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Sequences interpolating some geometric inequalities

DORIN ANDRICA and DAN STEFAN MARINESCU

ABSTRACT. Using the geometric dynamic of an iterative process (Theorem 2.1), we obtain refinements to
some famous geometric inequalities in a triangle by constructing interpolating sequences.

1. INTRODUCTION

For the inequality a < b, where a, b are real numbers, an increasing sequence (uy,)n>0
with the property a = up < w3 < ... <wu, < ... < band u, — b, is called increasing
interpolating sequence. Similarly, a decreasing sequence (v, ),>o satisfyinga < ... < v, <
... <wvy < v =band v, — a,is a decreasing interpolating sequence for the inequality a < b.

In this paper we will construct interpolating sequences for some geometric inequalities
in a triangle due to Euler, Mitrinovi¢, Weitzenbock, Gordon, Curry, Finsler-Hadwiger,
Polya-Szego, and Chen.

2. AN USEFUL RESULT ABOUT ITERATIONS IN THE CIRCUMCIRCLE

Let ABC be a triangle with the angles A, B, C measured in radians, with the length-
sides a, b, ¢, the circumradius R, the inradius r, the semiperimeter s, and the area K.
For the fixed nonnegative real numbers xz,y,z with  + y + z = 1, define recursively
the sequences (A4,)n>0, (Bn)n>0, (Cn)n>0 by Apt1 = zA, + yB,, + 2Cy, Bpy1 = zA, +
xBp + yChpy Apns1 = yAn + 2B, + 2Cp, Ag = A, By = B,Cy = C,n = 0,1,.... Note that
Ay, B,,C, >0and A, + B, +C, =7,n=0,1,... Therefore, we can consider the triangle
A, B, C,, with the angles A,,, B,,, C,, and having the same circumcircle as triangle ABC,
n = 1,2.... Denote this triangle by 7,,. Let ay,, by, cn, R, Tn, sn, Ky, be the length-sides, the
circumradius, the inradius, the semiperimeter, and the area of the triangle 7, respectively.

Let us mention that such recursive systems describing some dynamic geometries are
considered by S. Abbot [1], G. Z. Chang and P. . Davis [6], R. ]. Clarke [9], ]. Ding, L. R.
Hitt and X-M. Zhang [11], L. R. Hitt and X-M. Zhang [14], and D. Ismailescu and J. Jacobs
[15].

The first result is contained in the following theorem.

Theorem 2.1. With the above notations, if at most one of x,y, z is equal to O, then the sequences
(An)n>0s (Bn)n>0, (Cn)n>0 are convergent and
2.1) lim A, = lim B, = lim C, = ~.

n—00 n—00 n—00 3

Proof. It is easy to see that the following matrix relations hold

A, A
(2.2) B,|=v"|B]|,
C, C
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where U is the circulant matrix given by

2.3) U=

ASEER
SIS NS
8 w

A simple induction argument shows that

(24) U= 12y zp Yn | »

Yn Z2Zn Tn

where the sequences (£,,)n>1; (Yn)n>1, (2n)n>1 Verify the recursive relations x,, 11 = zz, +
YYn + 2Zn, Yn+1 = 2Tpn + TYp + YZn, Znt1 = YT + 2Yp + T2, 01 = T, Y1 = Y, 21 = Z,N =
1,2.... Summing down these relations we obtain ;11 + Yn+1 + Znt1 = ZTn + Yn + 2n,
hence the sequence (z,, + yn + 2n)n>1 is constant and equal to 1.

On the other hand, the characteristic polynomial of the matrix U is

(2.5) fuy=t—az—y—2)#*+ (y+2z—22)t + 2> +y* + 2> — vy — yz — zx).

