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Existence of countably many symmetric positive solutions
for system of even order time scale boundary value
problems in Banach spaces

K. R. PRASAD and MD. KHUDDUSH

ABSTRACT. This paper establishes the existence and uniqueness of the solutions to the system of even order
differential equations on time scales,

(1 ufV" () = w1 (D2 (wa (0, u2(), t € [0, Thp, m € L7,
()" () = wa () fo (wr (t), ua (1)), t € [0, Thp, m e Z7,

satisfying two-point Sturm—Liouville integral boundary conditions

T i
al_,_lu( v (0) — B8; +1u(AV) A(0) = / ai_,_l(s)ugAv) ()Vs, 0<i<n-—1,
0
i T i
amuﬁ”) (T) + B; +1u(Av) A(T) / a7+1(s)u V' (s)Vs, 0<i<n—1,
Y1 (0) - 814102 0) / bir(8)us™Y (5)Vs, 0<j <m—1,

v)J
i1 () 4 85 uB VA / b1 ()Y (5)Vs, 0< j < m—1,

by utilizing Schauder fixed point theorem. We also establish the existence of countably many symmetric positive
solutions for the above problem by applying Holder’s inequality and Krasnoselskii’s fixed point theorem.

1. INTRODUCTION

Recently, researchers are shown much interest on the existence of positive solutions to
boundary value problems for dynamic equations on time scales [3, 5, 6,7, 11, 12, 15]. This
has been mainly due to unification of the theory of differential and difference equations
in time scale dynamics. The theory is widely applied to various situations, like, in the
study of insect population models, neural networks, heat transfer, and epidemic models
[2, 7]. For details on time scale calculus we refer to the books by Bohner and Peterson
[7, 8], Lakshmikantham et al.[23] and the papers [1, 4, 20].

The boundary value problems with integral boundary conditions occur in the study of
nonlocal phenomena in different areas of applied mathematics, physics and engineering,
in particular, in heat conduction, chemical engineering, underground waterflow, thermo-
elasticity, plasma physics [3, 11, 12, 21, 22, 25, 32, 35]. Recently, much attention is paid
to establish the existence of positive solutions to boundary value problems with integral
boundary conditions on time scales [10, 13, 14, 19, 24, 26, 31, 33] and for the existence
of symmetric positive solutions for higher order boundary value problems with different
types of boundary conditions [9, 17, 18, 28, 29].
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In [26], Oguz and Topal studied following system of boundary value problems on time
scales,

(=) ul®Y" () = fiot,ua (), ua (b)), t € [a, B, k= 1,2,

au® (a) - ﬁéV”():o,OSién—l»k:lﬂ»
au™ (0) + fu>V A (B) = 0,0 <i<n—1, k=12,

under the conditions that f; (k = 1,2) are non-increasing with respect to u;, uz and es-
tablished a necessary condition for the existence and uniqueness of symmetric positive
solutions by the method of monotone iterative technique.

Motivated by the work mentioned above, we consider the system of even order differ-
ential equations on time scales,

{ (_1)nu§AV)"7'n(t) = wq (t)fl (u1 (t), UQ(t)), te [0, T}T’ (11)
(—1)muS" (1) = wat) fo (wr (£), ua(1)), ¢t € [0, T,

satisfying the Sturm-Liouville integral boundary conditions

i i T i
aHlugAv) (0) — /B»L'+1u:(lAV) A(O) = / aiH(s)ugAv) (s)Vs, 0<i<n-—1,
0
. . T .
ozi_HugAv) (T)+ ﬂmug”) AT) = / aH_l(s)ugAv) (s)Vs, 0<i<n-—1,
0
| | T | (1.2)
J J J .
Yius™ Y (0) = 8518”2 (0) = / b (s)us™" (5)Vs, 0 < j <m—1,
0

X T
AV)I AV)I A AV)? .
eSSV (T) + 6,4 ul™Y A (1) :/ b1 (s)us™Y) (5)Vs, 0< j <m—1,
0

where n,m € Z" (positive integers), T is a symmetric time scale, T € T, f; € C(RxR,R),
wi(t) € LY[0, 1] (k = 1,2) for some p > 1 and establish the existence and uniqueness of
the solutions for the above system by applying Schauder fixed point theorem and the exis-
tence of countably many symmetric positive solutions by allowing wy(t)(k = 1, 2) to have
countably many singularities in (0, %)T using the Holder’s inequality and Krasnoselskii’s
cone fixed point theorem in a Banach Space.

