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Existence of positive solutions for half-linear fractional
order BVPs by application of mixed monotone operators

K. RAJENDRA PRASAD, MD. KHUDDUSH and D. LEELA

ABSTRACT. In this paper we developed tripled fixed point theorems of ternary operator on partially ordered
metric spaces. As an application we established existence of positive solutions for half-linear fractional order
boundary value problem.

1. INTRODUCTION

Fractional differential equations has recently attracted many researchers due to its wide
applications [11,17,36] in engineering, technology, biology and so on. Establishing exis-
tence of solutions for fractional differential equations together with boundary conditions
has been carried out by researchers [7,12,13,20-22,24,32-35].

The study of turbulent flow through porous media has gained momentum and has
wide range of scientific and engineering applications such as fluidized bed combustion,
compact heat exchangers, combustion in an inert porous matrix, high temperature gas-
cooled reactors, chemical catalytic reactors [9] and drying of different products such as
iron ore [23]. To study such type of problems, Leibenson [18] introduced the following
p-Laplacian equation,

(@p(u' (1)) = f(tult), (1)),
where ®,(u) = |u[P7?u, p > 1. The operator ®, is invertible and its inverse operator is
defined by ®,, where ¢ > 1 is a constant such that ¢ = p/(p — 1). Few works has been
done for establishing the existence of positive solutions to Caputo fractional boundary
value problems involving p-Laplacian operator, see [13,20-22,24,32,33]. The p-Laplacian
operator and fractional calculus arises on many applied fields such as turbulent filtration
in porousmedia, blood flow problems, rheology, modeling of viscoplasticity, material sci-
ence, it is worth studying the fractional differential equations with p-Laplacian operator.
In 1957, Bihari [6] investigated the half-linear differential equation

(p()u') + q(t) f (u, p(t)u’) = 0 (L.1)

where f(u,v) satisfies a Lipschitz condition such that uf(u,v) > 0 (for u # 0) is homoge-
neous and extended the Strumian theorems to the equation (1.1).

In [10], S. Dhar and Q. Kong studied the following third-order half-linear differential
equation

Dy ((Pay (1)) + () Py, () = 0
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where ¢ € C(R,R), ®,(u) = |u|P~ u, p > 0 and ay, ap > 0, with the boundary conditions
u(a) = u(b) = 0,—00 < a < b < oo and some additional conditions, derived Lyapunov-
type inequalities to the above equation. Gholami and Ghanbari [14], considered the fol-
lowing coupled systems of half-linear fractional order boundary value problem

(1)52 ( a+ ((I)ﬁl (u))) + /\(I)ﬂ1ﬁ2 (f (tv v)) =0,

(1)72( ( (U))) + 1Py 4, (f(t’ u)) =0, (1.2)
u(a) u(b) =v(a) =v(b) =0

where t € (a,b), o, 8 € (1,2), y(u) = |u]""tu, v,0;,8; € (0,400),i = 1,2, D%, de-
notes the left sided Caputo fractional derivative of order «, and established existence of
positive solutions by using Leray-Schauder and Krasnoselskii-Zabreiko fixed point theo-
rems.

Fixed point theory is one of the most important area of research in Mathematics. In
recent years, many results related to fixed point theorems in ordered metric spaces are
established in [1-3,27,30] and etc. The results in this line was obtained by Ran and Reur-
ings [29]. Subsequently, Nieto and Rodriguez-Lopez [26] extended the results by omitting
the continuity hypothesis and applied their result to obtain a unique solution to a first or-
der ordinary differential equation with periodic boundary conditions. Later, Bhaskar and
Lakshmikantham [5] established several coupled fixed point theorems for mixed mono-
tone mappings defined on partially ordered complete metric spaces. Recently, their work
was extended by Liu, Mao and Shi in [19].

Inspired by the works mentioned above, in this paper, we establish some tripled fixed
point theorems using mixed monotone operator on partially ordered complete metric
spaces that generalizes [19]. As an application, we study the half-linear fractional order
differential equation, for 0 < ¢t < 1,

3 (“Dge (@a(u(®))) + Pap(f (1 u(t) +9(tu®) +h(tu®)) =0, (13)
satisfying the Sturm-Liouville type boundary conditions

a(®au)(0) — b(®,u) (0) =

0’
c(Pou)(1) + d(Pou)' (1) =0, a4
where @, (u) = |[u]""lu, v,a,8 € (0,400), “D}, is left sided Caputo fractional deriva-
tive of order r, 1 < r < 2, f,g,h € C([0,1] x [0, +00), [0, +0)), a, b, ¢,d are real positive
constants and then established unique positive solution for (1.3)-(1.4).

