CREAT. MATH. INFORM. Online version athttps://creative-mathematics.cunbm.utcluj.ro/
Volume 27 (2018), No. 2, Print Edition: ISSN 1584 - 286X; Online Edition: ISSN 1843 - 441X
Pages 177 - 190 DOI https:/ /doi.org/10.37193/CMI.2018.02.10

Soft mappings on soft generalized topological spaces

TAHA YASIN OZTURK

ABSTRACT. In the present paper, we introduce g—open soft mapping, g—closed soft mapping, g—pseudo-
open soft mapping, g—quotient soft mapping on soft generalized topological spaces. Furthermore, we discuss
some characterizations and some applications of them.

1. INTRODUCTION

In the year 1999, Molodtsov [11] initiated the concept of soft set theory as a new mathe-
matical tool for dealing with uncertainties in economics, engineering, social science, med-
ical science, etc.. Maji et al. [10] research deal with operations over soft set. The algebraic
structure of set theories dealing with uncertainties is an important problem. Aktas and
Cagman [1] defined soft groups and derived their basic properties. In 2011, Shabir and
Naz [13] defined soft topological spaces and introduced basic properties. There have been
many studies in the field of soft topology by some authors [2],[3], [4], [7], [12], [14], [15].

Csészar [5] defined the concept of generalized neighborhood systems and generalized
topological spaces which are an important generalization of topological spaces. Ge et al.
[6] introduced some properties of mappings on generalized topological spaces. More-
over, since the soft set structure is a more general concept than a classical set, it is very
important that the definitions and theorems in classical topology are moved to soft gen-
eralized topological spaces. Thomas and John introduced soft generalized topology, soft
generalized neighborhood systems and some properties in [16].

In this study, firstly we introduce soft subspace on the soft generalized topological
spaces and its regarding soft closure and soft interior is discussed. Later, we define
g—open soft mapping, g—closed soft mapping, g—pseudo-open soft mapping, g—quotient
soft mapping on soft generalized topological spaces and introduce some properties of
their. Finally, we discuss some characterizations and some applications of the soft map-

pings.
2. PRELIMINARIES

In this section we will introduce necessary definitions and theorems for soft sets. Molodtsov
[11] defined the soft set in the following way:

Let X be an initial universe set and E be a set of parameters. Let P(X) denotes the
power setof X and A, B C E.

Definition 2.1. [11] A pair (F, A) is called a soft set over X, where F is a mapping given
by F : A — P(X).

In other words, the soft set is a parameterized family of subsets of the set X. Fore € A,
F'(e) may be considered as the set of e—elements of the soft set (F, A), or as the set of
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e—approximate elements of the soft set, i.e.,
(F,A)={(e,F(e)):ec ACE,F: A— P(X)}.

Definition 2.2. [10] For two soft sets (F, A) and (G, B) over X, (F, A) is called soft subset
of (G, B) if

(1) ACBand _

(2) Ve € A, F(e)CG(e).
This relationship is denoted by (F, A)C (G, B). Similarly, (F, A) is called a soft superset of
(G, B) if (G, B) is a soft subset of (F, A). This relationship is denoted by (F, A)2(G, B).
Two soft sets (F, A) and (G, B) over X are called soft equal if (F, A) is a soft subset of
(G, B) and (G, B) is a soft subset of (F, A).

Definition 2.3. [10] The intersection of two soft sets (F, A) and (G, B) over X is the soft
set (H,C), where C = AN Band Ve € C, H(e) = F(e) N G(e). This is denoted by
(F,A)N (G, B) = (H,0).

Definition 2.4. [10] The union of two soft sets (I, A) and (G, B) over X is the soft set,
where C = AU B and Ve € C,

F(e), ifee A—- B,
H(e) =< Gle), ifee B—-A,
F(e)UGl(e) ifee ANB.

This relationship is denoted by (F, A) U (G,B) = (H,C).

Definition 2.5. [10] A soft set (F, A) over X is said to be a NULL soft set denoted by & if
foralle € A, F(e) = () (null set).

]3eﬁnition 2.6. [10] A soft set (F, A) over X is said to be an absolute soft set denoted by
Xifforalle € A, F(e) = X.

Definition 2.7. [13] The difference (H, E) of two soft sets (F, F) and (G, E) over X , de-
noted by (F, E)\(G, E), is defined as H(e) = F(e¢)\G(e) foralle € E.

Definition 2.8. [13] Let Y be a non-empty subset of X , then Y denotes the soft set (Y, E)
over X for whichY(e) =Y, foralle € E.

In particular, (X, E) will be denoted by X.

Definition 2.9. [13] The complement of a soft set (F, E), denoted by (F, E)¢, is defined
(F,E)* = (F° E), where F¢ : E — P(X) is a mapping given by F°(e) = X\F (e),
Ve € E and F* is called the soft complement function of F.

Definition 2.10. [9] Let (X, F) and (Y, El) be two softsets, f : X > Yandg: E — E'
be two mappings. Then (f,) : (X, E) — (Y, E') is called a soft mapping and is defined
as: for a soft set (F, A) in (X, E), (f,) (F, 4)) = f(F) B = g(A) C E is a soft set in
(Y, E') given by

g(a)>

e€g—1l(e)NA
0, otherwise,

, {f( U F(e)), ifg=1(e) N A £,

fore' € BC E'. (f(F),g(A)) is called a soft image of a soft set (F, A).
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Definition 2.11. [9] Let (X, E) and (Y, E') be two soft sets, (f,) : (X,E) — (Y,E')be a
soft mapping and (G,C)C(Y,E'). Let f : X — Y and g: E — E be two mappings. Then
(f9) (G, C)) = fHG)g-1(c), D = g7 (C), is a soft set in the soft set (X, E), defined as:
_ -G ,if eC,
f 1(G)(6): { f ( (g(e))) g(e)

0, otherwise,
fore e D C E. (f;)7! ((G,0)) is called a soft inverse image of (G, C).