The rest of the paper is organized in the following fashion. In Section 2, we provide
some definitions and lemmas which are useful to study the behavior of solution of the
boundary value problem (1.1)-(1.2). In Section 3, we construct the Green’s function for
the homogeneous problem corresponding to (1.1)-(1.2), estimate bounds for the Green’s
function, and some lemmas which are needed in establishing our main results are pro-
vided. In Section 4, we obtain existence and uniqueness of a solution for (1.1)-(1.2), due
to Schauder fixed point theorem. In Section 5, we establish a criteria for the existence of
countably many symmetric positive solutions for the boundary value problem (1.1)-(1.2)
by applying Holder’s inequality and Krasnoselskii’s cone fixed point theorem in a Banach
space. Finally, we provide an example of a family of functions w(t) that satisfy required
conditions.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas which are useful for our later
discussions; for details, see [3, 5, 6, 7, 16, 30, 34].
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Definition 2.1. A time scale T is a nonempty closed subset of the real numbers R. T has
the topology that it inherits from the real numbers with the standard topology. It follows
that the jump operators o,p: T — T,

o) =inf{reT:r>t}, pit)=sup{reT:r<t}
(supplemented by inf () := sup T and sup @ := inf T) are well defined. The point ¢ € T is
left-dense, left-scattered, right-dense, right-scattered if p(t) = ¢, p(t) < 't, o(t) = ¢, o(t) >
t, respectively. If T has right-scattered minimum m, define Tj, = T — {m}; otherwise set
T) = T. If T has left-scattered maximum M, define T* = T — {m}; otherwise let T* = T.

Definition 2.2. An interval time scale T = [a, D]t is said to be symmetric if for any given
t € T,wehaveb+ a —t € T and a function v : T — R is said to be symmetric on T if for
any givent € T, u(t) = u(b+a —t).

By an interval time scale, we mean the intersection of a real interval with a given time
scale. i.e., [a, b]T = [a,b] N T. Similarly other intervals can be defined.

Definition 2.3. A function v : T — R is said to be concave if for any ¢;,t; € T and
c €[0,1], u(cty + (1 — )ta) > culty) + (1 — c)u(ta).

Definition 2.4. Let ua and pv be the Lebesgue A— measure and the Lebesgue V—measure
on T, respectively. If A C T satisfies ua(A4) = uv(A), then we call A is measurable on T,
denoted 1(A) and this value is called the Lebesgue measure of A. Let P denote a propo-
sition with respect to ¢ € T.

(i) If there exists F; C A with pua(E1) = 0 such that P holds on A\ Ey, then P is said
to hold A-a.e. on A.

(ii) If there exists F2 C A with uy(FE>) = 0 such that P holds on A\ Es, then P is said
to hold V-a.e. on A.

Definition 2.5. Let £ C T be a V-measurable set and p R = R U {—00, +o0} be such
thatp > 1 and let f : E — R be V-measurable function. We say that f belongs to L%, (E)
provided that either

/ IfIP(s)Vs < oo if peR,
or there exists a constant M € Ig such that
|[fI <M,V —a.e.onEif p=+oc.
Lemma 2.1. Let E C T be a V-measurable set. If f : T — R is a V—integrable on E, then

/f Vs-/f )ds+ > (ti — p(t:) f(t:),

i€l

where Ig :={i € I :t; € E} and {t;}:er,I C N, is the set of all left-scattered points of T.

For convenience, we introduce the following notation throughout the paper: For 7 €

(0, £

T T
g = i i = = / = L
51 . /(; aZ(T)VT) CL L 5_7 fz (T)VT Cz 71 _ 5;7
T —T
gi ::/ Gi(r,r)Vr, ¢} = / Gi(r,r)Vr, g;(1) .7/ Gi(r,r)Vr,
0 T

T—71
g () = / Gi(r, 1)V,
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where

Gilt,s) =

— { Eﬂi +ait)(Bi + (T =), t <, in which d; = o; T + 28;,

£)(
Bi + ;s )(ﬁz +041( t))? s <t,
(

. L G+ yt) (6 + (T —9)), t < s,
Gilh o) %d’i{ (6; +7is) (0 +7(T = 1)), s <t,
]

t% in which d; = v, T + 26;.
We make the following assumptions: J := [0,T T andfor1 <:<2:
)

(H1) there exists a sequence {t;}32, (k € N),
lim; ¢, w;(t) = 400 fork=1,2,3, -,

(H2) w; € L%, (J) for some 1 < p < +o0 and there exists ¢ > 0 such that w;(t) > ¢ for all
[t*a 1- t*]Tv

(H3) ai, Bi,vj,0; > 0such that d; := ;T +28; > 0, d; := ;T + 24; > 0 for each
1<i<mnand1<j<m,

(H4) aj,b; € Ly(J) forall1 <i <n,1 < j < m are nonnegative and o; > &;, 7; > &
foralll1<i<n,1<j<monl.

t1 < L, limy_ oty =t* >0 and

3. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous problem corre-
sponding to (1.1)-(1.2) and estimate bounds for the Green’s function.

Lemma 3.2. Let (H3), (H4) hold. Then for any g1(t) € C(J), the boundary value problem,

—utV(t) = qi(t), t € J, (3.3)
T
@i (0) = b 0) = [ ai(s)un(s)Vs. 1 <i <, (3.4
0
T
aiuy (T) + Bup (T) = / ai(s)ui(s)Vs, 1 <i<mn, (3.5)
0
has a unique solution
T
= / H;(t,s)g1(s)Vs, for1<i<n, (3.6)
0
where
T
Ht5) = Gitt.s) + ——— [ Gilrojaitr)vr, (3)
a; —& Jo
forl <i<n.