The rest of the paper is organized in the following fashion. In Section 2, we provide
some definitions and lemmas which are useful in establishing our results. We construct
the Green’s function for the homogeneous problem corresponding to (1.3)-(1.4) and also
we estimate bounds for the Green’s function in Section 3. In Section 4, we establish tripled
fixed point theorems. In last section, we establish the boundary value problem (1.3)-
(1.4) has unique positive solution by an application of tripled fixed point theorems of
ternary operator on partially ordered metric spaces and then finally an example is given
to demonstrate our results.

2. PRELIMINARIES

In this section, we provide some definitions and lemmas which are needed in the later
discussion.



Existence of positive solutions for half-linear fractional order boundary value problems 67

Definition 2.1. [11] Let o € (0, +00). The operator I, defined on L1[a, b] by

T = g5 [ (=9 s

for t € [a,b], is called the left sided Riemann-Liouville fractional integral of order ~.
Under same hypotheses, the right-sided Riemann-Liouville fractional integral operator is
given by

b
o T = i [ =07 s

Definition 2.2. [11] Suppose v > 0 with n = [7] + 1. Then the left and right sided Ca-
puto fractional derivatives defined on absolutely continuous functions space AC"[a, D]
are given by

C n— n C n n— n

( Dz+f)(t) = (Ia+ ’YD f)(t)7 (b—D’yf)(t) = (_1) (b—I PYD f)(t)7

n._ d*
where D" 1= 2.

Lemma 2.1. [17] Let v > 0. Then
(i) for f(t) € Li(a,b), we have
(“DL I )0 = F0), (D717 F) () = F(b).
(ii) for f(t) € AC™[a,b], we have

n—1 (k) a
(2,507 1)) = 1)~ 3 1D (¢ —aph,

P k!
(DDA =10 (_1)k;§:(k)(b) (b-1)*
k=0 ’

Definition 2.3. [4] Let (X, <) be a partially ordered set and d be a metric on X such that
(X, d) is a complete metric space. Consider on the product space X xX xX (= X3, in short)
the following partial order, for (z,y, 2), (u,v,w) € X3,

(xﬂy7z)§(u?v7w) <:>x§u’yzvﬂzgw‘
Definition 2.4. [4] Let (X, <) be a partially ordered set and A : X3 — X. We say that A

has the mixed monotone property if A(x,y, x) is monotone nondecreasing in z and z and
is monotone non decreasing in y, i.e., for any z,y, z € X,

Ilv'IQEXv Z1 SIQ - A(‘Tlvyaz) SA(‘TQ,y,Z),
y1,92 € X, y1 <y2 = A(w,y1,2) > Az, 92, 2),
21,22 S Xa 21 S 2o = A(xay,zl) S A(xvysz)'

Definition 2.5. [4] An element (z,y, z) € X? is called a tripled fixed point of A : X3 — X
if

Az, y,2) =z, Ay, 2,y) =y, A(z,y,7) = .
Definition 2.6. [16] A function ¢ : [0, +00) — [0, +00) is called an altering distance func-
tion if the following conditions are satisfied:

(i) ¢ is continuous and nondecreasing,
(ii) ¢(t) =0 <= t=0.
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3. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function for the homogeneous problem corre-

sponding to (1.3)-(1.4) and estimate bounds for the Green’s function.
Lemma 3.2. Let h € C(R). Then the boundary value problem
D5 (“Dhy (Pa(u(t))) +h(t) =0, 0 <t <1,
a(®au)(0) — b(®,u) (0) =0,
c(Pau)(1) + d(®,u) (1) =0,

has a unique solution
1

u(t)z@,fl( O G(t,s)éﬁfl(h(s))ds),

where

A
Gg(t, S) = F

and A = (ac + ad + be) !,

(3.5)

(3.6)

(3.7)

(3.8)

Proof. From Lemma 2.1, the equation (3.5) transforms to the fractional integral equation

@a(u)(t):A—i—Bt—/o “_Ff:;_@ﬁl(h(s))ds.

By the boundary conditions (3.6), one can determine A and B as

Ab ! r—1 _ —s r—2 s s
_ m/0 (o1 — 8)"1 4 d(r — 1)(1— 5)" @51 (h(s))ds,
Aa ! r—1 _ —s r—2 s s
= m/0 [c(1 =) +d(r—1)(1 —s)"?|®s-1 (h(s))ds.
Thus, we have
(Pau)(t) = I‘(Ar) /0 [e(1—s)" " +d(r—1)(1 —s)"?(at + b)®s-1 (h(s))ds

b t ) 1(h(s))ds

- /0 G(t,5)® -1 (h(s))ds.

Therefore,

w(t) = B (/01 G(t, )5+ (h(s)) ds ).

Lemma 3.3. The Green's function G(t, s) has the following properties:
(i) G(t,s) is continuous on [0,1] x [0, 1],

2a+b

a+b

(i) forr > ,G(t,s) > 0foranyt,s € [0, 1],
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2a+b
< 1
a+b’G(t’s) < G(s,s) fort,s € [0,1],

(iv) there exists & > 0 such that G (s, s) < G(t,s) for t,s € [0,1].

