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More on δ- and θ-modifications

UĞUR ŞENGÜL

ABSTRACT. Using δ-and θ-modifications of bigeneralized topologies we introduce (δν1,ν2 :θυ1,υ2 )-continuity
and related maps between two BIGTS’s. We characterize these maps using the concepts of mixed generalized
open sets: δν1,ν2 -open sets, θν1,ν2 -open sets.

1. INTRODUCTION

Ákos Császár [3], introduced and study the concept of generalized topological spaces
and he also introduces two kinds of generalized continuity in [3] and again from the stud-
ies of Ákos Császár (see [3],[5]) we have learned that the theory of δ- and θ-modifications
of topological spaces [13] can be taken to generalized topology. As a continuation of
this study in [7], Csaszar and Makai introduced δν1,ν2 -open sets and θν1,ν2 -open sets de-
fined by two given generalized topologies ν1, ν2 on a set X ( 6= ∅). They introduced the
notion of (θν1,ν2 : θυ1,υ2)-continuity, and they showed that every (ν1, υ1)-continuous and
(ν2, υ2)-continuous map is (θν1,ν2 : θυ1,υ2)-continuous. In [10] W. K. Min, gave a charac-
terization for (θν1,ν2 : θυ1,υ2)-continuity and he introduced the concept of (δν1,ν2 : δυ1,υ2)-
continuity between bigeneralized topological spaces and studied the relations between
(θν1,ν2 : θυ1,υ2)-continuity and (δν1,ν2 : δυ1,υ2)-continuity. W. K. Min in ([9],[11]) studied
other related concepts of continuity. In this paper, we aim to extend the implication
table in Remark 3. 5. of [10], in fact we look for possible relatives for the maps in
this table, for doing this in the first step we will introduce weakly (δν1,ν2 : υ1υ2) conti-
nuity, (δν1,ν2 : θυ1,υ2)-continuity, (θν1,ν2 : δυ1,v2)-continuity, on bigeneralized topological
spaces and after that we will study the implications between (θν1,ν2 , θυ1,υ2)-continuity
and (δν1,ν2 : δυ1,υ2) -continuity with these three maps. W.K. Min ([10]) pointed out that
there is no relation between (θν1,ν2 : θυ1,υ2)-continuity and (δν1,ν2 : δυ1,υ2)-continuity. But
(δν1,ν2 : θυ1,υ2)-continuity and the other maps is slightly relates these two variants of maps,
for example both (θν1,ν2 : θυ1,υ2)-continuity and (δν1,ν2 : δυ1,υ2)-continuity implies
(δν1,ν2 : θυ1,υ2)-continuity.

2. PRELIMINARIES

Consider a set X (6= ∅), a subfamily ν ⊂ expX , where expX is the power set of X , is
called a generalized topology [3] (briefly, GT) onX if ∅ ∈ ν and ν is closed under union. A
setX (6= ∅) with a GT ν onX is called a generalized topological space (briefly, GTS) and is
denoted by (X, ν). A GTS (X, ν) is called strong if X ∈ ν. For a GTS (X, ν), the elements
of ν are called ν-open sets and the complements of ν-open sets are called ν-closed sets [3].
The intersection of all ν-closed sets containing a subset S of X is denoted by cν(S), and
the union of all ν-open sets contained in S is denoted by iν(S), (see [4], [5]). Note that
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cν(X�S) = X�iν(S). It is known that iν(S) and cν(S) are idempotent and monotonic
[5]. Let ν and υ be GT’s on X and Y , respectively, then a map f : (X, ν)→ (Y, υ) is called
(ν, υ)-continuous (briefly (ν, υ)-c.) map [3] (or generalized continuous) if G ∈ υ implies
that inverse of G under f is in ν, that is f←(G) ∈ ν. Let ν1,ν2 be two GT’s on a set X
( 6= ∅). Then (X; ν1, ν2) called a bigeneralized topological space [10] (briefly BIGTS). Let
(X; ν1, ν2) be a BIGTS and S ⊆ X . S is said to be rν1,ν2 -open (respectively, rν1,ν2 -closed)
[6] if S = iν1 (cν2(S)) (respectively, S = cν1 (iν2(S)) ).

Definition 2.1. [6] Császár defined θν1,ν2 , δν1,ν2 ⊆ 2X by
(1) S ∈ θν1,ν2 iff for each x ∈ S, there exists an W ∈ ν1 such that x ∈W ⊆ cν2(W ) ⊆ S;
(2) S ∈ δν1,ν2 iff S ⊆ X and, if x ∈ S, then there is a ν2-closed set F such that x ∈ iν1(F ) ⊆
S.