Proof. Suppose u; is a solution of (3.3), then, we have
t S
ui(t) = —/ / g1(r)VrAs + At + B
0o Jo

=— /t(t —35)g1(s)Vs+ At + B
0

where A = lim;_,o+ u®(¢) and B = u(0). Using the boundary conditions (3.4), (3.5), we
can determined A and B as

A——/az — Bilo1(5)Vs

) T
B=— { &[(ai(T —5)+ Bi)g1(s)Vs + / i.[o‘iT + Qﬁi]“i(s)ul(s)vs]
0 0 i

«;
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Thus, we have

w(®) = = [ [ 8+ )+ 0T = 0)ar (97

aidz

T 1 T
+ [ Bt a6+ o = ) ()Vs] + = [ aits)us)vs

6%

from which, we obtain

1 (T
/ Gi(t,s)q1(s)Vs + —/ a;(s)ui(s)Vs. (3.8
After certain computations we can determined,
T o T T
/ a;(s)u(s)Vs = : / [/ Gi(s,r)ai(s)Vs} g1(r)Vr. (3.9
0 o — é"b 0 0
Hence
T 1 T T
- [ ctsmevss o [ [ Gna@vs]amwe
0 ay — 51 0 0
T 1 T
:/ {G (t,s) + s / Gi(s,r)ai(s)Vs} g1(r)Vr
/ H;(t,s)g1(s
where H;(t, s) is defined in (3.7). O

Lemma 3.3. Assume that (H3), (H4) hold and for 7 € (0, L) define ni(1) = & ;ig Then
G (t, s) satisfies the following properties for 1 < i < n,
(i) 0< Gi(t,s) < Gi(s,s) forall t,s € J,
(ii) ni(7)Gi(s,s) < Gi(t,s) forallt € [1,T — 7| and s € J,
(i) Gi(1—1t,1—35)=Gy(t,s)forallt,s € J,
(iv) Foreach s € J, the functions G;(., s) are concave in the first argument on J.

Lemma 3.4. Assume that (H3), (H4) hold and for T € (0, )']I‘ Then H,(t, s) have the follow-
ing properties for 1 < i <n,
(i) 0 < Hi(t,s) < (Gi(s,s) forall t,s € J,
(ii) Gini(T)Gi(s,s) < Hi(t,s) forallt € [1,T — 1] and s € J,
(iii) H;(1—t,1—s)= H;(t,s) forallt,s € J,
(iv) Foreach s € J, the functions H,(., s) are concave in the first argument on J.

Lemma 3.5. Assume that (H3),(H4) hold and H,(t, s) is given in (3.7) for 1 < i < m,. Let
K (t,s) = Hi(t, s) and define recursively

T
K;(t,s) = / K;_1(t,m)H;(r,s)Vr, for 2<i<n. (3.10)
0
Then K, (t, s) is the Green’s function for the homogeneous boundary value problem
(D)2 () =0, te J,

i i T i
a1t (0) = B a3V (0) = / a1 (5)u®Y) (5)Vs, 0 <i<n— 1,
0

. , T ,
ozi_HugAv) (T) + ﬁi+1ugAv) A(T) = / ai+1(s)ugAv) (s)Vs, 0<i<n-—1
0
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Lemma 3.6. Assume that (H3), (H4) hold and for T € (0, %)T Define

n n n n—1
gn =119 ¢ =116 La() =TI Gm), gu(r) =[] 9:(5),
1=1 =1 =1 1=1

then the Green’s function K, (t, s) satisfies the following inequalities:

(i) 0< K,(t,s) <(rghGnl(s,s), forallt,s € Jand
(i) Kn(t,s) > Ln(7)gn(T)Gn(s, ), forallt € [t,T — 7l and s € J,

Proof. Tt is clear that Green’s function H,(t,s) > 0, for all t,s € J. Now we prove the
inequality by induction on n and denote the statement by p(n).
From (3.7) we have K;(t,s) = Hi(t,s) < (1G1(s, s) and

Kg(t,s):/o Kq(t,r)Ha(r,s)Vr

T
S/ GG1(r,1)(Ga(s, s)Vr
0
2 1
< HQ HgiGz(& s)
i=1 =1

Now fort € [r,1 — 7], we have Ki(t,s) = Hi(t,s) > (i (7)Gi(s, s), and

Kg(t,s):/o Kq(t,r)Ha(r,s)Vr

T—1

> Clm(r)/ G1(r,r)Hs(r,s)Vr

T

>am) [ G Gm(r)Gals, )V

> [T ¢m(m) [T 9:(m)Gals. ).

i=1 i=1

Hence, p(1), p(2) are true. Suppose p(k) is true, then from (3.11), we have

T
Ki11(t, s):/ Ky (t,r)Hgy1(r, 8)Vr
0
k k—1 T
< HQ H gi/ Gr(r,m)Hgy1(r,s)Vr
i=1 i=1 0

k k—1 T
<TI¢11 gi/o Gr(r,7)Chr1Grra (s, 5)Vr
=1 =1

k+1 k

< H Gi HginH(S, 5)
=1 =1
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and fort € [r,1 — 7],

T
Kk+1(t,s):/ Ky (t,r)Hgy1(r, 8)Vr
0
k k—1 T
> TLan) [To0) | Gutrr)Gaa () 9r
i=1 i=1

k k—1 T—r
> [[eno) [Lo0) / Gi(r, )G (r, )V

k+1

> ] ¢imi(r HQL )Grt1(s, 5).
=1

So, p(k + 1) holds. This completes the proof. O
Lemma 3.7. The Green’s function K;(t, s) for 1 < i < n, satisfies the following conditions

K;(t,s) = K;(1—-t,1—-s)Vt,s e J (3.11)
and for each s € J, K;(-,s) (1 <1i < n) is concave in the first argument on J.

