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On planarity of compressed zero-divisor graphs associated
to commutative rings

M. IMRAN BHAT!, S. PIRZADA? and AHMAD M. ALGHAMDI®

ABSTRACT. The equivalence class [r] of an element 7 € R is the set of zero-divisors s such that ann(r) =
ann(s), thatis, [r] = {s € R: ann(r) = ann(s). The compressed zero-divisor graph, denoted by I'.(R), is the
compression of a zero-divisor graph, in which the vertex set is the set of all equivalence classes of nonzero zero-
divisors of a ring R, that is, the vertex set of I'c(R) is Re — {[0], [1]}, where Re = {[r] : » € R} and two distinct
equivalence classes [r] and [s] are adjacent if and only if s = 0. In this article, we investigate the planarity of
I'c(R) for some finite local rings of order p?, p? and determine the planarity of compressed zero-divisor graph
of some local rings of order 32, whose zero-divisor graph is nonplanar. Further, we determine values of m and
n for which I'c(Zr, ) and I'c(Zn [z] /(™)) are planar.

1. INTRODUCTION

In this article, R will denote a finite commutative ring with unity, unless otherwise
stated, Z*(R) = Z(R) ~. {0} denotes the set of all nonzero zero-divisors of R. We will de-
note a finite field on ¢ of elements by F,, ring of integers modulo n by Z,,. A ring R is said
to be a local ring if and only if R has a unique maximal ideal. An element = € R is nilpotent
if 2" = 0 for some n € N. A ring R is a reduced ring if it contains no nonzero nilpotent
element. An annihilator of an element x of a ring R is defined as ann(z) = {r € R|rz = 0}.

We consider a simple graph G(V, £) with vertex set V and edge set £. A path between
two vertices x1,z, € V(G) is an ordered sequence of distinct vertices z1,x2, ..., 2, of G
such that z;_;2; is an edge for 2 < ¢ < n. A graph G is connected if and only if there
exists a path between every pair of vertices in G. The distance between two vertices x and
y, denoted by d(x,y), is the length of the shortest  — y path and the diameter of a graph
G is diam(G) = sup{d(z,y) | x and y are distinct vertices of G}. We denote a complete
graph with n vertices by K,, and the complete bipartite graph with m and n vertices in
two parts by K,,, . A graph is regular if each of its vertex has the same degree. A graph
G is said to be planar if there exists a drawing of G in the plane in which no two edges
intersect in a point other than a vertex of G. Such a drawing of a planar graph is called
planar representation of G. For undefined terms and notations, we refer to [5, 18].

The study of linking graph theory with commutative ring theory was first given by
Beck [6] in 1988. Anderson and Livingston [2] modified the definition and studied the
zero-divisor graph I'(R) whose vertex set is the set of nonzero zero-divisors, denoted by
Z*(R) = Z(R) — {0} of the commutative ring R and the two distinct vertices z and y are
adjacent if and only if zy = 0.

The compressed zero-divisor graph, denoted by I'.(R), is the compression of a zero-
divisor graph, in which the vertex set is the set of all equivalence classes of nonzero zero-
divisors of a ring R, that is, the vertex set of I'.(R) is Z(R.) \ {[0]} = R. ~ {[0], [1]} defined
by R, = {[r] : r € R}, where [r] = {s € R : ann(r) = ann(s)} and two distinct equivalence
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classes [r] and [s] are adjacent if and only if s = 0. This compressed zero-divisor graph
I'.(R) can be a finite graph even if R is an infinite ring and I'(R) is an infinite graph. More
on compressed zero-divisor graphs can be seen in [3, 10, 19, 21].

Anderson et al. [1] determined all n for which I'(Z,,) is planar, and posed the ques-
tion of which finite rings in general determine a planar zero-divisor graph. This was
answered by Akbari et al [4], who refined the question to local rings of cardinality at most
32. Belshoff and Chapman [7] proved that if R is any local ring with more than 27 ele-
ments, and R is not a field, then I'(R) is non planar.

The following result is useful for further reference in this paper.

Theorem 1.1. (Kuratowski) A graph is planar if and only if it no contains subdivision homeo-
morphic to ICs or K3 3.

The concept of metric dimension of graphs was introduced by Harary and Melter [11] in
the following way: Let G be a connected graph of order n > 1. If Mp = {wy,we, ..., w}
is an (ordered) set of vertices, the metric vector of a vertex v € G relative to Mp is the
vector 7, (v) = (d(v, w1), d(v,ws),...,d(v,wg)). The set Mg is a resolving set if distinct
vertices have distinct metric vectors and a minimum resolving set is called a metric basis
for G and its cardinality, denoted by M,(G), is called the metric dimension of G. Re-
cent work on metric and upper dimension on graphs associated to rings can be seen in
[8, 13,14, 15, 16,17, 20].

