
CREAT. MATH. INFORM.
Volume 27 (2018), No. 2,
Pages 207 - 213

Online version at https://creative-mathematics.cunbm.utcluj.ro/

Print Edition: ISSN 1584 - 286X; Online Edition: ISSN 1843 - 441X

DOI: https://doi.org/10.37193/CMI.2018.02.13

Conformable fractional integral inequalities for some
convex functions

ERHAN SET, BARIŞ ÇELİK and ABDURRAHMAN GÖZPINAR

ABSTRACT. The main purpose of this paper is to present new Hermite-Hadamard’s type inequalities for
functions that belongs to the classes of Q(I), P (I), SX(h, I) and r-convex via conformable fractional integrals .
The results presented here would provide extensions of those given in earlier works.

1. INTRODUCTION

The following inequality is well known in the literature as the Hermite-Hadamard in-
tegral inequality (see, e.g., [3]):

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2

where f : I ⊂ R → R is a convex function on the interval I of real numbers and a, b ∈ I
with a < b.

Now, we give the concept of the Godunova–Levin function and P function introduced
by Godunova–Levin and Dragomir et al. respectively.

Definition 1.1. ([5]) A function f : I ⊆ R → R is said to belong to the class of Q(I) if it is
nonnegative and for all x, y ∈ I and λ ∈ (0, 1) satisfies the inequality:

f(λx+ (1− λ)y) ≤ f(x)

λ
+

f(y)

(1− λ)
. (1.1)

Definition 1.2. ([4]) A function f : I ⊆ R → R is P function or that f belongs to the
class of P (I), if it is nonnegative and for all x, y ∈ I and λ ∈ [0, 1], satisfies the following
inequality:

f(λx+ (1− λ)y) ≤ f(x) + f(y). (1.2)

In [14], Varošanec defined the following class of functions.

Definition 1.3. Let h : J ⊂ R → R be a positive function. We say that f : I ⊂ R → R is
h-convex function or that f belongs to the class S(X) ∈ I , if f is nonnegative and for all
x, y ∈ I and λ ∈ (0, 1) we have

f(λx+ (1− λ)y) ≤ h(λ)f(x) + h(1− λ)f(y). (1.3)

Recall that a positive function f is r-convex on an interval I = [a, b] or (a, b), if for all
x, y ∈ I and λ ∈ [0, 1],

f(λx+ (1− λ)y) ≤

{
[λfr(x) + (1− λ)fr(y)]

1
r , if r 6= 0,

fλ(x)f1−λ(y), if r = 0.
(1.4)
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The definition of r-convexity naturally complements the concept of r-concavity, in which
the inequality is reversed (see [13]) and which plays an important role in statistics.

The Beta function defined as follows:

B (a, b) =
Γ(a)Γ(b)

Γ(a+ b)
=

∫ 1

0

ta−1 (1− t)b−1
dt, a, b > 0

where Γ (α) is Gamma function.
Some Hermite-Hadamard type inequalities for Godunova-Levin functions, P functions

and h-convex functions are obtained by Özdemir et al. in [8] as follows:

Theorem 1.1. Let f ∈ Q(I), a, b ∈ I with 0 ≤ a < b and f ∈ L1[a, b]. Then the following
inequality for fractional integrals hold:

f

(
a+ b

2

)
≤ 2Γ(α+ 1)

(b− a)α
[Jαa+(b) + Jαb−f(a)] (1.5)

with α > 0.

Theorem 1.2. Let f ∈ P (I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then one has following
inequality for fractional integrals hold:

f

(
a+ b

2

)
≤ Γ(α+ 1)

(b− a)α
[Jαa+(b) + Jαb−f(a)] ≤ 2[f(a) + f(b)] (1.6)

with α > 0.

Theorem 1.3. Let f ∈ SX(h, I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then one has inequality
for h-convex functions via fractional integrals

1

h
(
1
2

)f (a+ b

2

)
≤ Γ(α)

(b− a)α
[Jαa+(b) + Jαb−f(a)] (1.7)

≤ [f(a) + f(b)]

∫ 1

0

tα−1[h(t) + h(1− t)]dt.

In [8], Özdemir et al. established following theorem for r-convex functions:

Theorem 1.4. Let f ∈ [a, b]→ (0,∞) be r-convex function on [a, b] with a < b and 0 < r < 1.
Then the following inequality for fractional integrals holds:

Γ(α+ 1)

(b− a)α
[Jαa+(b) + Jαb−f(a)] (1.8)

≤
[(

1

α+ 1
r

)r
[f(a)]r +

(
β(α,

r + 1

r
)

)r
[f(b)]r

] 1
r

+

[(
β(α,

r + 1

r
)

)r
[f(a)]r +

(
1

α+ 1
r

)r
[f(b)]r

] 1
r

.

In the following, we give some definitions and properties of conformable fractional
integrals which helps to obtain main identity and results. Recently, some authors started
to study on conformable fractional integrals. In [7], Khalil et al. defined the fractional
integral of order 0 < α ≤ 1 only. In [1], Abdeljawad gave the definition of left and right
conformable fractional integrals of any order α > 0. Let N be the set of positive integers
and N0 := N ∪ {0}.