Proof. The proof is by induction. For i = 1, the equation (3.11) is clear and assume that the
equation (3.11) is true for fixed s > 2. Then from (3.10) and using transformationr; = 1—7,
we have

T
Kii1(t,s) = ; K;(t,r)Hjy1(r,s)Vr

T
= / K,(1—-t,1—r)H;11(1—r,1—9)Vr

/ K t T1 HZ‘+1(’I"1, 1-— S)V?“l

= Kip1(1-t,1-5s).
Now, to prove concavity of K,(.,s), let ¢ € [0,1] and ¢,r,s € J with ¢ < r and using
Lemma 3.3. Forn =1,

Ki(ct+ (1 —c¢)r,s) = Hi(ct + (1 —¢)r, s)
> cHy(t,s) + (1 — ¢)Hy(r, s)
> cKq(t,s) + (1 — c)Kq(r, s).

Next, we assume that K;(ct 4+ (1 — ¢)r,s) > c¢K;(t,s) + (1 — ¢)K;(r, s) for fixed i > 2.
Then

T
Kipi(ct+ (1 —c)r,s) = / Ki(et+ (1 —c¢)r,s1)Hi11(s1,8)Vs
0
T
> / {cKi(t, s1) + (1 —¢)K;(r, 51)] Hit1(s1,5)Vs
0
T
> C/ Ki(t,s1)Hiy1(s1,5)Vs
0

T
+(1- c)/ K;(r,51)Git1(s1,8)Vs
0
> cKip1(t,s) + (1 — o) Kiy1(r, s).
This completes the proof. O
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We can also formulate similar results as Lemmas 3.2-3.7 above follows:

Lemma 3.8. Let (H3), (H4) hold. Then for any g»(t) € C(J), the boundary value problem,

—u3Y (t) = go(t), t € J, (3.12)
T
vu2(0) — §;u5(0) :/ bj(s)ua(s)Vs, 1 < j <m, (3.13)
0
T
ymxTw+@@%Tw:/ bi()us(s)Vs, 1< j <m, (3.14)
0
has a unique solution
T
0= [ Hlt902() Vs, for1<j<m, (3.15)
0
where
1 T
Hy(t,9) = Gy(t.5) + —— [ 63y () 3.16)
Vi~ gj 0
forl <j<m,

Lemma 3.9. Assume that (H3),(H4) hold and for 7 € (0, %) define n; (1) = % Then
G;i(t,s) for 1 < j < m, satisfies the following properties:
(i) 0<G;(t,s) <Gj(s,s) forall t,s € J,
(i) 3 (7)G;(s,s) < G;(t,s) forallt € [, T — 7lpand s € J,
(i) G;(1—¢,1—s)=G,(t,s)forallt,s e J.
(iv) Foreach s € J, the functions G;(., s) are concave in the first argument on J.

Lemma 3.10. Assume that (H3), (H4) holds and for T € (0, )T Then H;(t,s)for1 < j <m,
have the following properties:
(i) 0<H;(t,s) <(iGj(s,s)forall t,s € J,
(ii) Cnj(1)G;(s,s) < H;(t,s) forallt € [7,T —7lpand s € J
(iii) Foreach s € J, the functions H;(., s) are concave in the first argument on J.

Lemma 3.11. Assume that (H3), (H4) hold and H (¢, s) for 1 < j < m, is given in (3.16). Let
K1(t,s) = Ha(t, s) and recursively define

T
K;(t,s) =/ Ki—a(t,r)H;(r,s)Vr, for 2<j<m. (3.17)
0

Then K., (t, s) is the Green’s function for the homogeneous boundary value problem

(0" (1) =0, t e J,
i1t (0) = 8aus Y2 (0) / bj+1(s Y ()Vs, 0<j <m—1,
a1 (T) 4 6, s>V A(T) = / b (s)us>Y (5)Vs, 0 < j <m— 1.
0

Lemma 3.12. Assume that (H3), (H4) hold and for T € (0, ) . Define

:Hgév m HC]7L HC g;(T)a
j=1

then the Green's function K, (t, s) satisfies the followmg inequalities:
(@) 0 < Kn(t,s) < (hgmGm(s,s), forallt,s € Jand
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(ii) Kon(t,8) = Lin(T)gm(7)Gm (s, s), forall t € [7,T — 7] and s € J,
Lemma 3.13. The Green’s function IC;(t, s) for 1 < j < m, satisfies the following conditions
Kit,s)=K;(1—t,1-s)Vt,seJ (3.18)
and for each s € J, K;(-,s) (1 < j < m) is concave in the first argument on J.