Definition 2.12. [8] Let (f,) : (X, E) — (Y, E) be a soft mapping from (X, F) to (Y, E).
A soft mapping (f,) is said to be injective if f, g are both injective. A soft mapping (f;) is
said to be surjective if f, g are both surjective. A soft mapping ( f,) is said to be bijective if
f, g are both bijective.

Definition 2.13. [13] Let 7 be the collection of soft set over X, then 7 is said to be a soft
topology on X if

1) @, X belongs to T;
(2) the union of any number of soft sets in 7 belongs to 7;
(3) the intersection of any two soft sets in 7 belongs to 7.

The triplet (X, 7, E) is called a soft topological space over X.

Definition 2.14. [13] Let (X, 7, E) be a soft topological space over X. Then members of 7
are said to be soft open sets in X.

Definition 2.15. [13] Let (X, 7, E) be a soft topological space over X. A soft set (F, E') over
X is said to be a soft closed in X, if its complement (F, E')¢ belongs to 7.

Proposition 2.1. [13] Let (X, 7, E) be a soft topological space over X. Then the collection T, =
{F(e) : (F,E) € 7} for each e € E, defines a topology on X.

Definition 2.16. [2] Let (F, E) be a soft set over X. The soft set (F, E) is called a soft
point, denoted by (z., E), if for the element e € E, F(e) = {z} and F(e°) = & for all
e® € E — {e} (briefly denoted by z.) .

Definition 2.17. [2] Two soft points (x., E) and (ye, E) over a common universe X, we say that
the points are different points if x # y or e # €’.

Definition 2.18. [2] The soft point . is said to be belonging to the soft set (F, E'), denoted
by z.E(F, E), if z. (e) € F (e) ,i.e., {x} C F(e).

Definition 2.19. [5] Let X be a nonempty set and g be a collection of subsets of X. Then g
is called a generalized topology on X if and only if

1) 0egy,
(2) G; € gfori € I # () implies -ngi €g.

Definition 2.20. [16] Let iz be the collection of soft set over X. Then j: is said to be a soft
generalized topology on X if

(1) @ belongs to ji;
(2) the union of any number of soft sets in i belongs to 7.
The triplet (X, i, E) is called a soft generalized topological space (briefly SGT—space)
over X.
Definition 2.21. [16] A soft generalized topology i on (X, E) is called strong if X € ji.

Definition 2.22. [16] Let (X, 1z, E') be a SGT—space over (X, E). Then every element of 1
is called a g;—open soft set.
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Definition 2.23. [16] Let (X, Ji, ) be a SGT —space over (X, E) and (F, E)C(X, E). Then
(F, E) is called a g; —closed soft set if its soft complement (F, £)¢ is a gz —open soft set.
Definition 2.24. [16] Let (X, Ji, ) be a SGT —space over (X, E) and (F, E)C(X, E). Then
the soft g;—interior of (F, E) denoted by Jz ((F,E)) is defined as the soft union of all
gi—open soft subsets of (F, E). That is, J; ((F, E)) is the largest g;—open soft set that is
contained in (F, E).

Definition 2.25. [16] Let (X, /i, E) be a SGT—space over (X, E) and (F, E)C(X, E). Then
the soft g;—closure of (F, E') denoted by C}; ((F, E)) is defined as the soft intersection of

all gz—closed soft super sets of (F, E). That is, 5;; ((F, E)) is the smallest g;—closed soft
set that is containing (F, E).

For z.€55(X, E), let (U, E),, be a g;—open soft subset containing z. and
fiz, = (U,E) : 2.€(U,E) € In) .

Proposition 2.2. [16] Let (X, [i, E) be a SGT—space over (X, E) and (F, E)C(X, E).Then the
following statements hold.

M) Ji (FE) SR E)CC (R B), )

@ Ji (T5 ((F E)) = T ((F. E)) and Crs (C (F. E))) = C ((F.E)).

(3) If (G, E)C(F, E), then J; (G, E)) CJz ((F, E)), Cz (G, E)) CC; (F, E)) ,

(4) J~ ((F, )) (F,E) < (F,E) is g;—open soft set in (X, E) < for each z.€(F, E),
(U, E)s, C(F, E)for some (U, E)y, € [z,

(5) C; (F,E))=(F,E)<(F,E)is gr—closed soft set in (X, E) <for each z£(X, E\(F, E),

(0, E)xeﬂ( ,E) = @ for some (U, E)a, € [ia,,_ B
6) Cr ((F, E))= (X, ENJz (X, E)\(F, E)) and J (F, E)) = (X, E)\Cj (X, E)\(F, E)),
(7) 2.€C5 ((F,E)) < (U, E)IEH(F, E) # @ for each (U, E),, € fiz,,
(8) 2.€J; ((F,E)) & (U, E),, C(F, E) for some (U, E),, € fi, -
Definition 2.26. [16] Let (X, i, F) and (Y, U, E') be two SGT—spacesand (f,) : (X, 1, E)—
(Y, U, E') be a soft mapping. Then (f,) is called g—continuous soft mapping, if ()"
((V, E/)) € fiforeach (V,E') € &

Proposition 2.3. [16] Let (X, i1, E) and (Y, v, El) be two SGT—spaces and (fy) : (X, 1, E) —
(Y, U, E/) be a soft mapping. Then the following conditions are equivalent.