(iii) forr >

Proof. One can easily establish the property (i). To establish (ii), let s, ¢t € [0,1] with s < ¢,

then we have
0G4(t,s) aA

B = Tyl s T =11

(r—1)(t—s)"2
I'(r)

and )
0%G4(t, s) C(r=D@—-r)(t— s)r 3 >0
o r'(r) -
BGl(t,s) 2a+b

This shows that ==3;=> is increasing on t € [s, 1]. So, by r > Z:52,
3G1(t, S) < 8G1(1, 8)
o~ 0t
_ al\ _ 1 _ _\r—21
G [c(1—s)"""+d(r—1)(1—-s)""7
< acA + (adA —1)(r —1)(1 — s)" 2
- I'(r)
Then G4 (t, s) is decreasing with respect to ¢ on [s, 1],

G1(1,8) < Gy(t,s) < Gi(s, s).

(r—1)(1—s)r=2
L'(r)

<0.

Further,
— A r— e (1 _ S)rfl

Gi1(1,s) = W[C(l — )" d(r—1)(1—5)""?(a+Db) - T

O A - 8 4 Ad(a by — 1) 2 20T,

=) Al =)+ Adla+ b)(r - 1)] 2 = —ads > 0.
When 0 <t < s <1, wehave

J0Ga(t,s)  aA 1 .
ot Tyt Hdr -1 -s) >0,

from this

0 < G2(0,5) < Ga(t,s) < Ga(s,s).
From the proof of (ii), we have G(t, s) < G(s, s). Moreover, we have
K(s) < G(t,s) < G(s,s),

where 2 )+
a — 1)+ 0c
A(s) = Gills) 0= < he
' ad(2 —r) +be
G2(0.5), ad + be ss<l
Since
Gi(l,s)  a+b (1—s)t
G(s,s) as+b Ale(1—s) 1 +d(r—1)(1—s)"2](as +b)
1 1 bd(r —1) —a(c+d)
S A o Des v = T Ardr =B S bexbdir—1)
and
G2(0, s) [c(1—s8)""L+d(r—1)(1—5)""2]b b < b ¢
= = 2,

G(s,8) [c(1—s)L+d(r—1)(1-s)2(as+b) as+b  a+b =
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taking £ = min{&;, &}, we get (G (s, 5) < G(¢, 3). |

4. TRIPLED FIXED POINT THEOREMS

In this section, we establish tripled fixed point theorems which will be useful in estab-
lishing our main results. Denote

U = {¢ € C([0, +0), [0, +00)) : ¢(0) = 0 and for any ¢ > 0, (t) > 0}.

If ¢ is an altering distance function, then ¢ € V.
We assume the following:

(H1) ¥ € ¥ (¢ is not necessarily altering distance function),

(Hz) A: X3 — X is a mixed monotone mapping, there exists a constant A € (0,1) such
that

¢(d(A(u, v,w), Alx,y, 2)) + d(A(v, u,v), A(y, z,y)) + d(A(w, v,u), Az, vy, x)))
< Ap(d(u,z) + d(v,y) + d(w, 2)) — Y (Ad(u, z) + d(v,y) + d(w, 2)))
and foreachu > z, v <y, w > %z, ¢ is an altering distance function which satisfies
Pt +5) < ¢(t) + ¢(s), t,5 € [0,400),

(HS) thereexistsy € ¥, A € (0,1) and foru > z, v < y, w > z,

d(A(u,v,w), Az, y,2)) + d(A(v,u,v), Ay, z,v)) + d(A(w,v,u), A(z,y, ))

< Md(u, 2) +d(v,y) + d(w, 2)) =Y (Md(u, z) +d(v,y) + d(w, 2))),

(HY) thereexists A € (0,1) and foru > z, v < y, w > z,

d(A(u,v,w), A(z,y, 2)) + d(A(v,u,v), A(y, z,y)) + d(A(w,v,u), A(z,y,z))

< g[d(w x) + d(v,y) + d(w, z)],
(H3) there exists (ug, v, wp) € X2 such that
uo < A(ug, v, wo),vo > A(vg, ug, Vo), wo < A(wo, vo, Uo),

(H4) (a) A is continuous or
(b) X has the following properties:

(i) If a sequence {u,} is nondecreasing and converges to u, then u,, < u,Vn,
(43) If a sequence {v,, } is nonincreasing and converges to v, then v,, > v, ¥n,
(t4¢) If a sequence {w,, } is nondecreasing and converges to w, then w,, < w, Vn.

(Hs) forevery (u,v,w), (u*,v*,w*) € X3, there exists (z,y, z) € X> which is compara-
ble to (u,v,w) and (u*,v*,w*),
(Hg) every triple of elements in X has either a lower bound or an upper bound.