4. EXISTENCE AND UNIQUENESS

In this section, we establish the existence and local uniqueness of a solution to the
system (1.1)-(1.2). Consider the Banach space £ = C(J) with supremum norm || - || and
the Banach space X = E x E with the norm ||(u1, u2)||x = [Ju1|| + [luz]-

For k = 1,2, we consider three possible cases for w, € LY (J) :p>1,p=1,p = o0
When p > 1 we have the following theorem.

Theorem 4.1. Assume that the functions fi(uy,uz) are continuous with respect to (u1,ug) €
R x R fori = 1,2. If M satisfies A < 2L where

- max{2||Gn||LgleuLg,zugmuyvnmn%}
and A > 0 satisfies
A >  max {|f1(U17U2)|a|f2(U17U2)|},

I(u1,u2)||<M
then the system (1.1)-(1.2) has a solution.

Proof. Let P = {(u1,u2) € X : ||(u1,u2)]]| < M}. Then P is a cone in X. The cone P is
closed, bounded and convex subset of X and hence the Schauder fixed point theorem is
applicable. Define T': P — X by

T (ur,ug)(t) = (Tn(ur, uz)(t), Ton (u, ug)(t))
where .
T ur,a) (1) = [ It )on (5 5). a4)) Vs
and r
T (u1, u2)(t) :/0 Ko (t, s)wa(s) f2(ur(s), uz(s))Vs

fort € J. Clearly the solution of the system (1.1) — (1.2) is the fixed point of operator T'. It
can be shown that the T : P — X is continuous. We claim that 7" : P — P. If (u1,u2) € X,
then

1T (w1, u) || x = [T (r, u2) [| + [T (1, uo) |

fmax)/ n(t, s)wi(s )fl(ul,ug)Vs’

teJ

T
—s—max‘/ G (t, $)wa(s) fa(u1,u2)Vs
0

teJ

T
< / max |G (t, )| w1 ()| f1 (s, 2) | V's
o ted

T
b [ max] Gt 5)fn o) falu w2) 7
o ted

<NGnllzg llwille A+ [|Gmll e lw2 [ 22 A
<eA.

Thus, we have || T(uy, u2)| x < M, where M satisfies A < 2. 0
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The following two Corollaries deal with the cases when p = oo and p = 1, respectively.

Corollary 4.1. Assume that the functions f;(u1,us) are continuous with respect to (uq,us2) €
R x R for i = 1,2. If M satisfies A < 2L where

e = max {2/Gully il 21Gml 3, o 125 }
and A > 0 satisfies
A> max{Ifi ()] (e, )]},

T luru2) <M
then the system (1.1)-(1.2) has a solution.

Corollary 4.2. Assume that the functions f;(u1,us) are continuous with respect to (uq,uz) €
R x R for i = 1,2. If M satisfies A < 2L where

e = max {2/ Gullzg Il 21Gml s Iz, }
and A > 0 satisfies
max {|f1(U1,U2)|7|f2(U1,U2)|},

>
(w1 uz) || <M
then the system (1.1)-(1.2) has a solution.

Corollary 4.3. If the functions f;(u1,u2) are continuous and bounded on R x R for i = 1,2,
then the system (1.1)-(1.2) has a solution.

Proof. Choose Q > sup{| f1(u1, uz)l, | f2(u1,uz)|}. Pick M > 0large enough so that Q < £,
where ¢ is defined in the Theorem 4.1. Then there is a number A > 0 such that Q > A

M _ M
where A > n(ufﬂﬁfﬁSM {|f1 (ug,u2)l, | f2(uq, u2)|} Hence, ¢ < 5 < 7 and thus the system

has a solution by Theorem 4.1. O

5. EXISTENCE OF COUNTABLY INFINITELY MANY POSITIVE SOLUTIONS

In this section, we establish the existence of countably infinitely many symmetric posi-
tive solutions to the system (1.1)-(1.2) by applying Hélder’s inequality and Krasnoselskii’s
fixed point theorem in cones. Assume throughout this section that wy, (k = 1,2) have
countably many singularies in (0, £).

Theorem 5.2. (Krasnoselskii fixed point theorem, [15]). Let B be a Banach space and let
P cCB be a cone in B. Assume that Qq,Qq are open with 0 € Q1,01 C Qg, and let T :
P N (Q2\Q1) — P be a completely continuous operator such that either

@) |Tull < JJull,u € PN O, and ||Tul| > [Jull,u € P N 0N, or

(ii) [|Tu]| > Jull,uw € PNOQy, and [|[Tu|| < |Jul|,u € P N OQs.