The hypothesis x + y + z = 1 implies that the roots of the polynomial fy; are t; = 1,t, =
a,t3 = @ where a € C\ R and |a| < 1. It follows that we have

100

(2.6) U=P|0 a 0] P,
0 0 &

for some nonsingular matrix P. Therefore, we obtain
1 0 O

(2.7) Ur=prP|0 o 0 |P7H
0o 0 a

and we get
Tn=a+ba" +ca Yy, =a +b¥a" +ca", z, =ad" +b " +"a",n=1,2...

for some fixed real numbers a,b,c,a’, V', ', a”,b", ¢” determined by the initial conditions
in the definition of the sequences (2, )n>1, (Yn)n>1, (#n)n>1. Because lim,,_,c @™ = lim,, oo
0, from the above formulas it follows that the sequences (zp)n>1, (Yn)n>1,
(2n)n>1 are convergent and

lim z, =a, lim y, =d, lim z, = a”.

n—00 n—r00 n—00

From z,, + ¥, + z, = 1,n = 1,2..., we obtain a + a’ + a” = 1. On the other hand,

the relation (2.7) shows that the eingenvalues of the matrix U™ are 1, a", @", that is the
characteristic polynomial fy» of the matrix U" is

fun(t) =t —xp — yn — zn)(t2 + (Yn + T — 2zt + xfl + ny + 2727 — TpYn — YnZn — ZnTn)

and from the Vieta’s relations we have 22 + y2 + 22 — 2,,yn, — Yn2n — 2nTn = |a|?". When
n — oo, we obtain the relation a® + (a)? + (a”)? — ad’ — d'a” — a"a =0, ie. (a —a')? +
(a/ —a")? 4 (a” — a)? = 0. Therefore a = ' = a” = }, and the desired result follows from
the relation (2).

([l

We will illustrate the above general iterative process by considering the following spe-
cial geometric situation also studied by S. Abbot [1] and D. $t. Marinescu, M. Monea, M.
Opincariu and M. Stroe [18]. Recall that, if P is a point in the plane of the triangle ABC,
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the circumcevian triangle of P with respect to ABC' is the triangle defined by the intersec-
tions of the Cevians AP, BP, C P with the circumcircle of ABC. We consider A, B;C tobe
the circumcevian triangle of the incenter I of ABC, i.e. the circumcircle mid-arc triangle
of ABC. In this case we have

1 1 1

that is in the general iterative process we have z = 0,y = %, y = % On the other hand,
because A + B + C' = 7, we have
1

1 1
Ay==-(r—A),B; = 2(7T—B),C1 = 5(7‘(‘—0)

2
Define recursively the sequence of triangles 7, as follows : 7,41 is the circumcircle mid-
arc triangle with respect to the incenter of 7,, and 7y is the triangle ABC. The angles
of triangles 7,, are given by the recurrence relations A, 11 = (7 — 4,,), Bpy1 = 3(7 —
B,),Chi1 = %(7‘(‘ —C,), where Ay = A, By = B, Cyy = C. Solving these recurrences we get

e () 45 0-(5))
e (3) w5 (0 (1))
o= (-5) er5 (- (3))

and the conclusion in Theorem 2.1 is obviously verified.

3. AN INTERPOLATING SEQUENCE FOR EULER’S INEQUALITY R > 2r

The Euler’s inequality is a central result in triangle geometry (see T. Andreescu, O.
Mushkarov and L. Stoyanov [3], D. Andrica [4], D. S. Mitrinovic, J. Pecaric and V. Volonec
[20], and G. Popescu, I. V. Maftei, J. L. Diaz-Barrero and M. Dinca [22]). It is a direct
consequence of Blundon'’s inequality and it has numerous and various refinements (see
for instance D. Andrica [4], D. Andrica and D. St. Marinescu [5], and D. S. Mitrinovig, J.
Pecaric and V. Volonec [20]). In this section we use the result in Theorem 2.1 to construct
an increasing interpolating sequence for the Euler’s inequality.

Theorem 3.2. With the above notations the sequence of inradii (7,),,>0 is increasing and
we have

R
(3.8) lim 7, = —.
n—oo
Proof. Using the known formula % = 4sin 4 sin £ sin & we have to prove the following

the following inequality

An . Bn . Cn . An . n . Cn
(3.9) sin 2“ sin 2“ sin ;1 > sin — sin —-sin 2=
Denote % =u, B =0, 02" = t and the inequality (3.8) is equivalent to

(3.10) sin(zu + yv + zt) sin(zu + zv + yt) sin(yu + zv + xt) > sinwusinvsint.