Theorem 4.1. Let (X, <) be a partially ordered set and let d be a metric on X such that (X,d) isa

complete metric space. Assume that (H1), (Hz), (H3) and (Hy) hold. Then there exists (u, v, w) €
X3 such that

A(u,v,w) =u, A(v,u,v) = vand A(w,v,u) = w.
Proof. Denote

Uy = A(Uo,vo,’wo) Z Ug, V1 = A(’UQ,UQ,’UQ) S Vo and w1 = A(wo,vo,uo) Z wo-
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For n > 1, denote u, A(Up—1,Vn—1,Wp—1), ¥y = A(Vp_1,Up_1,V,—1) and
wp, = A(Wp—1,Vn_1,Un—1). Then, by mixed monotone property of A, it can be easily

proved that

Vo2V 2 2V 2, (4.9)

For simplicity, we denote D} = d(z,,—1, ), * = u, v, w. Then by (H;), we have
$(Dny + Dy + Dilyr) < AS(Dy + Dy + D) = v (a(Dyy + Dy + D))
< X¢(Dy + Dy + DY).
Now we claim that {u,, }, {v,,} and {w, } are Cauchy sequences. For m > n, we have
d)(d(um, Up) + d(Vm, vn) + d(Wi, wn))
< qﬁ(d(um,um,l) + -+ d(unt1, un) + dWm, Vm—1) + <+ + d(Vng1,Vn)
+ d(wy, Win—1) + -+ + d(wpg1, wy))
=¢(Dy, + D+ + Dy + Dy + Do+ + Dy
+D,)+Dy _+---+Dy )
<¢(Dy, + Dy, +Dpy) +¢(Dy g+ Dy, + Dy y) + -+
+ (D1 + Dy +Dyy)
<A '9(DY + DY 4+ DY) + A" 2¢(DY + DY + DY) + - -
+ A"¢(DY + DY + DY)
ST H XN AT e(DY + DY + DY)

1—-A
Since ¢ € C(]0,00),[0,00)), ¢p(t) =0 <= ¢t =0and A € (0, 1), it follows that

1—Amn
=\" <)¢5(D1“ + DY + DY).

AUy Up) + AV, V) + d(Wpn, wy) — 0 as n,m — 0.

Hence {u,}, {v,} and {w,} are Cauchy sequences. Since X is complete metric space,
there exists u, v, w € X such that

Up —> U, Uy —> U, Wy, — W AS N — OO. (4.10)
Case(a): If A is continuous. Then
u= nh_)rgo Uy = nh_}n;o (Up—1,Vp—1,Wp—1) = A(nli_{rgo un_l,nli_{rgo U”_l’nh—{réo wn_l) = A(u,v,w).
Similarly, we can establish other two identities,
v=A(v,u,v) and w = A(w, v, u).

Hence, (u, v, w) € X? is a tripled fixed point of A.
Case(b): Suppose X has the property (b) of (H,). Then by (4.9) and (4.10), we have

Uy > U, v, <vandw, > wforn=1,2,---. (4.11)
From triangle inequality, we have
d(u, A(u, v,w)) <d(u, upt1) + d(tns1, Alu, v, w))
=d(u, Upt1) + d(A(un, Un, Wy), A(u, v, w))
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Since ¢ is nondecreasing, from (H:), (Hz) , (4.11) and above inequality,

¢(d(u, Au, v, w))) < gZ)(d(u, Un+1) + A(A(Un, Vn, wy ), A(u, v, w)))
< gb(d(u, unﬂ)) + gb[d(A(un, Up,y Wh,), A(u, v, w))]
< ¢(d(u, unﬂ)) + ¢[d(A(un, Uy Wy )y A, v, w))
+ d(A(vn,un,vn),A(v,u,v))
+ d(A(wn,vn,un),A(w,v,u))]
< ¢(d(u, Un+1)) + /\(b(d(un, ) + d(vn,v) + d(wy, w))
- w()\(d(un, u) + d(vp, v) + d(wy, w)))

—0 asn —

Since ¢(t) = 0 <= t = 0, it follows that v = A(u, v, w). Similarly, one can establish the
other two identities . O

Corollary 4.1. Let (X, <) be a partially ordered set and let d be a metric on X such that (X, d) is
a complete metric space. Assume A : X3 — X is a mixed monotone operator and (HJ), (Hs) and
(Hy) hold. Then A has tripled fixed point.

Proof. Define a function ¢ : [0,00) — [0,00) by ¢(t) = t for ¢ € [0,00). Then ¢ is an
altering distance function and satisfies ¢(t + s) = ¢(t) + ¢(s) for all ¢, s € [0, 00). Hence,
the corollary follows from Theorem 4.1.