Theorem 1.2. [Theorem 3.2, [12]] A graph with metric dimension 2 can not have KCs 3 or K5 as
a subgraph.

In this paper, we will investigate the planarity of compressed zero-divisor graph asso-
ciated to commutative rings.

2. Planarity of compressed zero-divisor graphs

The planarity of a zero-divisor graph implies the planarity of the corresponding com-
pressed zero-divisor graph as can be seen below.

Theorem 2.3. IfT'(R) is planar, then T'.(R) is also planar.

Proof. Let the zero-divisor graph I'(R) associated to a ring R be planar. That is, there is no
crossover between the edges of the graph I'(R). We know that the vertices of I'.(R) are the
equivalence classes (annihilators) of zero-divisors in Z*(R). Let a and b be two distinct
vertices in I'(R). If ann(a) # ann(b), then [a] and [b] are the vertices in I'¢(R), otherwise
collapse to a single vertex. Thus, both the order as well as size of the graph I'.(R) is either
smaller or equal to the order and size of I'(R). That is, I'.(R) is a subgraph of I'(R). Since
subgraph of a planar graph is planar, it follows that I'.(R) is planar (see example, Fig.
2(a)). a

The converse of Theorem 2.3 is not true in general. If I'(R) is nonplanar, then I';(R)
may be planar(Figurel), except the case, when R = (II"_, Z,), in which case I'(R) = I'.(R).
See Figure 2(b).

Theorem 2.4. IfR = F, x Fy, where F, and Fq are prime fields, then I'.(R) is planar.

Proof. Let R = F, x Fq. Then there exist two maximal ideals F, x 0 and F, x 0, which
are the only maximal ideals in R, so all other ideals (and therefore all other annihilator
sets) are subsets of either F,, x 0 or Fy x 0. We see that ann((0,1)) = (a,0)|a € F, and
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ann((1,0)) = (0,b)|b € F,. Moreover, it is easy to see that ann((0, 1)) —ann((1,0)) = (0, 0).
Since we do not allow units in the vertex set of a zero-divisor graph, there is no vertex
whose annihilator set is a subset of both maximal ideals. Thus, |Z*(F, x Fy).| = 2, that s,
I'.(R) is a single edge. O

Theorem 2.5. If R is a finite commutative ring with unity 1 such that R =2 Ry x Ry, where Ry
and Ry are local rings, then T'.(R) is planar if at least one R; is a field.

Proof. Let Rbe a finite commutative ring with unity 1 such that R = R; x R, where R; and
R, are local rings. Therefore, the equivalence classes of I'.(R; x Ry) are of the form [(0,1)],
[(1,0)], [(a,0)], [(0,b)], [(a,1)], [(1,b)], [(a, b)], where a and b are the nonzero zero-divisors
in R; and R; respectively. If Ry or R; is a field, then the edges of I'.(R) are [(0, 1)][(1,0)],
[(0,1)][(a,0)], [(1,0)][(0, b)]. Clearly, the graph I'.(R) contains no induced subgraph K5 or
Ks33. Hence I'.(R) is planar. O

A maximal complete subgraph of G is a clique of G. The order of a maximal clique of G
is the clique number, denoted by clq(G).

Theorem 2.6. Let p be a prime number and n € N. Then I'.(Zy») is planar if and only if n < 8.

Proof. When n > 3 and p > 2, we partition the vertex set of I'(Z,») into disjoint subsets
Vi, Vo, -+, V1, where V; = {kp" : p1{k;}, 1 <i <n—1 Thenitis easy to see that

[Vil=(p—1)p"~ "', 1 <i <n—1and therefore [['(Z,-)|= Y (p— )p "L =pr~!1 -1
i=1
Now the equivalence classes of zero-divisors of Z,~ are
[up] = {up" '}, [up®] = {up™ 1 up™ 2}, oo Jup™ T = {up™ T up™ 2, up?, up).

In this way, we get n — 1 distinct equivalence classes. Therefore, |I'.(Z,,)| =n — 1.
Using this partitioning, we see that v; is adjacent to v; for each [§] <i,j < n — 1. Thus,
the clique number of I'.(Z» ) is given by

if n is even

ez -1~ ([5]-1) =4 Ber

Using this formula, for n < 8, it is clear that I'¢(Zy) is planar. If n > 9, then clg(T¢(Zy))
5, that is, I'.(Zy») contains a maximal clique K5 and hence is nonplanar.

v

Theorem 2.7. Let R be a finite commutative reduced ring, that is, R = Fy1 X Fp X - - - X Fy. Then,
I'.(R) is planar only if n < 3.