(1) (fy) is g—continuous soft mapping.
2 (fy)” ((G E )) is gz —closed soft set in (X, E) for each gz—closed soft subset (G, E')

of(
3 (f9) ( i ) CCy ((fg) ((F, E))) for each soft subset (F', E) of (X, E).
@ Cx (1) (( ))) = (CU ( )) for each soft subset (G, E') of(y, E)
®) (fg)f ( b ((G,E ))) C J~ (( a) ! (( )))foreachsoftsubset (G,E")of (Y, El) .

(6) For each x.€SS(X, E), if (f,) (z.) E(V,E') € ¥, then (£,) (U, E)) C(V, E") for some
(U,E) € [iy,.
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3. SOFT MAPPINGS ON SOFT GENERALIZED TOPOLOGICAL SPACES
Given a soft subset in a soft generalized topological space, we can also induce a soft
subspace of the soft generalized topological space. Morover, the relationship between a

soft generalized topological space and its soft subspaces regarding soft closure and soft
interior is discussed in the following propositon.

Proposition 3.4. Let (X, i, E) be a SGT—space over (X, E). If (X', E) is a soft subset of
(X, E), (G, E) is a soft subset of (X, E) and put i = {(F,E)A(X ,E) : (F,E) € fi}. Then
the following properties hold.
(1) (X', i, E) is a SGT —space, which is called a soft subspace of (X, Ji, E).
(2) Cx ((G,E)) = C5 (G, E)) A(X', E), where Cy (G, E)) is the soft closure of (G, E)
in (X',i, E).
) Jz (G, E)) ifﬁ, (G, E)) Az ((X’, E)), where jﬁ/ (G, E)) is soft interior of (G, E)
in (X', E).
Proof. (1) Let (X, i, E) be a SGT—space and (X, E)C(X, E). Since & € i, then (X', E)
— & ¢ [i . Assume that {(Gi,E)}icer € fi . Since each (G;, E) € [i , there exists (F;, E) € i
such that (G;, E) = (F;, E)A(X', E). Now consider _gI(G’i,E) = _gj ((Fi,E)ﬁ(X/,E))
= ('EI(E’ E)) A(X',E) € i . Therefore, (X', i, E) is a soft SGT—space.

(2) Let xeééﬁ/ ((G, E)). For each (U, E) € [i,,, we have (U, E)N(X ,E) € ﬁ;e. From
Proposition 2.2.(7), ((U, EA(X, E)) A(G,E) # @ and so (U, E)A(G,E) # ®. Thus
2.€C; (G, E)). Since 2. €(X ', E), then z.€C; (G, E)) (X', E).

Conversely, let z.€C; (G, E)) (X', E), then 2. &(X , E) and z.€C; ((G, E)). For each
(U ,E) e ﬁ_;e,there exists (U, E) € Ji,, suchthat (U', E) = (U, E)A(X', E). By Proposition
2.2.(7), we have (U, E)N(G, E) # ®. Notice that (G, E)C(X', E). So (U, E)N(G,E) =
((U, E)A(X, E)) A(G, E) = (U, E)A(G, E) # & and s0 2.EC (G, E)).

(3) Since (G, E)C (X', E), then J;; (G, E)) C.J; ((X’, E)). So we show that J; (G, E))
§J~ﬁ/ ((G,E)). Let xegjﬁ ((G, E)), then there exists (U, E) € Ji,., such that z.€(U, E)C(G, E)
C(X',E). Since (U, E)A(X',E) = (U,E) and (U, E) € Ji, then z.EJ; ((G,E)). That is,
2.ET (G, E) ATy ((X/7E)). O

Remark 3.1. In Proposition 3.4. (3), ”2” may not be provided.

Example 3.1. Let X = {a', 2%, 2} be any set and E = {e;, €2} be a set of parameters.
We consider the following soft set over X.

(F,B) = {(er, {2, 2%}), (e2, {2’ 27})]
(B, B) = {(er, {o% %)), (e2, {a% 27})]
Then (X, i, E) is a SGT—space, where i = { (F1,E (FQ,E)}. Suppose that

(X', E)={(e1, {a, 22}), (e, {2, 2%})} C(X,E). Itlsclearthat,

i={® X, (B, B) = (R, DAY, B) = {(er, {+*]), (20 {*})}}
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and so (X', i , E) is a soft subspace of (X, /i, E). In this case, jﬁ ((F5,F)) = ®. Simi-
larly, 7 ((Fy, E)) = (Fy, E) and J; ((X’,E)) = (X', E). So

T (B, B) AT (X' B)) = (B, E) # Jg ((Fy, ) = .

Theorem 3.1. Let (X, i, E) be a SGT—space over (X, E) and (X', i, E) be a soft subspace of
(X, 1, E). (K, E)is a g5 —closed soft subset of (X', E) if and only if there exists a gz —closed
soft subset (F, E) of (X, E) such that (K, E) = (F, E)\(X ', E).