Conformable Fractional Integral Inequalities for Some Convex Functions 209

Definition 1.4. Let α ∈ (n, n + 1] and set β = α − n then the left conformable fractional
integral starting at a if order α is defined by

(Iaαf)(t) =
1

n!

∫ t

a

(t− x)n(x− a)β−1f(x)dx

Analogously, the right conformable fractional integral is defined by

(bIαf)(t) =
1

n!

∫ b

t

(x− t)n(b− x)β−1f(x)dx.

Notice that if α = n + 1 then β = α − n = n + 1 − n = 1 where n = 0, 1, 2, ... and
hence (Iaαf)(t) = (Jan+1f)(t). Some recent result and properties concerning the fractional
integral operators can be found [2, 6, 8, 9, 10, 11, 12, 15].

The aim of this paper, is to establish some new Hermite-Hadamard type inequalities
for the classes of Q(I), P (I), SX(h, I) and r-convex functions via conformable fractional
integrals.

2. MAIN RESULTS

Theorem 2.5. Let f ∈ Q(I), a, b ∈ I with 0 ≤ a < b and f ∈ L1[a, b]. Then, for α ∈ (n, n+ 1]
(n ∈ N0), the following inequality for conformable fractional integrals holds:

B(n+ 1, α− n)f

(
a+ b

2

)
≤ 2n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
(2.9)

where B(., .) is Euler beta function.

Proof. Since f ∈ Q(I), we have

f
(x

2
+
y

2

)
≤ f(x)

1
2

+
f(y)

1
2

= 2 [f(x) + f(y)]

for all x, y ∈ I with λ = 1
2 in (1.1).

Changing the variables with x = ta+(1−t)b and y = (1−t)a+tb in the above inequality,
we get

f

(
a+ b

2

)
≤ 2 [f(ta+ (1− t)b) + f((1− t)a+ tb)] .

Multiplying both sides with 1
n! t

n(1 − t)α−n−1 and integrating the resulting inequality
with respect to t over [0, 1], we obtain

f

(
a+ b

2

)
1

n!

∫ 1

0

tn(1− t)α−n−1dt ≤ 2

n!

[ ∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt

+

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

]
B(n+ 1, α− n)

n!
f

(
a+ b

2

)
≤ 2

[
1

n!

∫ a

b

(
x− b
a− b

)n(
a− x
a− b

)α−n−1
f(x)

a− b
dx

+
1

n!

∫ b

a

(
y − a
b− a

)n(
b− y
b− a

)α−n−1
f(y)

b− a
dy

]
= 2

1

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
which completes the proof. �

Remark 2.1. If we choose α = n+ 1, then inequality (2.9) becomes inequality (1.5).
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Theorem 2.6. Let f ∈ P (I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then, for α ∈ (n, n + 1]
(n ∈ N0), the following inequalies for conformable fractional integrals holds:

B(n+ 1, α− n)f

(
a+ b

2

)
≤ n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
≤ 2[f(a) + f(b)] (2.10)

where B(., .) is the Euler beta function.

Proof. Since f ∈ P (I), we have

f(λx+ (1− λ)y) ≤ f(x) + f(y)

for all x, y ∈ I .
Changing the variables with x = ta+ (1− t)b, y = (1− t)a+ tb and taking λ = 1

2 in the
above inequality, we get

f

(
a+ b

2

)
≤ [f(ta+ (1− t)b) + f((1− t)a+ tb)] .

Again multiplying both sides with 1
n! t

n(1 − t)α−n−1 and integrating over [0, 1] with
respect to t, we obtain

f

(
a+ b

2

)
1

n!

∫ 1

0

tn(1− t)α−n−1dt ≤ 1

n!

∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt

+
1

n!

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

then

f

(
a+ b

2

)
B(n+ 1, α− n)

n!
≤ 1

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
i.e

B(n+ 1, α− n)f

(
a+ b

2

)
≤ n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
.

So the first inequality is proved.
Since f ∈ P (I), we have

f(ta+ (1− t)b) ≤ f(a) + f(b)

and
f((1− t)a+ tb) ≤ f(a) + f(b).

By adding two inequalities we get

f(ta+ (1− t)b) + f((1− t)a+ tb) ≤ 2[f(a) + f(b)].

Then multiplying above inequalities with 1
n! t

n(1−t)α−n−1 and integrating with respect
to t over [0, 1]

1

n!

∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt+
1

n!

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

≤ 2
f(a) + f(b)

n!

∫ 1

0

tn(1− t)α−n−1dt.

Thus
1

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
≤ B(n+ 1, α− n)

n!
2[f(a) + f(b)]

which completes the proof. �



Conformable Fractional Integral Inequalities for Some Convex Functions 211

Remark 2.2. If we choose α = n+ 1, then inequality (2.10) becomes inequality (1.6).