]

Corollary 4.2. Let (X, <) be a partially ordered set and let d be a metric on X such that (X, d) is
a complete metric space. Assume A : X® — X is a mixed monotone operator and (HY ), (H3) and
(Hy) hold. Then A has tripled fixed point.

Proof. Define a function ¢ : [0,00) — [0,00) by ¢(t) = t/3 for t € [0,00). Then ¢ is an
altering distance function and satlsfles o(t+s) = ¢(t) + ¢(s) for all t, s € [0,00). Hence,
the corollary follows from the Corollary 4.1. O

Theorem 4.2. In addition to the hypothesis of Theorem 4.1, assume either (Hs) or (Hg) holds.
Then the tripled fixed point of A is unique.

Proof. From Theorem 4.1, the set of tripled fixed points of A is nonempty. Assume that
(u,v,w) and (u*,v*,w*) € X3 are two tripled fixed points of A.
Case(i): If (z,y,2) is comparable to (u,v,w) and (u*,v*, w*). We define the sequences
{zn}, {yn} and {z, } as follows:

To =Z,Yo = Y, 20 = 2,

Tnt1 = A(xruyna Zn)7 Yn+1 = A(ynaxrnyn)a Zn+l = A(Zruynyxn)y n > 0.

Further, set ugp = u,v9p = v, wp = w,uf = u*,v§ = v*,wi = w* and define the sequences
{un}, {vn}, {wn}, {ut}, {vi} and {w}} as follows: Forn > 1,

Un+1 = A(un7vnawn) Un4+1 = A('Unvuna Un) Wn4+1 = A(’LUn, 'Un»un)

urz+1 = A(un’vn7 w )7 U;kz+1 = A(’U'rwun’ Un) jrkL+1 = A(wn’ Un’un)
Since (x,y, ) is comparable to (u, v, w), we may assume (u, v, w) > (z,y,2) = (o, Yo, 20)-
It is easy to prove by induction that

(U,U,U}) 2 (x’nay’ﬂ7zn)7 n Z 1
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From (H,), we have
P (d(u, 2pi1) + d(v, Yng1) + d(w, 2p41))
= ¢(d(A(u,v,0), A(@n, Yn, 2n)) + d(A(v, 4,0), A(Yn, Tn, Yn)
+ d(A(w,v,u), A(zn, Yn, xn)))
<G (d(u, ) + d(v,yn) + d(w, 2,)) — Y (A[d(u, z) + d(v, yn) + d(w, 2,)])
< )\qb(d(u, Zp) + d(v, yn) + d(w, zn))

Similarly, we can prove

S(d(w”, 2ni1) + d(V", yni1) + d(w", 2n41)) < AG(d(u", z0) + d(v", yn)

+ d(w*, z,)).

Since ¢ is nondecreasing and by triangle inequality, it follows that

¢ (d(u,u*) + d(v,v*) + d(w, w*))

<o(d(u, zny1) + d(v, Yns1) + d(w, 2n41))

+ ¢(d(u*, np1) + d(V*, yny1) + d(w*, zny1))
< )\gb(d(u, Zp) + d(v,yn) + d(w, zn))
+ A¢(d(u*, ZTn) + d0", yn) + d(w, zn))

§)\"¢( (u,21) + d(v, 1) + d(w zl))
+ A @ (d(u*, z1) + d(v*, y1) + d(w*, z1))

—0asn — oo.
Since ¢ is altering distance function, it follows that

d(u,u*) + d(v,v*) + d(w,w*) = 0.
Hence,
u=u", v=0" w=w"

Case(ii): Let (z,y, z) be either upper or lower bound for (u,v,w) and (u*,v*,w*). Then
(z,y, z) is comparable to (u,v, w) and (u*, v*,w*). This completes the proof. O

Corollary 4.3. In addition to the hypothesis of Corollary 4.1, assume either (Hs) or (Hg) holds.
Then the tripled fixed point of A is unique.

Theorem 4.3. In addition to the hypothesis of Theorem 4.2, assume that every triple of elements
u, v, w of X are comparable. Then u = v = w,i.e.,u = A(u,u,u).

Proof. From Theorem 4.2, A has unique tripled fixed point (u, v, w). Since u, v, w are com-
parable, u = A(u,v,w),v = A(v,u,v),w = A(w,v,u) are comparable. Since ¢ is nonde-
creasing function, it follows that