Then T has a fixed point in P N (Q2\Q1).
Theorem 5.3. (Holder’s inequality, [5, 27]) Let f € L (J*) withp > 1,9 € LEL(J*) with

¢>Land L+ 1 = 1. Then fg € LL(J") and | fgll 1z, < | flLe gl s -

where
1

1fllze = [/J* ‘f|p(S)VS:|F’ DR
mf{MGR”ﬂ <MV —a.e., onJ*}, p = o0,

and J* = [a, bl Moreover, if f € L, (J*) and g € L (J*). Then fg € Ly (J) and || fg L <
fllze llgllzes -
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For 7 € (0, T), define the cone P, C X by

0
{ ur,uz) € X :up(t) >0, ug(t) > 0 are symmetric, concave and

e (190 20(6) > S5 a0, a)

where 7, = min { L, (7)gn(7), Lm(7)gm(7) } and v = max {¢ g5, G |-
For any (u1,us2) € PT7 deflne an operator F': P, — X by

F(uy, ug)(t) = (Fp(u1, u2), Fr(u1,u2)),

where
T
Fo(u, uz) = / Ko (t, 8)w1 (5) 1 (1, u2) Vs
0
and

T
Fm(ul,uz)z/ Ko (t, s)wa(s) fa(ur,uz)Vs

Lemma 5.14. Assume that (H1)-(H4) hold. Then F(P;) C P; and F : P, — P, is completely
continuous for each T € (0, g)T

Proof. Fix 7 € (0, %)p. First note that (uy,uz) € P implies that F,(u1,uz)(t) > 0 and
Fo(u1,u2)(t) > 0 for all t € J. On the other hand, by Lemma 3.6 and Lemma 3.12 we
obtain

Fn(UhUQ)(t) + Fm(ula u2)(t)

T T
z/ Kn(t,s)w1(s)f1(u1,uQ)Vs+/ Ko (t, $)wa(s) fa(ur,us)Vs
= ngn/ Gr(s, s)wi(s )fl(U1,U2)VS+Cm9m/ G (s, s)wa(s) f2(u1,u2)Vs

<% /0 G (s, 8)wi(8)f1(ur,u2)Vs —I—/O Qm(s,s)wg(s)fg(ul,ug)Vs)
and

et 0 (a1, u2)(0) + P, 02)(0)

= min (/OT K (t, S)wl(s)fl(ul’W)VS*'/OT/Cm(t5)w2($)f2(U17U2)V5>

tE[T T— T]T
T
an(T)gn(T)/O Gr(s,s)wi(s)fi(ur,us)Vs
+ L@ (r) [ Gl s)ua() ol ) Vs

T T
> / Gn(S,S)wl(S)ﬁ(uhuz)VS—F/0 gm(S,S)UJQ(S)fQ(U,17u2)VS)
||( w (U1, u2), Fo (U, ug)) || x

> 7”F(U17U2)HX~
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So, F(u1,u2) € P: and then F(P.) C P.. Next, by standard methods and the Arzela-
Ascoli theorem, one can easily prove that the operator 7" is completely continuous. The
proof is complete. O

We consider three possible cases for wy o € L%, (J) : p > 1,p = 1,p = co. When p > 1
we have the following theorem.

Theorem 5.4. Assume that (H1) — (H4) hold, let {7, }7° | be such that tp11 < 7, < tg, k =
1,2,3,--- . Let {Sk}32, and {r}32, be such that

Sk+1 < %T}C <Crp < Sk, ke N,

where

1 1
C = max{ — ) 1}'
Ln(Tl)gn(Tl)6 le G»,L(S,S)VS Lm(Tl)gm(Tl) f gn(s 5)
Assume that f satisfies
(A1) fi(ug,ug) < MITSk and fo(uq,us) < MlTS’“‘forallt € J,0 <wuy +uy < Sy, where
1 / 1
and M, <
nInllGnllr lwrllze, L Gl Gl e Nl

(A2) fi(u1,u2) > Crgor fa(ur,ug) > Cry forall t € [, T — 73],
Zhry, <up +ug <7

M <

Then the system (1.1)-(1.2) has countably infinitely many symmetric positive solutions {(u[lk], u[Qk] )15
Furthermore, ry, < ||(u[1k],u2 )|| < Sk for each k € N.

Proof. Consider the sequences {1 }7°; and {Q2 1}, of open subsets of X defined by
D1k = {(u1,u2) € X ¢ |[(ur,u2)l|x < Sk},

Qo = {(u1,u2) € X : [[(u,u2)|[x <7}

Let {71 }32, be as in the hypothesis and note that t* < tx41 < 7 <t < T ,forall k € N.
For each k € N, define the cone P;, by

P, = {(u17U2) € X :uq(t) >0, ua(t) > 0 are symmetric, concave and

1 h ul (%) X (-
min (s (1) +ua(t) 2 75 (i (0) ua(0) |}

te["’k-,l—Tk]T
Let (Ul, UQ) € Pq-k N an,k- Then,

u1(s) +ua(s) < Sy = [[(ur, uz)||x
for all s € J. By (A1),

| (u,us) |—max/ K, (t, s)wi(s) f1(u1(s), ua(s)) Vs

< ngn/ G (s, s)wi(s)fi(u1,u2)Vs

M Sy,
2

< GugnllGullLg llenll e,

< Sk _ lur,ua)llx
-2 2
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Thus we have ||F), (u1, uz)|| < M Similarly we can see that

[[(ur, )| x
5 :

Therefore, for (u1,u2) € P, N0k, and t € J we get

[ (ur,u2) || x = [|(Fn(ur, uz), Fpn(ur,u2)) | x
= [|F(ur, u2) || + [[Fo (ur, u2) | (5.19)

< [l(ua, u2) x-

||Fm(u17u2)|| S

Lets € [, 1 — Tk]']r. Then, for (u1,u2) € Pr, N Ok,

e = [[(u1, u2)[] > ui(s) + ua(s)

SE[TkIEIETk]T (U1(8) i UQ(S))

Vri
%H(uhw)ll

Yri
LI

Vv

Y

Vv

By (42),
1 (ur, ug) || = 1 Fn (s ug) | + [ Fn (ur, u2) [| = [[Fn (ur, ug)|

T
= max/o K (t, s)wi(s) f1(u1(s), uz(s)) Vs

teJ

> max/ o K, (t, s)wi(s) f1(u1(s), ua(s)) Vs

teJ .