Proof. = Suppose that (K, ) is a g5 —closed soft subset of (X',E). Then (X', E)\(K, E)
is a g;» —open soft subset of (X ', E). From Propositon 3.4., there exists a gz —open soft set
(U, E) such that (X', E)\(K, E) = (X', E)A(U, E). In this case,

(K.B) = (X, B\ (X, E\K,E) = (X, B\ (X, E)A(U, B))
- (X, E)A ((X’, E)A(U, E))c — (X, BE)A ((X’,E)CO(U, E)C>
= (X ENUE) = (X, BN (X, E\U, E)).
Since (U, E) is a gz—open soft set, then (X, E)\(U, E) = (F, E) is a gz—closed soft set

and (K, E) = (F,E)A(X, E).
< Let (F, E)C(X, E) be a gz—closed soft set and (K, F) = (F, E)YA(X', E). In this case,

X,E\(( E)A(F, E)):(X’,E)ﬁ ((x’,E)ﬁ(F,E))C
(', E)*) = (X', EYA(F, E)°

N
X BN (X, )\(F E)).
Since (X', E)\(K,E) = (X', E)YA(U,E) € [ , then (K, E) is a g, —closed soft set. O

(X/’E)\(KvE) =

(X, E)
- (X, B)f
(X, E)

We note that all mappings in this paper are assumed to be surjective and bijective.

Definition 3.27. Let (X, i, E) and (Y, v, E’) be two SGT —spaces and (f,) : (X, 11, E) —
(Y, v, E') be a soft mapping. Then (i,) : (X ,i,E) — (f(X),0,9(E)) is called a

soft restriction of (f,) on (X’,ﬁ, E), if (i,) (ze) = i(2)ye) = (fg) (we) = f(2)g(e) for
each soft point z, € SS(X')g, where i’ = {(U,E)N(X,E) : (U,E) € ji} and ¥ =
{(V,ENA(f,) ((X',E)) : (V,E') € T}. A soft restriction of (f,) on (X',7i', E) is denoted

by (fg)|(x’,E)-

Proposition 3.5. Let (X, i, ) and (Y, U, E/) be two SGT —spaces, (fq): (X, 1, E)— (Y, U, El)
be a soft mapping and (X, E) (X, E). If (fy) is g—continuous soft mapping, then its soft re-

striction (fg)\ X' ) 0N (X', i, E) is soft g—continuous.

Proof. Let (fy) : (X, 11, E) — (Y, U, E/) be g—continuous soft mapping, (F, E)C(X , E)
and the soft restriction on (X', , E) be (f9)|(X'7E) (XL E) = (f(X),T,9(E)),
where i ={(U, EYA(X', E): (U,E)€jit and ¥ = {(V, E)A(f,) ((X’,E)) L (V,E') € B}
By Propositons 3.4.(2) and 2.3.(3), we have

(i) (Cor (F.E)) = () (Ca (B, BN AX ) = (1) (Ca (R EN AKX, E))
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() (Ca(RENAX' ) (1) (Ca(F.ED) A (X B))
Cs (1) (FLEN)AS) (X, B))
= Cy ((fy) (F.B))),

where Cy; ((F, E)) and Cy ((f,) (F, E))) are the soft closures of (F, E) in (X', i, E)
and (f,) ((F,E)) in (f(X),7,g(E)) respectively. Therefore, (f9)|(X',E) is g—continuous
soft mapping by Proposition 2.3.(3). O

M

There are many useful mappings defined on topological and soft topological spaces.
Therefore, we define some of these mappings on soft generalized topological spaces.

Definition 3.28. Let (X, /i, F) and (Y, v, E') be two SGT—spaces and (f,) : (X, 11, E) —
(Y, U, E'> be a soft mapping. Then

)
@

) is called a g—open soft mapping if (f,) ((U, E)) € v for each (U, E) € .

(fg (

(fg) is called a g—closed soft mapping if (f,) (K, E)) is a gz—closed soft subset of
( ) for each g5 —closed soft subset (K, E) of (X, E).
(fg

) is called a g—pseudo-open soft mapping if for each soft point y,- /ESS(Y,E)

and (f,)~" () S(U. E) € i, then y, €T ((f,) (U, B)))-
(4) (fy)iscalled a g—quotient soft mapping if for each (V, El) Q(Y, E’), (f)~" ((V, E’))

€ pimplies (V, E,) €v

®)

Moreover, we can generalize hereditary properties of soft mappings to the context of
soft generalized topological spaces.
Definition 3.29. Let (X, i, F) and (Y, v, E/) be two SGT —spaces and (f,) : (X, 1, E) —

(Y, U, E/) be a soft mapping. Then (f;) is called a hereditarily g—open soft mapping

(resp. hereditarily g—closed soft mapping, hereditarily g—pseudo-open soft mapping,
hereditarily g—quotient soft mapping) if

(f-‘J)‘(fg)fl((Y',E')) : (f—l (Y’) ,ﬁ/,g_l(E,)) — (}/’,a’7 E/)
is g—open soft mapping (resp. g—closed soft mapping, g—pseudo-open soft mapping,
g—quotient soft mapping) for each (Y, E')C (Y, E'),where i ={(U, E)N (fg)71 ((Y', E )) :
(U,E)efi}yand ¥ = {(V,ENAY ,E): (V,E') e 0}.

Proposition 3.6. Every g—open soft mapping (resp. g—closed soft mapping, g—pseudo-open soft
mapping) is hereditarily g—open soft mapping (resp. g—closed soft mapping, g—pseudo-open soft
mapping).