Proof. If R is not a reduced ring, then either R is a local ring or R =2 R; x Rp x ... R, where
atleastone R; (1 <i < n)isnota field. So, if Ris a reduced ring, then R = F; x Fo x - - - x Fy,
for some finite fields 7; (1 <i < n).

If n = 2, that is, R = F; x F;, then by Corollary 2.4, I'.(R) = KC; which is planar.

If n = 3, then R = F; x F, x F3 gives six different equivalence classes;
[(1,1,0)],[(1,0,1)],[(0,1,1)],[(1,0,0)],[(0,1,0)],[(0,0,1)] as vertices of I'.(R). The edges
between the equivalence classes [(1,0, 0)], [(0,1,0)],[(0, 0, 1)] always form a maximal clique
with each vertex of this clique has a pendent edge. Also, the metric dimension of this
graph is 2 and the result follows by Theorem 1.2. Thus, in this case I'.(R) is planar.

If n > 4, then I'.(R) is nonplanar, for example, consider the ring R = (I, Z5), n = 4.
Its I'(R) = I'.(R), whenever R is a Boolean ring. O
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Theorem 2.7 can be proved directly by using the definition itself. In that case, we need
to investigate the structure of the graph which becomes complicated for large graphs. The
proof given above is simple.

Theorem 2.8. Let R be a commutative ring with unity 1 # 0, (not a domain). If R is a local ring
of order p?, p* and 16, then T .(R) is planar.

Zylz]
2
either case I'(R) has order p — 1, which then by definition of compressed zgéro—divisor
graph collapses to a single vertex. Note that, if R is reduced, then R isomorphic to Z, x Z,,
so I'.(R) = K1, by [Proposition 2, [19]]. Corbas et al. [9] characterized all local ring

Zplz] Fplz,y] Zp[z] Ly 7]

(@) " (w,9)* " (ex,2?) (px, 2> — ex)
square element. Also, the compressed zero-divisor graph of the rings of order 16 have
metric dimension at most 2. In each case, I'.(R) is planar, follows from [Proposition 2, 4
and 5, [19]]. O

Proof. If R is local ring of order p?, then either R is isomorphic to Z,> or and in

of order p3, given as; L3, , where € € Z, is a non-

The following result shows that I';(R) is planar, when R is a local ring of order 32.
Theorem 2.9. If R is a finite local ring of order 32, then T'.(R) is planar.

Proof. The various commutative local rings of order 32 are as follows.
(1) R =F3y, thenI';(R) is an empty graph.

Zolx]
@R="75
vertices of I'.(R) are u; = [2], ug = [2%], uz = [23], ug = [2%]. Tt is to see that
uwju; = 0 for all 7,5 and clearly, the graph I'.(R) on these vertices is planar as
shown in Fig.3(a).

3) R= %sz;y]_mg)‘ The zero-divisor set of this ring is Z(R) = {0, z,y, 2%, y*, = +
v o +yhy+aty+ vttt ety + ety +at e+ a® +yty+ a2+
y?, x4+ y + 22 + y?}. The set of annihilator ideals of these zero-divisors is Z(R), =
{[z], W], [#2], [¥2], [z + ], [2% + 4], [y + ¥°]}. Clearly, T'.(R) is a planar graph shown

Determining the equivalence classes of zero-divisors of this ring, the

in Fig.3(b).
Zs[z, y] 2 .3 2 2 3 3 .2
(4) R:W/Z(R):{O7x7y7x+yaxax7x+x7y+xax+xay+max +

Bty +atrt+y+adz+at+ady+ 22+ 232+ y+ 2%+ 23} So that,
Z(R),. = {[z],[2?],[y]}. In this case I'.(R) is shown in Fig.3(c), which is obviously

planar.
Zalz]

©) R= (2z, 24 —2)’
2?24+ 2, 28+ 2w+ 2%+ 2,2+ 2% + 23, 2% + 23 + 2,2 + 2% + 23 + 2}, Then the set of
vertices of I'.(R) is Z(R),, = {[2], [z], [#?], [#*]}. Fig.3(d), shows that I'.(R) is planar.

Za|x]

6 R= (222,23 — 2)’

2?3z + 22, v + 22 + 2,20 4+ 2? + 2,3z + 2% + 2}. Then Z(R),, = {[z], [2], [22], [2%]}.

Therefore, I'.(R) is planar as shown in Fig.3(e).