¢(2d(u,w)) = ¢(d(u, w)+d(w,u)) = ¢(d(A(u,v,w), A(w,v,u))+d(A(w,v,u), A(u,v,w)))
< ¢(d(A(u, v,w), A(w,v,u)) + d(A(v,u,v), A(v,u,v)) + d(A(w,v,u), A(u, v, w)))
< Ap(d(u,w) + 0+ d(w, uw)) — Y (A(d(u, w) + 0+ d(w,u))) < Ap(2d(u, w)).
Since 0 < A < 1, d(u,w) = 0,i.e.,u = w. Similarly,
¢(3d(u,v)) = ¢(d(u,v) + d(v,u) + d(u,v)) = ¢(d(A(u,v,w), A(v,u,v))
+d(A(v, u,v), A(u, v, w)) + d(A(u, v,w), A(v,u,v))) = ¢(d(A(u,v,u), A(v, u,v))
+d(A(v,u,v), A(u, v,u)) + d(A(u,v,u), A(v,u,v))) < Ap(d(u, v) + d(v,w) + d(u,v))
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—tp(A(d(u,v) + d(v,u) + d(u,v))) < Ap(3d(u,v)).
Since 0 < A < 1, d(u,v) = 0,i.e.,u =v. Hence u = v = w. O
Corollary 4.4. In addition to the hypothesis of Corollary 4.3, assume that every triple of elements
u, v, w of X are comparable. Then u = v = w,i.e.,u = A(u,u,u).

Theorem 4.4. In addition to the hypothesis of Theorem 4.2, assume that
U, Vo, wo € X are comparable. Then u = v = w,i.e.,u = A(u,u,u).

Proof. Recall that ug, v9, wo € X are such that
A(uo, vo,wo) > uo, A(vo, uo,vo) < vo, A(wo, vo, uo) > wo.

Now, if vy < v and wg < vy, we claim that u,, < v, and w,, < v, for all n € N. Indeed, by
the mixed monotone property of A,

up = A(ur,vi,wr) < A(vy,ug,v1) = 01
and
wy = A(wy, vy, ur) < A(vy,ug,v1) = v1.
Assume that u,, < v,, and w,, < v, for some n. Then,
Uny1 = A" (g, vo, wo)

= A(A™(uo, vo, wo), A™ (vo, uo, vo), A™ (Wn, U, ) )

= A(Up, Uy Wp) < A(Vn, Up, V) = U1

Similarly, we can prove wy+1 < v,41. Since ¢ is nondecreasing and by triangle inequality,

o(d(u,v)) < (b(d(u, A" (ug, vo, wo)) + d(A™ T (ug, vo, wp), v))
< ¢(d(u, A" (ug, vo, wo)) + d(A" T (ug, vo, wo), A" (vo, uo, v0))
+ d(U,An+1(U0,U07WQ)))
< ¢(d(U, A" (ug, vo, wo)) 4+ (A" (uo, vo, wo), A" (vo, uo, v0))
+ d(A™ (vo, 1o, v0), A" (g, vo, uo))
+ d(A™ ! (wo, vo, ug), A" (vo, ug, v0)) + d(v, A" (ug, vo, wo)))
< 6((d(u, A"+ (o, vo, wo))
+ d(A(A™ (ug, vo, wo), A™ (vo, ug, vo), A™ (wo, vo, uo)),
A(A™ (vo, ug, vo), A™ (uo, vo, ug), A™ (vo, uo, v0)))
+ d(A(An(Umuo,Uo),An(uoyvmu0)7An(Uo7u07U0)),
A(A"(uo,vo,uo),A”(vo,uo,vo),A"(uo,vo,uo)))
+ d(A(An(wo,Uo,uo),An(Uo,wo,U0)7An(uo,vo,wo))7
A(An(’Uo,Uo,00)7A"(Uo,”onuo)yAn(Uovuo,Uo)))

+ d(v, A" (g, v0, wp)) ).
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Since ¢(t + s) < ¢(t) + ¢(s) for ¢, s € [0, 4+00) and by contraction condition, we have
¢(d(u,v)) < ¢(d(u, A" (ug,vo, wo))) + Afb(d(An(umUo,wo)vAn(UmUo,Uo))
+ d(A™ (v, 1o, v0), A™ (0, v, U0)) + d(A"(wo,vo,uo),A"(vo,uo,vo))>
- 1/)( [d(A™ (ug, vo, wo), A™ (vo, ug, vo)) + d(A™ (vo, ug, vo), A™ (g, vo, uo))
+ d(An(wo, v, ug ), A" (vo, uo, Uo))D + d)(d(vv Anﬂ(%, UQ, Uo)))
< 6 (d(u, A" (ug, v0,10))) + A (A (10, v, w0), A” (v, 10, o))

(A" (vo, o, o), A"(umvmuo)) +d(An(wo,Umuo),An(onUo,UO)))
+(d(

é(d(v, AnT1 Uo,uo,vo)))

< p(d(u, A (ug, vo, wo))) + A" H2d(uo, vo) + d(wo, vo)]
+ ¢(d(v, A" (0o, ug, vp)))-

Since ¢ is continuous and ¢(0) = 0, we have d(u,v) = 0 and hence v = v. Similarly, we
can prove d(u,w) = 0 and d(v, w) = 0. The other cases for ug, v, wy are similar.