Proof. Let (fy): (X, 11, E) — (Y, U, E/> be a soft mapping. For each (Y, E')C (Y7 E/), put
(X', E) = (f,)"" ((y/,E’)),ﬁ’ = {(U,E)A(X',E): (U,E) € i}, v = {(V,ENAY',E') :

(V,E') € 0} and (i,) = (flix m) (X'} E) - (Y/,T/,E,). Since all mappings in this
paper are assumed to be surjective, hence (f,) ((X', E)) =(Y',E").
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(1) Suppose that (f,) is g—open soft mapping. Let (W,E) € Ji, then there exists
(U, E) € fi such that (W, E) = (U, E)A(X', E). So

(i) (W, B)) = <>(<UE>< E)) = (f,) (< EYi(f) " ((V', )
= U (WA (F) ™ (VD)) = () (U ENAY ).

Since (f,) is g—open soft mapping and (f,) (U, E)) € ¥ so (i,) (W, E)) € ¥ . This
shows that (7,) is g—open soft mapping. That s, ( f,) is hereditarily g—open soft mapping.
(2) Suppose that (fy) is g—closed soft mapping. Let (F, E) be a g —closed soft subset

of (X ' E). By Propositions 2.2.(5) and 3.4.(2), there exists a gz —closed soft subset (G, E)
of (X, E) such that (F, E) = (G, E)A(X', E). Therefore,

@) (R.E) = () ((@ERX.E) = (f) (GBAE) ((V.E)))
= (f) (G E)AY E).

Since (f,) is g—closed soft mapping, (f,) (G, E)) is a gy—closed soft subset of (Y, El) ,

so (i,) ((F, E)) is a g —closed soft subset of (Y, E). Thus, (i,) is soft g—closed soft map-
ping. That s, (f,) is hereditarily g—closed soft mapping.

(3) Suppose that ( f, ) is g—pseudo-open soft mapping. Let y_  €SS(Y, E') and (i,) " (/)
C(W,E) € Ji, then there exists (U, E) € fi such that (W,E) = (U, E)A(X , E). Since
(i) () EW, EYE(X E) and (i) = (£,)](xr s then () (v) = (i)~ (y)- So
(fg)f1 (y.) C(W, E)C(U, E). Since (f,) is g— pseudo-open soft mapping and
ye €75 ((fy) (U, E))), then y, €T ((f,) (U, EN)N A(Y', E'). Therefore, J5 ((f;) (U, E)))
A ) € 7 and J () (U EN A E) = T (T () (U B A, E)). On
the other hand, from Propositon 2.2.(3), we have

Ty (T (o) (W, B A, B))

ok
ol

(worer )
- % (o (smr.m)
(o {worcr.)

= Ty (i) (W, E)))

which gives y, eJ~/ ((4,) (W, E))). This proves that (i,) is g—pseudo-open soft map-
ping, hence (f,) is heredltarlly g—pseudo-open soft mapping. O

Remark 3.2. In the next theorems and propositions, we will show that a g—quotient soft
mapping need not be hereditarily g—quotient soft mapping.

4. THE CARACTERIZATIONS OF SOFT MAPPINGS ON SOFT GENERALIZED TOPOLOGICAL
SPACES

Theorem 4.2. Let (X, 1, F) and (Y, v, E/) be two SGT —spaces and (fq) : (X, i1, E) — (Y, v, E/)
be a soft mapping. Then the following conditions are equivalent.

(1) (fq)isa g—open soft mapping.

@) (G EVC(Y, E), then (f,) " (C ((G. E >)) 7 (U0 (6.E)).

() If (P, E)C(X, E), then (f,) (5 (F.B)) €5 ((J,) (F, E))).
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(4) For each x.€SS(X, E), if z.€(U, E) € fi, then (f,) (xz.) E(V, E)C (f,) (U, E)) for
some (V,E') € &

Proof. (1)=(2) Suppose that (f,) is a g—open soft mapping. Let z.& (f,) " (5’5 ((G, E/)>),

then (f,) (ze) € (fy) ((fg)_1 (55 ((G,E»))) = Cy ((G,El)) On the other hand, when-

ever (U, B, € [iz, implies (fy) (zc) € (fg) (U, E)x,), then (fy) (U, E)s,) € U4,)(.) be-
cause ( fy) is a g—open soft mapping. It follows from Proposition 2.2.(7) that (f;) (U, E)..)

A(G,E") # ®. Choose y, & ((fg) (U, E).,)N(G, E/)) Then there exists «, (U, E).,
such thaty = (f,) (ac/eo) E(G,E),ie, x,E(f,)~ ((G,El)). Therefore,
T, € ((U, E)..N (fg)_1 ((G,El))) # ® which gives z.€ éﬂ ((fg)_1 ((G,E,))) by using

Proposition 2.2.(7).
(2)$(3) Assume that the condition (2) holds. Let (F, E)C(X, E). From the Proposition

22.(1), Tz ((F, E) S(F, E)S (f,) " ((J) (F. B))), 50 Tz (F, B)) S5 (1) (Ufy) (F, E))).
By Proposition 2.2.(6),

