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A relation between the Brocard and Miquel Angles

SANDOR NAGYDOBAI Kiss

ABSTRACT. Let XY Z be an inscribed triangle in the reference triangle ABC (X € BC,Y € CA,Z € AB)
given by its absolute barycentric coordinates: X = (0,1 — o, ), Y = (3,0,1 — ), Z = (1 — 7,7, 0), where
a, 3,y are arbitrary real numbers. In this paper we deduce the following simple and beautiful formula between
the Brocard and Miquel angles: S, = Sy + a®a + b28 + ¢+, where w is the Brocard and 6 the Miquel angle of
ABC.

1. PRELIMINARIES

In this paper we will use the barycentric coordinates [1] and the Conway triangle no-
tations [2]. Given a reference triangle ABC whose sides are a,b and ¢ and whose corre-
sponding internal angles A, B and C, then the Conway triangle notations are

S =2x Area ABC = besin A = casin B = absinC and S, = S cot ¢,

in particular S4 = bccos A, Sp = cacos B, S¢ = abcos C. We will use also some important
conditioned trigonometric identities:

b’c? — S3 = ?a® — S, = a®b? — S = 5%
a’Sa + Spc = b*Sp + Sca = *Sc + Sap = S%;
Spc+ Soa+ Sap = 5%
a’Sa+b°Sp + *So = 25%
Sw = 7a2+b22+c2 =Sa+Sp+Sc=ad"+S2=b"+55 ="+ Sc;
v’ + c?a® + a?b* — S2 = 52

We draw a circle through points B and C, tangent to side C'A, another circle through
points C' and A, tangent to side AB and a circle through points A and B, tangent to side
BC of the triangle ABC [3]. These three circles have a common point (2), the first Brocard
point of triangle ABC (Figure 1). Moreover, £QAB = LQBC = £QCA = w, and this angle
w is called the Brocard angle of the triangle ABC. The Brocard angle has the property that

a2+ b2+

cotw =cot A+ cot B+ cotC = 55

Similarly we can construct the second Brocard point (€').
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Figure 1.

Figure 2.

The three circumcircles to triangles AY Z, BZX and CXY intersect in a single point
M, called the Miquel’s point of the triangle ABC' [4]. In addition LAY M = £BZM =
£CXM = 0, and this angle 0 is called the Miquel angle of ABC (Figure 2).

2. EQUATIONS OF CIRCUMCIRCLES OF THE RESIDUAL TRIANGLES

Firstly we will determine the barycentric coordinates of the circumcenters O,, Oy, O,
of the residual triangles AY Z, BZX, CXY respectively. Denote with L(K, PQ) the per-
pendicular from the point K to the line PQ). Consequently O, = L(Y,, AC) N L(Z,, AB),
where Y, and Z, are the midpoints of segments AY and AZ. So 2Y, = (1+ 5,0,1 — §3)
and 2Z, = (2 — v,v,0) (Figure 3).

Figure 3.
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The equations of the perpendiculars L(Y,, AC) and L(Z,, AB) are

x Y z
1+8 0 1-8/=0&b*(1—pB)zx+ (Sc—Sa—bB)y—b*(14+B)z=0,
Sc —b®>  Su

x Y z

2—v v 0 |=0e —cyz+c*(2—7)y+ (254 — 2y)z=0.

SB SA —62

With the Cramer rule from these equations we can obtain the coordinates of O,:

s_[P1=8) Sc—Sa-18
T =y (2-7)

B2(1+8)  Sc—Sa—b2B
—(254—¢*)  A2-9)

s _Pa-s  wa+s)
Y —cty —(284 — )
Consequently the coordinates of O, are
Oy= (252 —b?Sp(1 = B) — *Scy : —b2Sa(1 — B) + b*c?y : b*c*(1 — B) — CQSAv) .
The sum of these coordinates is 252, so the absolute barycentric coordinates of O, are
0, — (1 B V2Sp(1—B)+c2Scy —b2Sa(1—B) + b2y b2c*(1—B) — ?Sa 'y)

=b?c*(1 - B) — 2Say;

2= [28% = 12Sp(1 - B) — S| #

z=[-b2Sa(1 — B) + b%c?9] 2.