T—Ty
> max /Tk K, (t,s)wi(s)VsCry,

T—71
> Crrpe  max / K,(t,s)Vs
t€[7’1,1—7’1]T 1

1—71

> CTkLn<T1)gn(Tl)6/ Gr(s,8)Vs

T1

> = [[(u1, u2)||x-
Thus, if (uy,uz) € Py, N OQs i, then
[ F (u1, u2) || = [[(u1, u2)| x. (5.20)

It is obvious that 0 € Qa4 C Qa2 C Q1. By (5.19),(5.20), it follows from Theorem

4.1 that the operator T has a fixed point (ul, ulfl) € P, 1 (0 4\ Q) such that r, <

I (u[lk] , u[Qk])H < 8. Since k € N was arbitrary, the proof is complete. O

Now we deal with the case p = 1.

Theorem 5.5. Assume that (H1) — (H4) hold, let {13,}3°, be such that ty11 < T < tg, k =
1,2,3,--- . Let {Sk}32, and {r}3>, be such that

Sk+1 < h?”k < Cry < Sk;7 ke N,
Y
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where C'is defined in Theorem 5.4. Also assume that f satisfies
(B1) f1(u1,u2) < M"’Ts’“ and fa(uq,us) < MQTS’“for all t € J, 0 < wuq + ug < Sg, where

1
My < min{ ) C},
GanlCallsTonllis
, X 1
M, < min C
Il GmllLes llwall Ly’

and (A2). Then the boundary value problem (1.1)—(1.2) has countably infinitely many symmetric
positive solutions {(u1 ,u2 )},C 1- Furthermore, for each k € N, ry, < ||(u[1k],u2 )| < Sk.

Proof. For a fixed k, let 2, ;, be as in the proof of Theorem 5.4 and let (1, u2) be an element
of P;, N 0Qy . Then

ui(s) +ua(s) < S = [|(ur, u2)| x,
for all s € J. By (B1) and Theorem 5.4,

1 (uys ug) || = [[Fn(ur, uo)l| + [ Fm (ur, ug) |

< max/o K, (t, s)wi(s) f1(u1(s),ua(s)) Vs

teJ

T

+ I?ea}{/o K (t, s)wa(s)fa(ui(s), ua(s)) Vs

M, Sy,
2

M S,
2

< Gl Gnlleg el

< Sk.

+ CnIm G| Lo oozl Ly

Thus,
[ F (u1, u2)|| < [[(u1, uz)|[x,

for (’U,l,’LLQ) S P.,—k n 891’]9 Now define Qg’k = {(ul,u2) e X : ||(U1,UQ)||X < Tk}. Let
(ur,u2) € Pr, N 0Ny and let s € [r, 1 — Tk]']r. Then, the argument leading to (5.20)
carries over to the present case and completes the proof. O

Finally we consider the case of p = co.
Theorem 5.6. Assume that (H1) — (H4) hold. Let { Sy }72 | and {ry}32, be such that

Sk+1 < lr?”k <Cr, < Sk, k€ N7
Y

where C is defined in Theorem 5.4. Also assume that f satisfies
(E1) fi(u1,uz) < M3Sk and fi(ug,us) < MéSkfor all t € J, 0 < wuq + ug < Sk, where

M3<min{ L C},

ngn”G ||L1 ||OJ1 ||L°°

’ 1
M; < min{ C}
mg'mHgmHLl ||w2||L°°

and (A2). Then the boundary value problem (1.1)—(1.2) has countably infinitely many symmetric
positive solutions {(u[lk] , u[gk])}zozl. Furthermore, for each k € N,
ri < [l (i i < S
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Proof. By (E1),

1 (1, u2) || = [[Fo(ur, ug) || + | Fm (us, ug)]

tedJ

T
< max/o K (t, s)wi(s) f1(u1(s), uz(s)) Vs

T
+ max/ Ko (t, s)wa(s) f2(u1(s), uz(s)) Vs
0

teJ

M58y, M. Sk
5 + CnImllGmll Lo [wall L ‘;

< GagnllGnllzy llwrllze

< Sk.
This shows that if (uq,u2) € Pr, N 0Q4 k, where
Ql,k = {(Ul,UQ) e X: ||(U1,U2)|| < Sk}

Then,
[ (w1, u2) || < [[(u1, uz)||-

Define Q9 = {(u1,u2) € X : |[(u1,u2)| < r} and let (u1,u2) € P, N 0. Then, the
argument employed in the proof of Theorem 5.4 applies directly to yield || F(u1, u2)| >
l|(u1, u2)]|]. By the Theorem 4.1, completes the proof. O