Theorem 2.7. Let f ∈ [a, b]→ (0,∞) be r-convex function on [a, b] with a < b and 0 < r ≤ 1.
Then, for α ∈ (n, n + 1] (n ∈ N0), the following inequality for conformable fractional integrals
holds:

n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
(2.11)

≤
[(
B(n+

1

r
+ 1, α− n)[f(a)]

)r
+

(
B(n+ 1, α− n+

1

r
)[f(b)]

)r] 1
r

+

[(
B(n+ 1, α− n+

1

r
)[f(a)]

)r
+

(
B(n+

1

r
+ 1, α− n)[f(b)]

)r] 1
r

where B(., .) is the Euler beta function.

Proof. Let f is an r-convex function with r > 0, i.e

f(ta+ (1− t)b) ≤ (t[f(a)]r + (1− t)[f(b)]r)
1
r

and

f((1− t)a+ tb) ≤ ((1− t)[f(a)]r + t[f(b)]r)
1
r

for all t ∈ [0, 1].
Adding these inequalities, multiplying both sides with 1

n! t
n(1−t)α−n−1 and integrating

with respect to t over [0, 1] we get

1

n!

∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt+
1

n!

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

≤ 1

n!

∫ 1

0

tn(1− t)α−n−1 (t[f(a)]r + (1− t)[f(b)]r)
1
r dt

+
1

n!

∫ 1

0

tn(1− t)α−n−1 ((1− t)[f(a)]r + t[f(b)]r)
1
r dt.

After some simple calculation, we observe that

1

n!

∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt+
1

n!

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

=
1

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
.

Using Minkowski inequality, we have

M1 =
1

n!

∫ 1

0

tn(1− t)α−n−1 (t[f(a)]r + (1− t)[f(b)]r)
1
r dt

≤ 1

n!

[(∫ 1

0

tn+
1
r (1− t)α−n−1[f(a)]dt

)r
+

(∫ 1

0

tn(1− t)α−n−1+ 1
r [f(b)]dt

)r] 1
r

=
1

n!

[(
B(n+

1

r
+ 1, α− n)[f(a)]

)r
+

(
B(n+ 1, α− n+

1

r
)[f(b)]

)r] 1
r
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and analogously

M2 =
1

n!

∫ 1

0

tn(1− t)α−n−1 ((1− t)[f(a)]r + t[f(b)]r)
1
r dt

≤ 1

n!

[(∫ 1

0

tn(1− t)α−n−1+ 1
r [f(a)]dt

)r
+

(∫ 1

0

tn+
1
r (1− t)α−n−1[f(b)]dt

)r] 1
r

=
1

n!

[(
B(n+ 1, α− n+

1

r
)[f(a)]

)r
+

(
B(n+

1

r
+ 1, α− n)[f(b)]

)r] 1
r

.

Thus
1

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
≤M1 +M2

which completes the proof. �

Remark 2.3. If we choose α = n+ 1, then inequality (2.11) becomes inequality (1.8).

Theorem 2.8. Let f ∈ SX(h, I), a, b ∈ I with a < b and f ∈ L1[a, b]. Then, for α ∈ (n, n+ 1]
(n ∈ N0), one has inequality for h-convex functions via conformable fractional integrals

B(n+ 1, α− n)

h
(
1
2

) f

(
a+ b

2

)
(2.12)

≤ n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
≤ [f(a) + f(b)]

1

n!

∫ 1

0

tn(1− t)α−n−1[h(t) + h(1− t)]dt

where B(., .) is Euler beta function.

Proof. Taking x = ta+ (1− t)b, y = (1− t)a+ tb and λ = 1
2 in (1.3)

f

(
a+ b

2

)
≤ h

(
1

2

)
f(ta+ (1− t)b) + h

(
1

2

)
f((1− t)a+ tb)

= h

(
1

2

)
[f(ta+ (1− t)b+ f((1− t)a+ tb))] .

Again in a same way i.e multiplying 1
n! t

n(1 − t)α−n−1 and integrating with respect to t
over [0, 1], we get

B(n+ 1, α− n)

h
(
1
2

) f

(
a+ b

2

)
≤ n!

(b− a)α
[
Iaαf(b) +b Iαf(a)

]
.

Since f ∈ SX(h, I), we have

f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y)

and
f((1− t)x+ ty) ≤ h(1− t)f(x) + h(t)f(y).

By adding two inequalities we get

f(tx+ (1− t)y) + f((1− t)x+ ty) ≤ [h(t) + h(1− t)][f(x) + f(y)]. (2.13)

By using (2.13) with x = a and y = b, we have

f(ta+ (1− t)b) + f((1− t)a+ tb) ≤ [h(t) + h(1− t)][f(a) + f(b)].
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Then multiplying both sides with 1
n! t

n(1− t)α−n−1 and integrating with respect to t over
[0, 1] we get∫ 1

0

tn(1− t)α−n−1f(ta+ (1− t)b)dt+
1

n!

∫ 1

0

tn(1− t)α−n−1f((1− t)a+ tb)dt

≤ [f(a) + f(b)]
1

n!

∫ 1

0

tn(1− t)α−n−1[h(t) + h(1− t)]dt

which completes proof. �

Remark 2.4. If we choose α = n+1, then the inequality (2.12) reduces the inequality (1.7).
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