T (U ) (EEY) = \cu( ( )((FE)))))
= (CENG (57 (L EN () (R ED)))
so J3 ((F, E)) C(X, ENG; ((f (( ) (( )\(( ) ((F, ))))) Smcethecondltlon(2)h01ds
and (£,) " (G5 (V. BN () (FLE))) ) = Ca (1) (VB F,E)))))  hence
T (R B) € - (Ca((Y,E)\((fg)((F,E)))))

= ()7 (L ENGs (VN () (F E)))

= ()7 (T (U (EE))

Therefore, (f,) (7 ((F ))) € (£,) ((f) ™" (75 (1) (. ED)) ) = T ((f,) ((F, ).
(3)=(1) Suppose that condition (3) holds. Let (U, E) € [, then jﬁ ((U,E)) = (U,E) and
() (WU, B)) = (J,) (T (U, B))) €5 ((f,) (U, E))). Onthe other hand, J5 ((f,) (U, E)))

C (f,) (U, E)) by using Proposition 2.2.(1). Thus, T ((fg) (U, E))) = (fy) (U, E)) which
means (f,) ((U,E)) € v by Proposition 2.2.(4). This proves that (f;) is a g—open soft

mapping.
(1)=-(4) Assume that (f,) is a g—open soft mapping. For eachz.€SS(X, E), if z.€(U, E)

€ i, then (f,) (z) € (f,) (U, E)) € T, for (V. E') = (f,) (U, E)). B
(4)=(1) Suppose that the condition (4) holds. Let (U, E) € 1. Foreachy, € (f,) (U, E)),

there exists (), , €(U, E) such that y = (f,) ((xe)y ,). So there exists (V, E')ye, €U
such thaty, €(V, E'), , C (f,) (U, E)). Therefore, (f,) (U, E))

=U {(V7 El)ye, Y. € (fy) (U, E))} € v. This proves that (f,) is a g—open soft mapping.
O

From Theorem 4.2. and Proposition 2.3., the following Corollary holds.
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Corollary 4.1. Let (X, 1, FE) and (Y, U, E/> be two SGT—spaces and (fy) : (X, 1, E) —
(Y, U, E,) be a g—continuous soft mapping. Then the following conditions are equivalent.

(1) (fy) isa g—open soft mapping.
@ If (GBS, E'), then (£,) " (Cs (6, E))) ECx (1) 7" (G, EN) )-

Theorem 4.3. Let (X, i1, E) and (Y, v, E ) be two SGT —spaces and (fy) : (X, 1, E)— (Y, v, E'>
be a soft mapping. Then the following conditions are equivalent.

(1) (fy) is a g—closed soft mapping.

@) If (F, E)E(X, B), then G ((f,) (F. E)) € (£,) (Ca (F, B)))-

3) If(G,E ) (Y, E )and (U, E) € [ such that (f,) -1 (G,E )) C(U, E), then there ex-
>) E).

(U,

E).

ists (V, E') € © such that (G, E')C (VE)and(fg) (V,E
@) If y,€SS(Y,E') and (U,E) € i such that (fg) (y) C ) then there exists
(V,E') €  such that y, C(V, E') and (f,)” ((v E )) c(,

Proof. (1)=(2) Assume that (f,) is a g—closed soft mapping. Let (F,E)C(X, E), then
5ﬁ ((F, E)) is a gz—closed soft subset of (X, E) and so (f,) ( 5 ((F, E))) is a gy—closed

softsubset of (Y, E'). Since (F, E)QC,; ((F,E))and (f,) (F, E)) C (f,) ( 5 ((F, E))),hence

Cs ((fy) (F,E)) C (fy) (Cﬁ ((F, E))) by using Proposition 2.2.(3).

(2)=-(1) Suppose that the condition (2) holds. Let (F, E) be a gu—closed soft subset of
(X, E). Then Cy ((F, E)) = (F, E) and (f,) ((F. E)) = (f,) (Ci ((F, B)) ) =Cis ((f,) (F, E)).
From Proposition 2.2.(5), (f,) ((F, E)) is a gz —closed soft subset of (Y, E'). This proves that
(fg) is a g—closed soft mapping.

(1)=(3) Assume that (f,) is a g—closed soft mapping. Let (G, E')C(Y, E') and (U, E) €
fi such that (f,)” ((G E )) C(U,E). Put (V,E') = (Y, E)\ ((f,) (X, E\(U, E))). It suf-
ficies to check the following three cases.

Casel. (V,E') e

Since (X, E)\(U, E) is a gz—closed soft subset of (X, E) and (f,) is a g—closed soft
mapping, then (f;) (X, E)\(U, E)) is a gy—closed soft subset of (Y, E'). Tt follows that

(V.E) = (v.E )\ ((f,) (X, E\(U. ) € 0

Case2. (G, E’ )Q(VE).

()" ((G.E")) S, E) implies (X, E)\(U, E)E(X, EN\ (f,)" ((G, E)), hence
() (X ENU.EDE (£,) (BN ()7 (G ED)) = () (1) (R ENG, BY))

= (Y,E\(G, E).
Therefore, (G, E')C(Y, E')\ ((f,) (X, E)\(U,E))) = (V, E').

)
() (V.E)) = 1( >\<UE>>>)
= () (v ) (o) (X, EN\(U. E))))
g < B\ (X, (U, >> (. B).
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(3)=(4) It is clear.