6. EXAMPLE

In this section, we provide an example of a family of functions w(t) that satisfy condi-
tions (H1), (H2) corresponding to the cases p = 1 and p = 2.
Let T = [0, 2] U{3, t, L& S UL, 3]u{il 8 4 41 ]2 1] be bounded symmetric

time scale and consider the family of functions w(t, §) : [0, 1]T — (0, 4+00] given by

1

1 3
PR — 0<t<-or-<t<1
= 1] if =%y =teo
w(t,0) =
= 9y, V- o1 3
S e
= It =gl +t— 3|
where
5 — 1 1
tg = 16 , i =to— Z k+2)47l:17273""7andﬁozlyﬁlzi(tl+tl+l)al:172a37"'
At first, it is easily seen that w(t,0) > w(1,6) = @ =20t =1 <ly—ty =

1=1,2,3,---,and note that };°, # = 5. So,

5 5 T 21 7t 1
t* - 1. tr = — —_— —_— —1 = — — — —.
5% T 16 z% k+2 " 16 (90 ) 6 9 5

(z+2)4 ’
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We claim that if § = 1, then w(t,6) € LL[0,1]. Note that }°;°, £ = %

[ewowe= [ wwnws

aiCh
(5~
(3
(

+

_|_

50
5
6

+

P
50
1

Let

22 (5) 2 (B)+ (})

with 0 = % Then

/1 w(t, )Vt ="
0 =1

S| f
— fl+tl+1 tl _t)a

K. R. Prsad and Md. Khuddush

we have

MH\
=
d
_l’_

\H
=
d

o)< () (
) (1)
), (204 (4

= X[, 9] |
/4 z—;Ht— |l+tlz ; QVH/E; 1
2x (7)) () <2§>9]+72{<2§>9+3ﬂ

Uw\ﬂk »th—l [SL =

7 N 7N

“) i)
=

<(3)'+

ol ()]

R ]

o0

\Y% /é ! \Y%
t+ ——— Vit
o (3=t

1

Y11 1
/ 1 10

1
—— = Vt+ X
=17

o

_|_
m\m\

i {./19[ tlit)

=1

vi—1 1
o [
# (t—t)°

2 1 1
T1 4|20 30

ti-1tt

2 1
o [
t1 (t_tl)e
2 |: 1 1

[+

o

=1

19 21—9_31—9] e
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So that
1 0o 1-6 1-6
i — ti41 i1 — 1
freeove-rg 2 () ()
2 1 1
179 [210 - 319} e
= 1
T o1 91— ;[l+2 (l+1)4(19)]
2 1 1
179 [21—9 a 31—9} e

s 1 1 4
V22 [<l+1>2 * <1+1>2} MEERE AR

2
4
\@<23>+2f23\/§+2,

This shows that w(t, ) € LL[0,1].
Next, we claim that if § = I, then w(t,0) € L%[0,1]. In this case, we need the cauchy
product,

Z{El Zyl Zzl, (621)
=1 =1

where

l
2= Tnli-ni1. (6.22)

n=1

1 i i s X[, Yi-1] ?
/oﬂ(tﬁ)Vtz/ w2(t,9)Vt+/ {Z : L Vi
0 0 I

el Bl || I
1
+/ W3(t,0)Vt,

3

4

Note that

(6.23)

we use (6.21) and (6.22) and the fact that, if X N'Y = (), then x[X] - x[Y] = 0 to simplify
the integrand,

Z X 91111 = X[y 91 1] X1 n1, Vi
|:Z ‘t,tl‘O _ZZ |t7tn|9 ]

1=1 =1 n=1 |t = tin1l
= X[ 9]
_Z |t—t |29 €,
=1 !

and so (6.23) may be written as

/ (t,0 Vt—Z/ Xl91, Vi) 29vt+/4w2(t79)vt
0 0

[t — 3+t —

+ / 2(1,0)Vt

4
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Let
<2l (5]
a2 (5) v () ()" + ()]

1

S o
Vt+/ — Vit
o |lt— 3+t 1% o (3%

)

with § = 1. Then

1
/ WA(t,0)Vt =
0

t 1 Y1 1
7Vt+/ Vt]
/191 (tr —1)*° no (E—10)*

2 1 1
+ 1-90|921-20  31-20 +2
0o t 1 tl—12+‘L 1
= — Vit — Vit
; |:‘/‘l+;l+1 (t; —t)2? +/tz (t — ;)20 ]
2 1 1
+ 1-920 |:2120 - 3126:| +2
_ 1 i =t n o —t\"7%
1-—20 — 2 2
2 1 1
+ 1-920 |:2120 o 3120:| +2

B 1 - 1 1
- 21720(1 _ 29) Z (l + 2)4(1—20) + (l + 1)4(1—29)

=1
P 1 1
+ 1—20 |:21—29 B 31—29] + 2

) i PSS NPV RN S

e KGR (RS VE 3

s 9 4
=v2[T — ) yov2--VE34x

(3 4)+ Vi iVE+

Which implies w(t, 0) € L%[0,1].
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