An element S in δν1,ν2 (respectively, θν1,ν2 ) is called a δν1,ν2 -open (respectively, θν1,ν2 -
open) set [6]. S is called a δν1,ν2 -closed (respectively, θν1,ν2 -closed) set if the complement
of S is δν1,ν2 -open (respectively, θν1,ν2 -open) [6].
Notations defined as follows:
cθν1,ν2 (S) = ∩{F ⊆ X : S ⊆ F for θν1,ν2 -closed set F in X} [9] ;
iθν1,ν2 (S) = ∪{V ⊆ X : V ⊆ S for V ∈ θ

ν1,ν2
} [9];

iδν1,ν2 (S) = ∪{V ⊆ X : V ⊆ S for V ∈ δν1,ν2} = ∪{V ⊆ X : V ⊆ S for rν1,ν2 -open set V in
X};
γθν1,ν2 (S) = {x ∈ X : cν2(W ) ∩ S 6= ∅ for every W ∈ ν1 containing x} [7].

Lemma 2.1. [6] Let ν1 and ν2 be two GT on a set X ( 6= ∅) and S ⊆ X . The following are valid:
(1) θν1,ν2 and δν1,ν2 are GT’s on X and θν1,ν2 ⊆ δν1,ν2 ⊆ ν1.
(2) The nonempty elements of δν1,ν2 coincides with the unions of rν1,ν2 -open sets.
(3) x ∈ cδν1,ν2 (S) iff S ∩ V 6= ∅ for every rν1,ν2 -open set V containing x .
(4) If F is ν2-closed, then iν1(F ) is rν1,ν2 -open.

Lemma 2.2. Let ν1 and ν2 be two GT on a set X ( 6= ∅) and S ⊆ X . Then the following hold:
(1) S ⊆ γθν1,ν2 (S) ⊆ cθν1,ν2 (S) [7].
(2) S is θν1,ν2 -closed iff S = γθν1,ν2 (S) [7].
(3) x ∈ iθν1,ν2 (S) iff there exists a ν1-open set W containing x such that x ∈W ⊆ cν2(W ) ⊆ S
[10].
(4) If S is ν2-open in X , then γθν1,ν2 (S) = cν1(S) [7].

Definition 2.2. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s. A map f : X → Y is said to be;
(1) (θν1,ν2 : θυ1,υ2)-continuous [6] (briefly (θν1,ν2 : θυ1,υ2)-c.) if for every G ∈ θυ1,υ2 , f←(G) ∈
θν1,ν2 ,
(2) (δν1,ν2 : δυ1,υ2)-continuous [10] (briefly (δν1,ν2 : δυ1,υ2)-c.) if for every G ∈ δυ1,υ2 , f←(G)
∈ δν1,ν2 .

Definition 2.3. Let (X, ν) be a GT and (Y ; υ1, υ2) be a BIGTS. A map f : (X, ν) →
(Y ; υ1, υ2) is said to be faintly (ν : υ1υ2)-continuous [11] (briefly faintly (ν : υ1υ2)-c.) if for
every V ∈ θυ1,υ2 we have f←(V ) ∈ ν.

Consider a bigeneralized topology (X; ν1, ν2) the notation Oδν1,ν2 (X,x) (respectively
Oθν1,ν2 (X,x),Orν1,ν2 (X,x),Oνi(X,x) (i ∈ {1, 2})) will be used for the family of δν1,ν2 -open
sets (respectively θν1,ν2 -open sets, rν1,ν2 -open sets, νi-open sets (i ∈ {1, 2})) containing a
point x ∈ X .
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3. (δν1,ν2 : θυ1,υ2)-CONTINUITY AND RELATED MAPS

Definition 3.4. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s. A map f : X → Y is said to
be (δν1,ν2 : θυ1,υ2)-continuous (briefly (δν1,ν2 : θυ1,υ2)-c.) if for every G ∈ θυ1,υ2 , f←(G) ∈
δν1,ν2 .

Definition 3.5. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s. A map f : X → Y is said to
be (θν1,ν2 : δυ1,v2)-continuous (briefly (θν1,ν2 : δυ1,υ2)-c.) if for every G ∈ δυ1,υ2 , f←(G) ∈
θν1,ν2 .

(δν1,ν2 : θυ1,υ2) -continuity is related with both of the concepts of θδ-continuity due to
Santoro [12] and ij-weakly θ-continuity due to Khedr and Al-Shibani [8]. The following
definition is a generalization of the concept of ij-weakly θ-continuity due to Khedr and
Al-Shibani [8] to the bigeneralized topologies. Note that ij-weakly θ-continuity is a
generalization of the concept of weakly θ-continuity due to Cammaroto and Noiri [2].