Corollary 4.5. In addition to the hypothesis of Corollary 4.3, assume that
ug, Vo, wo € X are comparable. Then v = v = w, i.e.,u = A(u,u, u).

O

5. MAIN RESULTS

In this section we derive the necessary conditions for the existence and uniqueness of pos-
itive solution for the problem (1.3)-(1.4) as an application of tripled fixed point theorems
established in Section 4.

Let X = C([0, 1], R) be a partially ordered set such that for u,v € X,

u<wv <= u(t) <v(t)forallt € [0,1].
If X is endowed with the supremum metric:

d(u,v) = sup |u(t) —v(t)], u,v € X,
te[0,1]

then (X, d) is a complete metric space. Similarly, the corresponding metric d on X? is
defined by

d((u1, vy, w1), (uz, v, ws))

1
= | sup |ui(t) —u2(t)| + sup |vi(t) —va(t)| + sup |wi(t) — wa(t)|
3 Lo t€[0,1] t€[0,1]

and then the partial order relation on X? is
(ur,v1,w1) < (ug,va,we) < fort e |0,1],
up(t) < ua(t), vi(t) > vo(t) and wy (t) < wa(t).
Theorem 5.5. Assume that
(S1) f.g,h:]0,1] x [0,400) — [0, +00) are continuous functions;
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(S2) For fixed t € [0,1],
(i) the function uw — f(t,u) is increasing,
(ii) the function v — g(t, v) is decreasing,
(iii) the function w — h(t,w) is increasing;
(S3) Denote

! =
IGlo = [ [ 16t 5)1°ds]
0
and let p : [0, +00) — [0, +00) be nondecreasing function such that
u u

where i € U satisfies (t+s) < P(t)+1(s), t,s € [0,400). Further, there exist positive
constants k1, ke, kg satisfying

1

K1+ 2k2 + K3 < i
1Glla

such that,for (ul,vl,wl), (UQ,’UQ, ’LUQ) € X3 with Uy > U2, V1 < V2, W1 > wo lmpllES

|f(tur) — f(t,uz)|+[g(t, v1) — g(t, va)| + |h(t, wi) — h(t, wa)]
< Kip(ur — ug) + Kap(ve — v1) + Kgp(wr — wa);

(S4) There exist ug, vo, wo € X such that g < vo,wo < vo and
[ 610502 (51050 + a5 00)) + s 0(6) ) s = o),
[ 610502 (5,00(5) + oo 00(9) + o 00) ) s < ),
[t 02(£500(5) + 0, 0(5) + (s 0() ) s > o)

forall0 <t <1.

Then the fractional order boundary value problem (1.3)-(1.4) has a unique positive solution.

Proof. From Lemma 3.2, the fractional order boundary value problem (1.3)-(1.4) has an
integral formulation given by

u(t) = ®y-1 (/01 G(t,s)P, (f(s,u(s)) + g(s,u(s)) + h(s,u(s)))ds)

Define an operator 4 : X3 — X by

A(u, v,w) = P41 </01 G(t,s)Pq (f(s,u(s)) +g(s,v(s)) + h(s,w(s)))ds).

Under hypothesis (S1), the operators A is well defined. So, it is easy to prove that u is
the solution of the problem (1.3)-(1.4) if and only if v = A(u, u, u). Further, it follows from
hypothesis (S2) that A is mixed monotone ternary operator.
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Let (u,v,w), (z,y,z) € X3 withu > z,v < y,w > 2, we have

d(A(u,v,w),A(x,y,z))

—d, 1(/ G(t,s)P, f z(s)) + g(s, y(s)) +h(s,z(s)))ds>

/ G(t, s) u(s)) + g(s,v(s)) +h(s7w(s))>ds

,/ G(t,s)P, (f(s,x(s)) + 9(s,y(s)) +h(s,z(s))>ds

0

IN

[ 6.0 17650060 ~ .60 + 195,005 = w5
¥ |h(s, w(s)) — s, z(s))|rds]
< [ / Gls,9)[rap(uls) — () + raply(s) — ofs)

Since

it follows that,
d(A(u,v,w), A(@,y, 2)) < [IGlla[m1p(d(u, 7)) + K2p(d(v, y)) + Ksp(d(w
Similarly, we can establish

d(A(v,u,v), Ay, 2,9)) < [|Glla (k1 + r3)p(d(v,y)) + rapld(u,))]

and

d(A(w,v,u), Az, y,2)) < [|Gllalrip(d(w, 2)) + r2p(d(v,y)) + K3p(d(y,

Q=

Q=

,2))]-

77
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Adding above three inequalities, we get
d(A(u, v, w),A(z,y, 2)) + d(A(v, u,v), Ay, =,y)) + d(A(w, v,u), A(2,y, 7))