To prove the inequality (3.10), let us consider the function f : (0,7) — R, defined by
f(s) = Insins, which is concave on the interval (0, 7). Applying the Jensen’s inequality
we get the inequalities

flru+yv+2t) = of (u) + yf(v) + 2f (1),
fzut+zv+yt) > 2
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Flyu+ 20+ t) > yf(u) + 2f(0) + ().
Summing these inequalities and using the relation  + y + z = 1, the inequality (3.10)
follows.

From relation

I'n = 4sin =2 in& in%
FZ R R B

and from (1) we obtain the limit (3.8).

O

Corollary 3.1. With the above notations, the sequence of inradii (r,,),>0 is an increasing
interpolating sequence for the Euler’s inequality, i.e. we have the inequalities

R
(311) 7‘:7“0§7“1< <Tn§§§

4. AN INTERPOLATING SEQUENCE FOR MITRINOVIC’S INEQUALITY s < %R

The inequality s < %R is known in the literature as Mitrinovi¢’s inequality. It is
a simple consequence of Blundon’s inequality but also there are different direct proofs.
It has as a counterpart the inequality 3v/3r < s. Combining these two inequalities, we
obtain a refinement to Euler’s R > 2r:

3V3r <s< ?R

In what follows we use the result in Theorem 2.1 to construct an increasing interpolating
sequence for the Mitrinovi¢’s inequality and a decreasing interpolating sequence for its
counterpart.

Theorem 4.3. 1) With the above notations, the sequence of semiperimeters (s,,),>0 is in-
creasing and we have

(4.12) lim s, = —R.

n—oo

3v3
2
2) The sequence (£*),,>0 is decreasing and

(4.13) lim 2% = 3V/3.

n—oo ’I"n
Proof. 1) We have s,, = R(sinA,, + sinB,, + sinC,,) and the function ¢ : (0,7) — R,
g(u) = sinwu is concave on the interval (0, 7). From the Jensen’s inequality we obtain
sinA,11 = sin(zA, + yB, + 2C,) > zsinA, + ysinB,, + zsinC,,. Similarly, we get
other two inequalities sin B;,+1 > zsin A, + zsin B,, + ysin C,, and sinC,, 1 > ysin A4,, +
zsin By, + xsinC,,. Summing up these inequalities it follows s, < s,41. The relation

lim;,—s 00 Sn, = 32—‘/5}? follows from Theorem 2.1.

2) From the relation cot % = % and the other two, we obtain

A B C 3sp — 2s s
cot —* + cot —* + cot —+ = —— " = I,
2 2 2 Tn Tn
Because the function h(u) = cot u is convex on the interval (0, 5 ), with a similar argument

as in the proof of part 1), it follows
B Cht1 A, B, Cp
< —_ —_ —_
5 + cot 5 cot 5 + cot 5 + cot 5

that is ‘:"ﬁ < 2. The limit lim,, o0 22 = 3v/3 follows from Theorem 2.1. O

An+1

cot + cot
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Corollary 4.2. 1) With the above notations, the sequence of semiperimeters (s,,),>0 is an
increasing interpolating sequence for the Mitrinovi¢’s inequality, i.e. we have

3v3
(4.14) 3250§81§...§5n§...<7\[R

2) The sequence (2*),>¢ is a decreasing interpolating sequence for the counterpart of

n

Mitrinovié¢’s inequality, i.e. we have

(4.15) 3V3<.. <o <08
Tn 1 To T

5. INTERPOLATING WEITZENBOCK’S INEQUALITY

In a triangle ABC, the Weitzenbock's inequality [25] is
(5.16) a2 +b® + > 4V3K,

where a, b, ¢ are the length of the sides of the triangle and K denotes the area of ABC. To
construct an interpolating sequence for (5.16) we use the special case = 0,y = 3,y = 3
in the general iterative process described in Section 2. Considering the sequence (uy, ), >0,
where
2 432 4 2
az; +b; +c
Up — W,n:(),l,...