252 ’ 252 ’ 252
Similarly we obtain the absolute barycentric coordinates of O and O,:
0 (02a2(1 —v) —a%’Spa 1 ASc(1—7) +a?Saa —c2Sp(1—7) +02a2a>
b= - )

252 ’ 252 ’ 252
0.— —a?Sc(1 —a)+a?v?*B a?b*(1 — a) — b2 S 1 a?Sa(1 — a) + b*Sps
o 252 ’ 252 ’ 252 '
Denote with O,(R,), Op(Rp), Oc(R.) the circumcircles of the residual triangles AY Z,
BZX,CXY respectively, where R,, Ry, R. are the radii of these circles.

Proposition 2.1.

(@) Ro= 208720~ BpSa + 7

(b) R, = %\/02(1 —9)2 =2(1 —vy)aSp + a?a?,

(¢) R.= %\/cﬂ(l —a)? —2(1 — a)BSc + b2/32.
Proof. We have:

PSp(1 - B) + Scy —02S4(1 = B) + b*c*y
Rngogz< 2 Sa+ .. S
b33 (1 — B) — 2Say ? 1
+ ( 552 ) S = 1ot [b‘*(s?gsA + S83S8p +¢*Sc)(1 — B)?
+2b2C2SA(SBSC — b2SB - C2SC)(1 — 5)’}’ + 64(5%5,4 + SiSC + b453)72}

b2 2
=I5 [b?(1 = B)* —2(1 = B)ySa + 7).
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We will introduce the following notations:

A= Mo, B,7) = d’a + b?B + cy,
AI:)‘(l_avl_B,l_ ):a2(1_a)+b2(1_5)+c2(1_7)a

E(a,B,7) = )\—2[2(1—2a)+b2(1—25)+62(1—27)].

Consequently X' =25, — Aie. A+ XN =25, =a?+b?+c?orS, — A=\ —5,.

Proposition 2.2.
(a) 0,0, = 25\/E2 +52 = fS\/(a%é +b2B + c2y — 8,)% + 52,
(b) 0.0, ;S\/EQ +52 = f\/(a%é +b2B + c2y — 5,)2 + 52,
() 0,04 = S\/E2+SQ 25\/(a2a+b2ﬂ+c2'y S.,)2 4 S2.
Proof. We calculate the differences of coordinates of the points Oy, and O.:
1
L0, =0, = 55 [®a*(1 — ) — a®Spa + a*Sc (1 — o) — a®b*p]
a? 2(8, — A
= 3o (¢ + So—afa b — ) = %
1
Yo, — Yo, = 352 [252 —?Sc(1 = A) —a*Saa — a®b?(1 —a) + bQSCﬁ]
1 9 9 Sc(A—S,) + 52
2S2[Sc(aa—|—bﬁ+cv S)—i—S]: 557 ,
1
20, ~20. = 553 [—?Sp(1 =) + Pa’a — 257 + a*Sa(1 — a) + b*Spf]
1 9 o Sp(A—8,) — S?
252[Sg(aa+bﬁ+cv Su)— 8% = 552

The length of segment 0,0, is
2 2 2\ 2 2\ 2
9 a?(S,—M) Sc(A—=5,)+S Sp(A=8,)—S
(00,)* = (282 Sa+ — 55z Sp+|———=—— ) Sc

a? (A\=Su)%+5?)
452

= 17 [(@'Sa+ SpSe+ S5Sc)(A=5.)°+ (Sp+ Sc)5"] =

Proposition 2.3. The equations of circumcircles of triangles AY Z, BZX, CXY are:
Ou(Rq) : Saz®+Spy°+Scz® — (x4 y+ 2) [Saz— (Sa— )y+ (Sc—b*B)z] = 0,
Ou(Ry) : Saz®+ Spy*+ Sc2®— (z4y+ 2) [(Sa—c*y)z+ Spy— (Sp—a’a)z] =0,

Oc(Re) : Sar®+Spy*+Sc2°— (x+ y+2) [-(Sc—b*B)z+(Sp—a’a)y + Scz] = 0.
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Proof. The equation of the circle O,(R,) is PO? = R? & PO? = AO?, where P =
Ty 2

< = ),p—ererz#O.So

pop ) ) )
X z
( —zoa) Sa+ (y —yoa> Sp + ( —Zoa> Sc
I 0 I

=(1-20,)%Sa +yd,Sp + 25,5c & Saz® + Spy* + Scz*—
—2u(Saro,x + Spyo,y + Sczo,2) — u*(1 —220,)S4 =0

Sax® + Spy* + Scz® — p[Sax + (Sa — 2Sazo, + 2SBYyo, )y+
+ (84 — 2Sawo, +2Scz0,)] =0
& Sax? 4+ Spy® + Scz® — (z+y+2)[Saz — (Sa — )y + (Sc — b°B)z] = 0.
([l
3. BARYCENTRIC COORDINATES OF THE MIQUEL POINT

Denote with Ly, L, Lq, the radical axes of the pairs of circles (O, (Rp), Oc(R.)), Oc(R.),
O4(Ry,)), (Oa(R4), Op(Ry)) respectively.

