1(61) X N;g(@))(wz)]

Case (i) If x € % and (IEQ, yg) € Es, then

IA

>

(R (er) X o (en)) ((@222) (2,32))
min(uz(el)(x) Fley(en) (%2, 92))
minfpd, ) (@), min(a, . (@2), 5, ) (2)
minmin(if, ) (2), i, o (@2)), min(, o (), i, o) (02)]
mm[(:“Fl (e1) :“Fz(ez))(r @2)) (Mltl(el) x M;é(eg))(xvyﬂ]

(K, (o) X H Ky (e2)) (@.22) (@.92))

maX(u;(Pl)(x) Ky (en) (T25Y2))

max[pp, ) (2), max(up o (22), kg, () (42))]

max[m (MFI 51)( z), uFQ(ez)(xg)),max(u;l(el)(;v)7u;z(EQ)(yg))]
[

maX|[(Kp, (o)) X By (ep) (@az)s (B (er) X FEy(en)) (@p2)]

Case (iii) If x € V5 and (z1,y1) € E4, then

IN

v

(N;rq(el) X NJf(z(eQ))((xl,z)(yuz))

min(,u;r{l (e1) (z1,91), M;z(@) (2))

minfjif, ) (=) min(uf, o, (@0, 1, oy (90))]

minfmin(uf, . (@1), 1f, o, (2))s MG, (o) (92) 1 ) (2))]
mm[(lipl(el) ﬂ;z(ez))(xl,z)? (/J;l(el) X M?z(@))(yl,z)]

(Hc

Ki(en) X i (e2)) (@1,2)(1,2)
aX(,U/I_(l el)(xlayl)7/’(’]_:‘2(e2)(z))

3

X[ﬂ Fa(es) ( )7max(ﬂ1_:1(p1)(xl)aH;l(el)(yl))}
max|ma (/ipl(el)(xl) NF2(52)( ))7max(ﬂi(el)(yl)vNEQ(EQ)(Z))]
[

max (/J’Fl(el) MFQ(EZ))(ml’Z)7 (MFl(el) x M;‘g(82))(yl>z)]
]

Definition 3.15. Let G; = (Gt, F1, K3, A) and Gy = (G3, Fz, Ky, B) be two bipolar fuzzy
soft graphs of simple graphs G7 = (V1, E1) and G5 = (Va, E3), respectively. The strong
product of G; and G5 is denoted by G; ® Gy = (G*, F, K, A x B) and is defined by
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{(ugl(el) ®’u;2(€2))(x1’””2) - min(u;l(el)(l‘l),,u;z(%)(l‘g))
(’uFl(El) ®MF2(€2))($1712) = maX(MFl(el)(x1)7/"LF2(52)(:'C2))
for all ((El,fEQ) ceVixV,

{(“}1@1) D Lty () (@02 () = MR () (), L7, oy (22, 92))
(’uKl(el) ®’uKz(ez))((9”’952)(9”4’2)) = maX(MFl(el)(m)’MK2(€2)(x2’y2))
forall ze€Vy and (z2,y2) € Es

{(u?q(el) D L, (e3) (1,20 (wr,)) = DN (o) (21, 91), 1y ) (2))

By en) @ Py () (@120 (w1.2)) = MaX (e oy (21, 91); gy ) (7))
forall ze€V, and (z1,11) € By

{(u?q(el) D 1ty (o)) (@r,20) (w1,22)) = DNk (o) (21,01), Ly o) (21, 22))

(Nj_(l(el) oY ,u}_(z(62))((11,,21)(1;1,,22)) = max(lh—(l(el)(xlv yl)a .UI_(Q(GQ)(ZM 22))
forall (z1,11) € E1 and (z1,22) € Es

foralle; € Aand e; € B.