we obtain the following result :

Theorem 5.4. With the above notations, the sequence (uy, ), >0 is decreasing and we have
2 42 2
(5.17) lim u, = lim 22t g
n—o00 n— 00 4K,

Proof. Clearly, we have

_ 4R%(sin® A, 4 sin® B, +sin*C,) 1

tn 8R?%sin A, sin By, sin C,, 2

sin 4, sin B,, sin C),
sin B, sinC,, sinC,sinA,, sin A, sin B,

1
§(cot B,, + cot C, + cot Cy, + cot A,, + cot A,, + cot By,) = cot A,, + cot By, + cot Cy,.

It is easy to show that the inequality 2 cot t¥ < cotz + cot y holds for every z,y € (0, )
with « +y < 7. Applying this property and using the recursive relations in the process, it
follows

Upy1 = cot Apq1 + cot Bypy1 + cot Cpyq < cot A, + cot By, + cot Cp, = uy,

that is the sequence is decreasing. Because lim,_,oc A, = limy, 00 By, = limy 00 Cp, =
we obtain immediately the limit (5.17).

wly
2

O

Corollary 5.3. With the above notations, the sequence (u,,),>o is a decreasing interpolat-
ing sequence for the Weitzenbock’s inequality, i.e. we have

a® + b2 + 2

(5.18) V3< .. <up<...<u <wup= e
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6. INTERPOLATING GORDON’S INEQUALITY
In a triangle ABC the following inequality holds
(6.19) ab+ be+ ca > 4V3K,

where a, b, c are the length of the sides of the triangle and K denotes the area of ABC, and
it is known as Gordon’s inequality [12]. Denote by ay, b,, ¢,,, K, the length of the sides
and the area of the triangle 7,,n = 0,1,2,..., where ay = a,by = b, ¢y = c. Consider the
sequence (t,,)n>0, Where

anbn + by + Cnan

t, = n=01,...
K, n

Theorem 6.5. With the above notations, the sequence (¢, ), >0 is decreasing and we have

(6.20) lim #, = lim 2nontOnn Fnln _ 7z

n—00 n— 00 Kn

Proof. Using the area formula for triangle 7,,, we have

anbn+bncn+cnan:2(.l n '1 . .1 )
K, sinA, sinB, sinC,
Consequently, the property is equivalent to
1 1 1 S 1 1 1

. - + = > = . - .
sinAd, sinB, sinC, ~ sind,;; sinBp41 sinCphy

The function f : (0,7) — R, defined by f(s) = <1, is convex on the interval (0, 7). With
a similar argument as in Theorem 3.2, the conclusion follows

Because lim;, o0 A, = lim,, o0 By, = lim,, ;o C, = 3, we obtain the limit (6.20) from
the first relation. O

Corollary 6.4. With the above notations, the sequence (t,),>¢ is an decreasing interpolat-
ing sequence for the Weitzenbock’s inequality, i.e. we have
ab + be + ca

(6.21) AIWB< . <ty <. <ty <ty= i

7. INTERPOLATING CURRY’S INEQUALITY
Curry’s inequality [10] is :
9abc
a+b+c’

and it is an improvement to inequality (6.19).
Clearly, putting together these inequalities, we obtain the following interpolating in-
equalities to Weitzenbock inequality :

(7.22) 4V3BK <

9abe
(7.23) IWVBK < ———— P <ab+be+ ca < a®+ b+ .

With the above notations, consider the sequence (vy, )n>0, where

9a,b,cn,
n
4K, (an + by +¢,)’

=0,1,...