Proposition 3.4. The equations of the radical axes Ly., Lcq, Lap are

Lie : [0*(1 = B) — Pv]z + a’ay — a*(1 — )z = 0,

Leq : V(1 = B + [62(1 —5) — aza]y +b?Bz =0,

Loy : Pyz — (1 —y)y + [a*(1 — o) — b*B]z = 0.
Proof. We obtain the equation of the radical axis L;. as the difference of the equations of
circles Op(Rp) and O.(R.), i.e.

(Sa—c*y)z+ Spy—(Sp—a’a)z—[— (Sc—b*B)z+ (Sp—a’a)y+ Scz] =0
& [°(1-B) — Py]o+d’ay — a*(1 — @)z = 0.

Proposition 3.5. The radical axes Ly, Leq, Lqy, are concurrent. =

Proof. In the equations of the radical axes Ly¢, Lcq, Lqp the sums of the coefficients of x,y
respectively z are zero. ]

Let M be the point of concurrence of the radical axes Lyc, Lcq, Lqp. This point is called
the radical center of circles O, (R,), Op(Rp), Oc(R.) or the Miquel point determined by the
inscribed triangle XY Z (Figure 4):

M =Ly.NLeuNLg = Oa(Ra) n Ob(Rb) n OC(RC).

Figure 4.
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From the equations of radical axis L. and L., applied the Cramer rule we can deter-
mine the barycentric coordinates of Miquel point:

5 b2(1—B) — 2y a’a (1= B) =y a’a
-8 Sf-q)-dlal —c?y (1 —7)
=cPla’a+ (1 —7) (b — a*a—b*B — )] = 2[(b* — N)(1 —7) + d®a];

201 _ 2
5r: “ EleBa CQ( a’y)—a a Z:az[(cz—)\)(l—a)+b2ﬂ]z;

5 — V2(1—-B)—c*y a*(1—-a)
YT =0 (1-p) —b’3

2 = P[0 = N)(1 - B) + 3] =
Therefore
M= (a2 [(02—/\)(1—a)—|— bQB} . b2 [(aQ—/\)(l—B)—F 027] s P [(bQ—)\)(l—v)—i— a2aD.

We denote with pp the sum of coordinates of an arbitrary point P.
Therefore:

iy = b2 + c?a® + a®b? — Aa*(1 — @) + b*(1 — B) + *(1 — )]
=b02c? + 2a® + a®b* — M\ =022 + 2a® + PP+ AN\ - 28,)
=+ P+ a’ + (A=5,) — S2= (A=8,)* + 2= (S —N)* + 5%
Let z a7, yar, zar be the absolute barycentric coordinates of M:

a?[( =N (1—a)+ 28]  a*[*(1—7)+ (b — X)a]

= (A= S.)2 + 52 - A= So)2 + 52 ’
G [(@®> =N =8)+c*y]  b*[a*(1—a)+ (* = N)j]

M= (A= S.)2+ 52 - (A= S,)2+ 52 ’
A= N1 =) +a?a]  AEPP(1-p)+ (0 = N)y]

M= (A= S,)2 + 52 Bl (A= 8,)% + 52

4. MAIN RESULTS

The lines M X, MY, M Z and the corresponding sides BC, C A, AB have the same angle
named the Miquel angle determined by the inscribed triangle XY Z, which is a direct measured
angle and change between 0 and = (Figure 2).