< NGl (51 + Rz + ) pld(w, 2)) + (51 + 262 + Kg)p(d(v, )
+ (1 + rg)p(d(w, 2))]

< G (1 + 262 + k3) [ p(d(, 2)) + p(d(v,)) + p(d(w, 2))|
< pld(u,)) + pld(v, ) + pld(w, 2))

< 3|t + o)+ dtw, )

- [;(d(% 2) + d(v,y) + d(w, z))} ,

which satisfies contraction condition (Hg) with A = é )
Next, consider a monotone nondecreasing sequences {u,}, {w,} of X converging to

u, w of X, respectively. Then, for every ¢ € [0, 1], the sequences of real numbers
up(t) <ug(t) <wus(t) < - up(t) < — u(t)

and

wi(t) < wa(t) S wy(t) < - wn(t) <0 —> w(t).
So, forall ¢t € [0,1],n € N, u,(t) < u(t) and w,(t) < w(t). Hence, u,, < u,w, < w for all n.
Similarly, we can prove that v(t) is the limit of monotone nondecreasing sequence {v,, } in
X is a lower bound for all the elements in the sequence. That is v < v, for all n. Therefore,

it follows from Corollary 4.1 that A has a tripled fixed point (uo, v, wo) € X3.
Let

M (t) = max {p(t), q(t),1(t)}, = min {p(t), q(t), 1(t) }, t € [0, 1],
be in X for any p,q,! € X. Then M(t), m(t) are the upper and lower bounds of p,q,!
respectively. Then, by Corollary 4.3, A has a unique tripled fixed point. Finally, from
the hypothesis (4), we can easily show that (H3) and the condition in Corollary 4.5 are
satisfied. Hence, the conclusion of Theorem 5.5 follows from Corollary 4.5.

m
m

Example 5.1. Consider the following half-linear fractional order boundary value problem,
for0<t <1,

D5 (“Dgs (Dalu(t) ) + Bas (f(t,u(®) + g1, <»+hmmm)=a
a(®au)(0) = b(Pau)’(0) = (5.12)
c(Pau)(1) + d(Pau)'(1) =
where « = 15,8 = 2,a = 0,b = ¢ = d = 1, f(t,u) = %t(l — t)/3
i(a v) = w and h(t,w) = 3—(1)0(1 — t)/3w. After ce;tain calculat;ons we g,;et & =
36 =1,50& = 2 and [|Gllo = 1.421668665. Let :(u) = - and iy = 1.2 = o=, K3 =

1
=5 then p(u) = %and 1Gla(k1 + 262 + K3) < 1.

Now, let (ul, vl,wl), (UQ, ’UQ,U)Q) € X3 with Uy > Uz, V1 < V2, W1 > Wa 1mp11es

|f(t7u1) - f(t7u2)| + [g(t,v1) — g(t,02)| + |h(taw1) - h(t7w2)|
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1 1 1 1
< [t — )3 fuy — —1—t1/3‘7— ‘
S 5ot =8 llun —uaf+ S = o = 7
3 fup — us 3 /v — V1 1 sw; — we
(1 = )3y — <7(7> 7(7) 7(7)
oo D e mwel < () g5 T ) el T

= r1p(u1 — u2) + Kop(v2 — v1) + K3p(wi — w2).
Let we set now ug = 0,wg = 0,v9 = 1. Then ®,(ug) = Po(wg) = 0, Py (vg) =1, and

[ 60512 (150 009) + g v0(s) + o w0lo) ) s

> /01 €G(s,5)Pa (f(s,uo(s)) +g(s,v0(s)) + h(s,wo(s)))ds = 0.000188063 > @, (uo),
[ 610502 (5.0005) + g, 10(5) + s 0) ) s

< /O1 G(s,s)®, (f(s,vo(s)) + g(s,uo(s)) + h(s,vo(s)))ds = 0.006197707 < @, (v),
/01 G(t, $)Pa (£ (5,w0(5)) + g (5, v0(s)) + (s, uo(s)) ) ds

1
> /0 EG(s,5)P, (f(s,wo(s)) + g(s,v0(s)) + h(s,uo(s)))ds = 0.000188063 > @, (wp).

Since all the hypotheses of Corollary 4.5 are satisfied we get that the fractional order
boundary value problem (5.12) has a unique positive solution in [0, 1].

6. CONCLUSION

In this paper we consider the existence of a tripled fxed point for mixed monotone
mapping satisfying a new contractive inequality which involves an altering distance func-
tion in partially ordered metric spaces. We established some existence results for tripled
fixed points, as well as the uniqueness of fixed points of mixed monotone operators. The
obtained results generalizes the results available in the literature. In addition as an ap-
plication, we established existence and uniqueness of positive solutions for half-linear
fractional order boundary value problem and finally we verified our results with exam-

ple.
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