Unp =
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Theorem 7.6. The sequence (v;,), >0 is decreasing and we have

9a,byc
7.24 lim v, = li nontn = 3.
7.24) v = e byt ey~ V2

Proof. Because the relation
9R 9

Un = Gp + by, + Cp, - 2(sin Ay, + sin B,, +sinC,,)’
and sin 4,11 = sin(zA,,+yB,+2C,) > xsin A, +ysin B, +2zsin C,, sin B,,11 > zsin A,,+
xsin By, + ysin (), and sin Cp41 > ysin 4,, + zsin B, + xsin C,,, we get immediately the
inequality v,,11 < vy,. The limit follows from Theorem 2.1. O

Corollary 7.5. With the above notations, the sequence (v, ), >0 is a decreasing interpolat-
ing sequence for the Curry’s inequality, i.e. we have

9abc

. < << < <vp= — 0
(7.25) VB<..Stm<..Susu 4K (a+b+c)

8. INTERPOLATING FINSLER-HAWIGER INEQUALITY
It is well-known that in every triangle ABC the following inequality holds
(8.26) A+ +E>4V3K + (a—0)2 + (b—¢)® + (c—a)?

where a, b, ¢ are the length of the sides of the triangle and K denotes the area of ABC.
Clearly, it is a direct improvement to the Weitzenbock’s inequality (5.16). The inequality
(8.26) is known as the Finsler-Hawiger inequality [24], [13], and it is equivalent to

ab+bc+ca24\/§K+%[(a—b)2+(b—c)2+(c—a)2].

Therefore, it is also a strong improvement to the Gordon'’s inequality (6.19). The inequality
(8.26) was intensively investigated by many authors ; C. Alsina and R. Nelsen [2], A. Cipu
[9], C. Lupu and C. Pohoata [16], C. Lupu, C. Mateescu, V. Matei and M. Opincariu [17],
and D. $t. Marinescu, M. Monea, M. Opincariu and M. Stroe [19].

In what follows we use the result in Theorem 2.1 to construct a decreasing interpolat-
ing sequence for the Finsler-Hawiger inequality. With the above notations, consider the
sequence (wy, )n>0, Where

ap + by +cn — (an = bp)* = (by — cn)? = (cn — an)?

n = ,n=0,1,...
w iK, n=20

Theorem 8.7. The sequence (wy, ), >0 is decreasing and we have

2 b2 2 n_bn2_bn_n2_ n_n2
(827)  lim w, = lim “atnF = (b)) = (bn—cn)” — (en—an)” _ g

Proof. Firstly, we will prove the following relation

a2+ b2+ —(a—b?—(b—-c)?—(c—a)? A B C
2 = = - =
(8.28) K tan2 —|—tan2 —I—tan2
Indeed, starting with the left hand side, we have
2ab + 2bc + 2ca — a?® — b% — 2 1 n 1 n 1 B sin A _ sin B
4K " ginA  sinB  sinC  2sinBsinC 2sinCsin A
sin C' 1 1 1

1
- - —; (cot B +cot t t A+ cot A+ cot B) =
9 sin Asin B SiHA+SinB+sinC 2(co +cot C'+cot C' 4 cot A+ cot A+ cot B)
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t A+ 1 t B + tC' =t A+t B+t ¢
— co — co —cot C' = tan — an — an —
sin A sin B sin C 2 2 2’
since -
1—cosA 2sin“ &
—cot A = = — 2 tan —
sin A sin A 2sin 5 Cos 5 2

Now, to prove that the sequence (wy,),>0 is decreasing we are using relation (8.28) to

obtain " B c
n+1 n+1 n+1
B + tan 9 + tan 5
The function f : (0,%) — R, defined by f(s) = tans, is convex on the interval (0, 7).
With a similar argument as in Theorem 2, we obtain the inequality w,+1 < w, and the
conclusion follows.
Because lim,, .o, A, = lim,, o B, = lim, o C,, = Z we obtain the limit (8.27) from

3
the first relation.

Wp+1 = tan

|
Corollary 8.6. With the above notations, the sequence (w,,),>¢ is a decreasing interpolat-
ing sequence for the Finsler-Hadwiger inequality, i.e. we have

a2+ >+ —(a—b)?%?—(b—c)?—(c—a)?
4K ’

(829) V3<..<w,<...<w <wy=

9. INTERPOLATING POLYA-SZEGO INEQUALITY

Recall that in every triangle ABC the following inequality is due by Pélya and Szego
[21] :

(9.30) K< ?(abc)\ .

o

Using our method we can construct an interpolating sequence for (21).