Example 3.5. Consider two bipolar fuzzy soft graphs Gi = (G}, F1, K1, A) and Gy =
(G3, F», K3, B) as taken in Example 3.4. The strong product of G; and Gy is as shown in

Figure 6.
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Proof. By using Definition 3.15, it can be shown in a similar way to proof of Theorem
3.1. g
Definition 3.16. Let G; = (Gy,F1,K;,A) and Gy = (G3, F2, Ky, B) be two bipolar fuzzy
soft graphs of simple graphs G} = (1, E1) and G5 = (Va, E3), respectively. The composi-
tion of G; and G is denoted by G; 0 G2 = (G*, F, K, A x B) and is defined by



On bipolar fuzzy soft graphs 131

(N;l(el) °© /’[/;2(62))(11,12) = min(ua(el)(xl), M;z(ez)(l?))
(N;rl(el) °© M;2(62))(:61,m2) = max(u;l(el)(x1)7 M;2(62)($2))
for all (l’l,ICQ) ceVixV,
{(‘uﬁl(el) © M;2(62))((737$2)(za’92)) = mil’l(ﬂa(el)(x), ,U'}_(Q(Q)(I'Q; y2))
('ul_(l(el) © u]_(g(ez))((m@z)(w,yz)) = maX(H;ﬂl(el) ('x)a /J[_(Q(@) (332, yZ))
forall x€V; and (xz2,y2) € E2

(ke (e1) © Bl o)) (1,0 (w1,2)) = N (o (21,91)s i 0 (2))
By (e1) © Pra(en)) (@r2) ) = MAX (i o) (21, 91), iy ) (2))
forall zeV, and (z1,11) € By

(H}l(el) ° #;2(52))((@,@)(3;1,@)) = min(u}l(el)(xl, y1), #;_(2(@2)(21, 22))
(,Uj_(l(el) o M;(Q(eg))((ml,zl)(yh@)) = max(:uj_(l(el)(xla y1)7 I’L]_{Q(ez)<zla 22))
forall (z1,11) € E1 and (z1,22) € Es

{(H}l(el) ° #;Q(m))((zl,zl)(yl,zz)) = min(#R(Q)(h), NR(Q)(@% le(el)(xla 1))
('ul_ﬁ(e) ° U;_(Z(e))((wl,zl)(yl,zz)) = maX(M;2(62)(Zl)v UR(eQ)(ZQ)a N}l(el)(xla 1))
forall (z1,11) € E1 and 21,290 € Vo suchthat 2z # 2o

foralle; € Aand e; € B.

Example 3.6. Consider two bipolar fuzzy soft graphs Gy = (G, F,Ky,A) and Gy =

(G35, F3, Ky, B) as taken in Example 3.4. The composition of G; and G is as shown in
Figure 7.

Theorem 3.3. If 671 and 672 are two bipolar fuzzy soft graphs, then so is 671 o CTQ

Proof. By using Definition 3.16, it can be shown in a similar way to proof of Theorem
3.1. O

4. CONCLUSIONS

Graph theory is an extremely useful mathematical tool to solve the complicated prob-
lems in different areas including geometry, algebra, number theory, topology, operations
research, optimization and computer science. However, in many cases, some aspects of
a graph-theoretical problem may be vague or uncertain. It is natural to deal with the
vagueness and uncertainty using the methods of fuzzy sets or fuzzy soft sets. The bipolar
fuzzy soft sets constitute a generalization of Maji’s fuzzy soft set theory [15]. Since bipolar
fuzzy soft set give more sensitive, flexibility and conformity to the systems as compared
to the fuzzy set, we have applied the concept of bipolar fuzzy soft sets to graph structures.
Then we have introduced the concept of bipolar fuzzy soft graph structures and described
method of their construction. The concept of bipolar fuzzy soft graphs can be applied in
various areas of engineering, computer science: database theory, expert systems, artificial
intelligence, pattern recognition, robotics, computer networks, and medical diagnosis. We
want to make, in near future, some applications of bipolar fuzzy soft graphs in database
theory, neural networks and geographical information system.
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FIGURE 7. Composition of bipolar fuzzy soft graphs Gy and G,
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