Z(R) = {0,2,z,2%, 2% 2 + 2%, v + 2,2 + 2,2% + 2,2% + 23,2 +

Z(R) ={0,2, 2,22, 0 +2,2%+2, 22,3z, 20+ 2,30+ 2, v + 22, 2z +

O

It may be recalled here that the genus vy of a graph G is the minimum number of handles
which must be added to a sphere so that G can be embedded on the resulting surface.
Clearly, v(G) = 0 if and only if G is planar.
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Analogous to some results in [22], we have the following.
Theorem 2.10. Let R be a homomorphic image of Z". Then I'.(R) is planar if and only if R is one

of the rings Zpn (n < 8), Zy X Zq, Ly X L, Ly X Lq, La X La, Ly X Ly, Ly X Lq, Lz X L,
Lip, X Ly X Lipy, Ly X Ly X L.

P

Proof. We prove the result by factorizing n.

(1) If n = p, then I';(R) is planar as I'.(Z,) = ¢.

(2) If n = p", then by Theorem 2.6; I'.(Z,» ) does not contain any K3 3 or Ks as a subgraph,
because the clique number is less than 5 for n < 8. Therefore, I'.(Z») is planar for n < 8.
Moreover, if n > 9, then I'.(Z,») is nonplanar, follows from Theorem 2.6.

(3)If n =p x q, then I'o(Z, x Zq) is planar, follows from Corollary 2.4.

(4)If n = p x p, then I'o(Z, x Z,) is planar, follows from Corollary 2.4.

(5) If n = p? x q, then Lc(Zp>xz,) is planar, follows from Theorem 2.5 and Corollary 2.4.
(6) If n = p? x q?, then T'.(Zg x Z4) and T'.(Z4 x Zg) are planar. Moreover, if p=q > 3,
then I'.(Zy2 X Zq2) is nonplanar. Thus, I'.(Z» x Zq2) is nonplanar for distinct primes p > 3
and q > 3.

(7)If n = p* x q, then | 2*(R.)| = 2(1 4 2) = 6. Then, ['.(Zy: x Zq) is planar.

(8) Let n = p3 x gX. If q = 2, k = 1, it reduces to the case (7). I'.(R) is nonplanar for k > 2,
as the graph contains K3 3 as a subgraph. Thus, I'.(Z,s x Z) is planar if and only if k = 1.
(9) Let n = pk x q'. If k = 1, t = 1, then it reduces to the case (3). If k = 2, t = 2, then the
case reduces to (6). If k > 2, t = 1, then the case reduces to (5). If k = 3, t > 2, it reduces to
(8). If k > 3,t > 2 and p, q are distinct primes, then I'.(Z x Zq: ) is nonplanar.

(10) Let n = p; X p2 X p3. If each p;j is a prime field, then it is easy to see that, I'.(Z,, x
Zy, % Zp,) is planar. Also, I'.(Z, X Z» x Zs) and I'c(Zy x Zy x Zg) are planar. Moreover,
I'c(Zy x Z3 x Z4) is nonplanar. O

Now, we investigate the planarity of the compressed zero-divisor graph associated to
the ring Z,,[X]/(X™) for different integers m and n.

Theorem 2.11. Let Ry, ,, = Z,[X]/(X™), where m,n > 2. Then I'.(Ry, ) is planar for any
one of the following. (i) n = pqand m > 2 and p > q, (i) n = p? and m > 3, (iii) n = p, (iv)
m > 6.

Proof. (i) LetR = Z,4[X]/(X™). ThenR = Z, xZ,. Let x = X +(X™) be the image of X in
Zpq[X]/(X™). Since we define a relation on the set of zero-divisors with two zero-divisors
x,y € Z*(R) being equivalent if ann(z) = ann(y), it is easy to see that the annihilators
(equivalence classes) obtained from the zero-divisors of R which later act as the vertices
of the compressed zero-divisor graph I'.(Zg) are u; = [p] and v; = [g]. Therefore, v = 0.
(ii) The zero-divisor set of the ring Z,2 [ X|/(X™) is Z(R) = {p, pz™ 1, p™ 2, p+a? pz™ '+
px™ 2 p+ 222 p+ 322, p+ pr,p+ pr + 2%, p + pr + 222, p + pr + 322}, so the vertices of
[.(R2) are [pz™ 1], [p].

(iii) Let Ry n = Zn[X]/(X™). If n = p, then the map (a1 + a2z + ap_12"" 1 + a,2™)

F
a1 + asp + a,—p" ' is an isomorphism between Fylz] and Z,» and the planarity follows

by Theorem 2.6. !

(iv) If m = 4, n > 4, the equivalence classes of each zero-divisor is same, that is, the zero-
divisor graph turns out to be a single vertex. The compressed zero-divisor graph of a ring
Rinn = Z,[X]/(X™), m > 6, is planar, follows from Part (iii). O
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