Theorem 9.8. With the above notations, the sequence ( ( bK 2 7 )n>0 is increasing and we
anbpcn)3 T
have
K, 3
9.31) fm V3
n—00 (anbncn>§ 4

Proof. Using the area formula for triangle A, B,,C,,, we have
K, B (anbncn)% _ V/sin A, sin B, sin C),
(anbncn) % B 4Rn B 2 7

and the property is equivalent to

sin A,, sin By, sin Cy, < sin A, 41 8in By 41 sin Cppy1.

From the argument in the proof of Theorem 3.2 for the concave function f : (0,7) — R
defined by f(s) = Insins, the conclusion follows. The limit (16) follows from the first

relation and the limits lim,, o Ay = limy, 00 By = limy, 0o Cp, = 3. O

Corollary 9.7. With the above notations, the sequence (;{7”)2)700 is an increasing in-
anbncn)3 -

terpolating sequence for the Pélya-Szego inequality, i.e. we have
K K, K,
< < <

(abc)% - (alblcl)% - (anann)%

<...

“I%

(9.32)
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10. INTERPOLATING CHEN’S INEQUALITY

In the recent paper of Y-D. Wu, V. Lokesha and H. M. Srivastava [26] it is presented a
refinement of inequality (5.16) in the form

V3

(10.33) K< T(abc)%(Ql

1
R ) 3 )
mentioning that this inequality is due by S.-L. Chen [7]. Using our method, we can obtain
an interpolating sequence to this result.

K, (27‘L

Theorem 10.9. With the above notations, the sequence (( Y- = )3 )ns0 iS increasing
anbpcyp)3 " B

and we have

w

K 2
(10.34) lim n_(nydy = =

n—=0 (a,b,c,)3  Rn

Proof. The property does not result from the monotony of the two sequences because they
are of the opposite monotony. Observe that

K, (2rn ); ¥/sin A,, sin B,, sin C,, 1
_ —— )3 = . e
P
(anbpcy)s Ry, 2 </8 sin % sin an sin %
3 Ap By Cn
\/cos 5 COS 5 COS =5
2

The function f : (0,7/2) — R defined by f(s) = Incos s is concave, and we obtain as in
the proof of Theorem 2, the inequality

An+1 Bn+l Cn+1 An Bn Cn
> kLl s ==,
In cos 5 + cos 5 + cos 5 2 In cos 5 + cos 5 + cos 5
The limit (10.34) can be obtained by using the relations lim, o Ay, = lim,oo By, =
limy, oo Cp = 3. O

1 . . . . .
—HBn  (2r2)3),,5¢ is an increasing interpolating sequence

Corollary 10.8. The sequence (

(anbncn)3 * Fin
for the Chen’s inequality, i.e. we have
K 2r. Ki  2r 1 K,  2r,.1 V3
10.35 — )3 — (=) <...{ —— 3 <. < —.
( ) abc)%(R) T (a1bicy)3 R1) - T (anbncn)%(Rn) - T 4

REFERENCES

[1] Abbot, S., Average sequences and triangles, Math. Gaz., 80 (1996), 222224

[2] Alsina, C. and Nelsen, R., Geometric proofs of the Weitzenbick and Finsler-Hadwiger inequality, Math. Mag., 81
(2008), 216-219

[3] Andreescu, T. Mushkarov, O. and Stoyanov, L., Geometric Problems on Maxima and Minima, Birkauser,
Boston-Basel-Berlin, 2006

[4] Andrica, D., GEOMETRIE. Teme pentru perfectionarea profesorilor de matematici (Romanian), Casa Cartii de
Stiintd, Cluj-Napoca, 2017

[5] Andrica, D. and Marinescu, D. St., New Interpolation Inequalities to Euler’s R > 2r, Forum Geometricorum,
Volume 17 (2017), 149-156

[6] Chang, G. Z. and Davis, P. ., Iterative processes in elementary geometry, Amer. Math. Monthly, 90 (1983), No.
7,421-431