Proposition 4.6.

be/b2(1 — B)2 —2(1 — B)vSa + 292 aR,

AM = _

(a) \/m ObOc 9
(b) BM = car/2(1—7)? —2(1 — 7)aSp + a?a? _ bRy

\/m OcOa )
(¢ CM = aby/a?(1 —a)? —2(1 — a)BSc + b?B>  cR.
VE? + 52 = 0.0,

Proof. We have:

AM? = (1- xM)QSA + y12\4SB + ZJ2WSC = (ym + ZM)zSA + yJZwSB + 212\450
b%c? 2
2 2 2.2 2 2
=Yy + 2ymzmSa + b°z5 = 7(E2+522{b [ N1 -p8)+¢ 'y]
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+2 [(aQ—/\)(l —B)+62fy] [b2(1 —B)+(a? —)\’)’y] Sa+c? [b2(1—6)—|—(a2 —/\’)’y] 2}

b2c? 2
= mﬂﬂ [(S = A= Sa)(1 = B) + ]

+2[(Se = A = Sa)(1 = B) + AL — B) + (S — X' — Sa)7]54
+A[B2(1 = B) + (Sw — N = Sa)]’}

b2
W{w [(E - Sa)(1 - B) + )

+2[(E = Sa)(1 = 8) + ] [p*(1 = B) — (B + Sa)7]Sa
+20*(1 - B) — (B + SA)7]2}
b2 2
T (B +5%)2
+2[0*c2(E — Sa) — (E+ Sa4)(E — S4)Sa +b?c?Sa — b*A(E + Sa)](1 — B)y
+ B2 ? — 2(E + Sa)Sa + (E+ S4)? 12} =

S {?[(E = Sa)? + 2(E — Sa)Sa + b°c*)(1 - B)?

- (E;)jrc;)"‘{bz(E%r §%)(1-B)* 2B+ §%)Sa(1=p)y+ (B> + 5%)77 )
b2c? 9 5 -
= m[h (1—8)* =21 = B)ySa +c*y*].

_ AM BM CM U
From the law of sinus we have 2sinf = 7 - R R and from the Proposition
a b c

AM  a BM b COM ¢
Ra B ObOc, Rb B OcOa, Rc B OaOb‘

41

Therefore, the triangles ABC and O,0; 0O, are similar and its similarity ratiois 2sinf =

a 25 S
= h sin ) = —— (Fi 4).
0,0. ViPr rom where sin m( igure 4)

Proposition 4.7. Between the Miquel and Brocard angles exist the following relation:
S, = Sp+ a*a + b3 + 2.
52 E?

: _ 29 — —
Proof. We have: cos? =1 —sin*0 =1 — T 2+S2.SO
Sw—A Sw—A
_ v _ _ gv _ G (g2 2 2
cosf = = and Sp = Scotf =S 5 =5, — (a®a+b°B + 7). O

Remark 4.1. The Miquel angle is right if and only if the triangle XY Z is pedal triangle.

5. ISOTOMIC INSCRIBED TRIANGLES

If X'Y'Z' and XY Z are isotomic inscribed triangles then X’ = (0,a,1 — ),
Y= (1-28,0,8),2Z = (y,1 —~,0). Consequently all results referred to the triangle
X'Y'Z’ can be obtained from above results replacing o, 3,7by 1 — o, 1 — 3, 1 — 7y respec-
tively. For example

0,0/, = %\/(/\’ 5.7+ 52 = %\/(Sw “ N2+ 5% = 0,0,
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0.0, = % (N = S.)2+52 = %\/(sw — M2+ 52 = 0.0,

0,0} = 35 VIN =S, + 5 = 5= /(S =N + 52 = 0,0
It follows that the triangles O,0,0. and O, 0;O., are congruent.
Proposition 5.8. If 8’ is the Miquel angle of the isotomic inscribed triangle X'Y'Z’ then
(a) S, =—Sp +aa+ b+ cy
(b) 0+06 =m.
Proof. We have:
(@) Sor =S, — [a*(1—a) +P*(1-5) + (1—7)= =Sy, + P+ b* 5 +

in(0+ 0/
(b) So+ Sy —Scot+ Scotd/ — 0. Therefore S0 T%) ¢

sin @ - sin 0’

ie. 0 +60 =m][5] O

Remark 5.2. For = 8§ = v = 0 the Miquel point coincide with the 1% Brocard point
Q = (c?a® : a®b* : b%c?) (Figure 1) and for o = 8 = v = 1 we obtain the 2"? Brocard point
Q = (a®b? : b2c% : c*a?) [6].

Figure 5.

1
fa = g = v = 3 the Miquel point coincide with the circumcenter
O = (a®S4 : b?Sp : 2S¢) of the reference triangle ABC (Figure 5) [6].
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