(4)=(1) Suppose that the condition (3) holds. Let (F, E) be a g;—closed soft subset
of (X, E). We need to show that (f,) ((F,E)) is a gz—closed soft subset of (Y, E'). Let
v €V, EN\ (fy) (F, E)), then (f5) " (y. ) N(F,E) = @, ie., (f5) " () S(X, E)\(F, E).
Notice that (X, E)\(F, E) € Ji, then by the condition (4) there exists (V, E') € o such
that 4, €(V, E') and (f,)"" (V. E)) E(X, E\(F. B), ie., (f,)"" ((V.E)) A(F. ) = o.
Therefore,

V.EVA ) (FE) = (f) ()7 ((VED)) A (F,B))
= (1) () ((VED)AEB)) = (£,) (@) = 0.

From Proposition 2.2.(5), (f,) ((F, E)) is a gz—closed soft subset of (Y, E'). O

From Theorem 4.3. and Proposition 2.3., the following Corollary holds.
Corollary 4.2. Let (X,pu, E) and (Y, v, El) be two SGT—spaces and (fy) : (X, 5, E) —
(Y, U, E'> be a soft mapping. Then the following conditions are equivalent.

(1) (fy) is a g—closed soft mapping.
@) If (B, B)E(X, B), then Css ((J,) (F. ) = (£,) (Cr ((F, E))).

Theorem 4.4. Let (X, i1, E') and (Y, v, E'> be two SGT —spaces and (fy) : (X, 1, E)— (Y, v, E')
be a soft mapping. Then the following conditions are equivalent.
(1) (fy) is a g—quotient soft mapping.
(2) For each soft subset (G, E')C(Y,E'), if (fg)71 ((G, E/)) is a gz—closed soft subset of
(X, E), then (G, E') is a gs—closed soft subset of (Y, E").

Proof. (1)=(2) Assume that (f,) is a g—quotient soft mapping. Let (G, E')C(Y, E') such
that (fg)f1 ((G, E')) is a gz —closed soft subset of (X, E). Then

(F) ™ (FENGE)) = (X B\ ()7 (@ B)) e

Since (f,) is a g—quotient soft mapping, (Y, E')\(G, E') € ¥, and so (G, E') is a g5 —closed
soft subset of (Y, E').
(2)=(1) It can be proved by the same method. d

Theorem 4.5. Let (X, 1, E) and (Y, v, E/) be two SGT —spaces and (fy) : (X, i, E) — (Y7 v, E/)
be a soft mapping. Then the following conditions are equivalent.

(1) (fy) is a g—pseudo-open soft mapping.
(2) (fq) is a hereditarily g—quotient soft mapping.

(®) I (G.ENC(Y.E), then Cs (6. B)) € (£,) (Ca (£ 7" (6. E))) )-

Proof. (1)=(2) Assume that (f,) is a g—pseudo-open soft mapping. Proposition 3.6. states
that every g—pseudo-open soft mapping is hereditarily g—pseudo-open soft mapping. It
follows that (fg)|(fy)_1 (0.5 is g—pseudo-open soft mapping for each (Y, E')C(Y, E').
Therefore, it sufficies to prove that every g—pseudo-open soft mapping ( f;) is a g—quotient
soft mapping so that (f,)] () (V" E")) is g—quotient soft mapping for each (Y, E'\C(Y, E).
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Let (V. £')E(Y, E') such that (f,) ™" (V. £)) € . 11y, &(V. ), then (1) (v,)
C(f) " ((V, E/)) € 1. Since ( f,) is a g—pseudo-open soft mapping, thus
Yo EJs ((fg) ((fg)_1 ((V, E/))>) =J; ((V, E,)) foreachy, €(V, E'). It follows that (V, E)
€ v. This proves that (f;) is a g—quotient soft mapping.

(2)=(3) Assume that ( f,) is a hereditarily g—quotient soft mapping. Let (G, E )C (Y, E')
and y, €C5 ((G, E’)) — (G, END ((75 ((G,E’)) \(G, E’)).

DIy, &G, B, theny, E(G, E)=(£,) ((£)7" ((G.EN))E (£) (G (107 (16, ))).

i) Iy, €C5 ((G,E’)) \(G,E),let (Y, E') = (G, E")U{y, }and ¥ = {(V,E)A(Y ,E)
(V.E') € o} and let (X', B) = (£,)"' (.E)) = (/)" ((G.E)) O(f)) " (we) o

{(U.BAX . E) : (UE) € iy and (i) = (f,)lx' . : (X7, E) = (Y T, ) then
(i,) is a g—quotient soft mapping because ( f,) is a hereditarily g—quotient soft mapping.
Since C; ((G, El)) is the smallest g;—closed soft subset of (Y, E') containing (G, E') and

Cs ((G, E/)) AY',E") = (G,E)T{y,}, (G, E")isnota g —closed soft subset of (Y', E),
it follows from Theorem 4.4. that (i,)”" ((G,E,)) is not a g —closed soft subset of
(X', E), and hence there exists xe§5’~ (( )7 ((G E/)>) \ (i) 7" ((G E/)> Notice that
0 (65) - (60 00 (10 (6.) =6 (1 (51)
ééﬁ ((f ) ((G E))) which gives xPGC ( ( )) and hence (f;) (z¢)

E(f, C,; ((fg) ((G,E )))) On the other hand, since C' ( ( )) C(X',E)
and (i,) ! ((G.E))) = (£) " (6. E)),

220y ()7 (@ EN) )\ @) (6 B)) S B\ (1) (6. )
= () (G E)) O )\ ) (G ED) = ()" ()

and hence y,, = (fy) (zc) € (fg)( ((fg) ((G El))))