[7] Chen, S.-L., An inequality chain relating to several famous inequalities, Hunan Math. Comm., 1 (1995), 41 (in
Chinese)

[8] Cipu, A., Optimal reverse Finsler-Hadwiger inequalities, Gaz. Mat. Ser. A, 30 (2010), Nr. 3-4 (2012), 61-68

[9] Clarke, R. ]., Sequences of polygons, Math. Mag., 90 (1979), No. 2, 102-105



18 Dorin Andrica and Dan Stefan Marinescu

[10] Curry, T. R., Problem E 1861, The American Mathematical Monthly, 73 (1966), No. 2

[11] Ding, J., Hitt, L. R. and Zhang, X-M., Markov chains and dynamic geometry of polygons, Linear Algebra and Its

Applications, 367 (2003), 255270

Gordon, V. O., Matematika v Skole, 1966, No. 1, 89

Hadwiger, H., Jber. Deutsch. Math. Verein., 49 (1939), 35-39

Hitt, L. R. and Zhang, X-M., Dynamic geometry of polygons, Elem. Math., 56 (2001), No. 1, 21-37

Ismailescu, D. and Jacobs, ]., On sequences of nested triangles, Period. Math. Hungar., 53 (2006), No. 1-2,

169-184

[16] Lupu, C. and Pohoatd, C., Sharpening the Finsler-Hadwiger inequality, Crux Mathematicorum with Mathe-
matical Mayhem, 34 (2008), Issue 2, 97-101

[17] Lupu, C., Mateescu, C., Matei, V. and Opincariu, M., A refinement of the Finsler-Hadwiger reverse inequality,
Gaz. Mat. Ser. A, 28 (2010), 130-133

[18] Marinescu, D. St., Monea, M., Opincariu, M. and Stroe, M., A Sequence of Triangles and Geometric Inequalities,
Forum Geom., 9 (2009), 291-295

[19] Marinescu, D. St., Monea, M., Opincariu, M. and Stroe, M., Note on Hawiger-Finsler’s inequalities, Math.
Inequal. Appl., 6 (2012), No. 1, 57-64

[20] Mitrinovi¢, D. S., Pecari¢, J. and Volonec, V., Recent Advances in Geometric Inequalities (Mathematics and its
Applications), Springer; Softcover reprint of the original 1st ed. 1989 edition (September 17, 2011)

[21] Pélya, G. and Szego, G., Problems and Theorems in Analysis, Vol. II, in: Grundlehren der Mathematischen
Wissenschaften, Band 20, Springer-Verlag, New York, Heidelberg and Berlin, 1976, (Translated from the
revised and enlarged Fourth German Edition by C. E. Billigheimer)

[22] Popescu, P. G., Maftei, I. V., Diaz-Barrero, J. L. and Dincd, M., Inegalititi matematice: modele inovatoare (Ro-
manian), Editura Didactica si Pedagogicd, Bucuresti, 2007

[23] Stoica, E., Minculete, N. and Barbu, C., New aspects of Weitzenbock’s inequality, Balkan J. Geom. Appl., 21
(2016), No. 2, pp. 95-101

[24] Von Finsler, P. and Hadwiger, H., Einige Relationen im Dreieck, Commentarii Mathematici Helvetici, 10
(1937), No. 1, 316-326

[25] Weitzenbock, R., Uber eine Ungleichung in der Dreiecksgeometrie, Mathematische Zeitschrift, 5 (1919), No. 1-2,
137-146

[26] Wu, Y-D., Lokesha, V. and Srivastava, H. M., Another refinement of the Pélya- Szego inequality, Computers and
Mathematics with Applications, 60 (2010), 761-770

[12
[13
[14
[15

[l Rt Rt B}

”"BABES-BOLYAT” UNIVERSITY

FACULTY OF MATHEMATICS AND COMPUTER SCIENCE
CLUJ-NAPOCA, ROMANIA

Email address: dandrica@math.ubbcluj.ro

”"IANCU DE HUNEDOARA” NATIONAL COLLEGE
HUNEDOARA, ROMANIA
Email address: marinescuds@gmail.com