Finally, (i) and (ii) imply Ca (( , )) (fg) ( ((fg) ((GE/))))
(8)=(1) Suppose that the condition (3) holds. Let y,€SS(Y, E') and ( f_,])_1 (yer)
C(U,E)E u Then (f,)™" () N (X, E)\(U, E)) = @, 50 4 ¢ (f,) (X,E\(U,E)), i

y E(Y, EN (f,) (X, E)\(U, E)). Since the condition (3) holds, Cs; (( )\( ) (U, E)))
() (G (0 (NG (W) =(5) (G (1) (O v.5)
E (1) (Cr(x, >\<UE>>) < ><<X E)\(U E>> ByProposmonzz<6>J (fo) (U, B))) =

o’

(Y,E'NCs (( E\(U, E)). So ys (Y, E)\ (f,)
(X, E)\(U, E)) 1mphes Yo! EJ5 ((f ) (( ))) ThlS proves that (f;) is a g—pseudo-open
soft mapping. O

It is easy to see that the following Corollary holds from Theorem 4.5. and Proposition
2.3.
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Corollary 4.3. Let (X, i, FE) and (Y, v, E’) be two SGT—spaces and (f,) : (X, i, E) —
(Y, U, E/> be a soft mapping. Then the following conditions are equivalent.
(1) (fq) is a g—pseudo-open soft mapping.
@ If(GEVE, E), then Cs (G, E))) = (1,) (C ((f) 7 (6. D).
Finally, we can establish relationships among g—open soft mappings, g—closed soft

mappings, g—pseudo-open soft mappings and g—quotitent soft mappings on soft gener-
alized topological spaces.

Theorem 4.6. Let (X, 1, E) and (Y v, E ) be two SGT —spaces and (fg): (X, i1, E) — (Y, v, E'>
be a soft mapping. Then the following conditions are equivalent.

(1) (fq) is a g—open soft mapping.

(2) (fy) is a g—closed soft mapping.

(3) (fy) is a g—pseudo-open soft mapping.

(4) (fy) is a g—quotient soft mapping.

Then (1)=(3)=-(4) and (2)=-(3).

Proof (1)=(3) Assume that ( fg) is a g—open soft mapping. Let y,€SS(Y, E’) such that
(fg) () C(U, B)Efi. Theny, € (f,) (U, E)) and (U, E) = J ((U, E)).By Theorem 4.1.,

€U (W, B) = (1) (Ta (U, E)) EF5 () (U, E)).

This proves that (f,) is a g—pseudo-open soft mapping.

’

(3):>(4) Suppose that (f,) is a g—pseudo-open soft mapping. Let (G, E')C(Y, E') su
that (f,) "~ ((G, E )) is a gy —closed soft subset of (X, E). Then C’,; ( ) ( , ))
(f) " <(G,E/)>. From the Theorem 4.3., C; ((G, El)> = (fy) <5g (( “1((a, ))))

(fq) ((fg)f1 ((G, El))> = (G,E"). So (G, E') is a g5—closed soft subset of (Y ( . E'). This
proves that (f,) is a g—quotient soft mapping.

(2)=(3) Suppose that (fy) is a g—closed soft mapping.. Let ./ /ESS(Y,E) such that
(fg) 1( /) C(U, E)€p. From Theorem 4.2., there exists (H, E)€p such that (fg) (y.r)
i(H E)C(U, B) and (f,) ((H, E)) €

S0y, € (f,) (H, E)) = J5 ((f,) ((H7 E))) CJ; ((fy) (U, E))). This proves that (f,) is a
g—pseudo-open soft mapping. 0

Example 4.2. Let X = {z!, 22, 2%, 2%} and Y = {4, ¥, 4°, ¥*} be two order sets and
E = {ey1, ez, e3} and E' = {e], ey, €5} be two sets of parameters. Here, the soft sets over
(X,E)and (Y, E) defined as follows:

( ) = {(617 {xl’ x2})7 (e2, {'%27 x3}), (es, {xla mQ, x3})}3
(FQ,E) = {(617 {xg})a 62, {xl 31‘4}) (637 {1’27 :I:4})};
(F?nE) = {(617 {xl’ 2 3}> (627 )a (es, X)}?
and
(G E) = {(en ' o)), (oo (07D, (s {6, w*D ]

{(e
@2E) = {e. {y,y,y}> (ex (", v'Ds (e, (" v*D s
{(

(Go.B) = {(eh. V), (en (v v v'D): (5 V)
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Then ji— {cp, X, (F,E), (Fs, E), (F3,E)}anda: {cp, Y, (G1,E), (Go, E), (G3,E’)}
are two soft generated topology over (X, E) and (Y, E'), respectively and (X, i, E) and

(Y, v, E') are two SGT —spaces. If the soft mapping (f,) : (X, [, E) — (Y, v, E') defined
as

fah) = ot f@?) =yt f@) =7 fh) =y
gler) = ey, glez) = eg, gles) = e;.
Then (f,) is a g—open soft mapping (g—pseudo-open soft mapping, g—quotient soft
mapping).

5. CONCLUSIONS

In this paper, the concepts of g—open soft mapping, g—closed soft mapping, g—pseudo-
open soft mapping, g—quotient soft mapping on soft generalized topological spaces are
defined. We introduce their basic theorems and some interesting results. We hope that
the findings in this paper will help researcher enhance and promote the further study on
soft generalized topological spaces.
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