Definition 3.6. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BiGTS’s. A map f : X → Y is said to be
weakly (δν1,ν2 : υ1υ2)-continuous (shortly weakly (δν1,ν2 : υ1υ2)-c.) if for each x ∈ X and each
V ∈ Oυ1(Y, f(x)), there exists a U ∈ Oν1(X,x) such that f(iν1 (cν2(U))) ⊆ cυ2 (V ).

Then we need working examples, especially for the weak (δν1,ν2 : υ1υ2)-continuity, but
we will provide necessary examples in the last section.

Theorem 3.1. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y , the following
are equivalent:
(1) f is weakly (δν1,ν2 : υ1υ2)-c.
(2) For each x ∈ X and each V ∈ Oυ1(Y, f(x)) , there exists a W ∈ Orν1,ν2 (X,x) such that
f(W ) ⊆ cυ

2
(V ).

(3) For each x ∈ X and each V ∈ Oυ1(Y, f(x)), there exists an U ∈ Oδν1,ν2 (X,x) such that
f (U)) ⊆ cυ2 (V ) .

Proof. (1) ⇒ (2) : Let x ∈ X and V ∈ Oυ1(Y, f(x)), by (1) there exists a U ∈ Oν1(X,x)
such that f(iν1 (cν2(U))) ⊆ cυ2 (V ). Since W = iν1 (cν2(U)) is rν1,ν2 -open set we have
f(W ) ⊆ cυ

2
(V ).

(2) ⇒ (3) : Let x ∈ X and V ∈ Oυ1(Y, f(x)) then (2) implies that there exists a W ∈
Orν1,ν2 (X,x) such that f(W ) ⊆ cυ

2
(V ). Since every rν1,ν2 -open set is δν1,ν2 -open set (3) is

true.
(3) ⇒ (1) : Let x ∈ X and V ∈ Oυ1(Y, f(x)). From (3) there exists U ∈ Oδν1,ν2 (X,x)
such that f(U) ⊆ cυ

2
(V ). Since U is δν1,ν2 -open set, there is a ν2-closed set F such that

x ∈ iν1(F ) ⊆ U , take W = iν1(F ), then W ∈ ν1 and since iν1(F ) is rν1,ν2 -open, it is true
that W = iν1 (cν2(W )) = iν1(F ) hence we have f(iν1 (cν2(W ))) ⊆ f(U)) ⊆ cυ2 (V ). �

Theorem 3.2. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y the following
are equivalent:
(1) f is weakly (δν1,ν2 : υ1υ2)-c.
(2) f(cδν1,ν2 (A)) ⊆ γθυ1,υ2 (f(A)) for every A ⊆ X .
(3) cδν1,ν2 (f

←(B)) ⊆ f←
(
γθυ1,υ2 (B)

)
for every B ⊆ Y .

(4) cδν1,ν2 (f
←(V )) ⊆ f← (cν1(V )) for every υ2-open subset V of Y .

Proof. (1) ⇒ (2) : For A ⊆ X , let x ∈ cδν1,ν2 (A) and V ∈ Oυ1(Y, f(x)). Then since f is
weakly (δν1,ν2 : υ1υ2)-c., there exists a U ∈ Oν1(X,x) such that f(iν1 (cν2(U))) ⊆ cυ

2
(V ).

Since x ∈ cδν1,ν2 (A) and iν1 (cν2(U)) is rν1,ν2 -open set in X , we have A ∩ iν1 (cν2(U)) 6= ∅.
So ∅ 6= f(A) ∩ f (iν1 (cν2(U))) ⊆ cυ2 (V ) ∩ f(A). Then we have f(x) ∈ γθυ1,υ2 (f(A)).
(2)⇒ (3) : TakingA = f←(B) in (2) f(cδν1,ν2 (f

←(B))) ⊆ γθυ1,υ2 (f (f
←(B)))⊆ γθυ1,υ2 (B).
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Then we have cδν1,ν2 (f
←(B)) ⊆ f←

(
f(cδν1,ν2 (f

←(B))
)
⊆ f←

(
γθυ1,υ2 (B)

)
.

(3) ⇒ (4) : Let V ∈ υ2. Then by Lemma 2.2(4) , γθν1,ν2 (V ) = cν1(V ) and by (3) we have
cδν1,ν2 (f

← (V )) ⊆ f← (cν1(V )).
(4) ⇒ (1) : Let x ∈ X and V ∈ Oυ1(Y, f(x)). Since V = iυ1(V ) ⊆ iυ1 (cυ2(V )) and
Y�cυ2(V ) ∈ υ2 by (4) we have x ∈ f← (V ) ⊆ f← (iυ1 (cυ2(V ))) = X�f← (cυ1 (Y�cυ2(V )))
⊆ X�cδν1,ν2 (f

← (Y�cυ2(V ))) = iδν1,ν2 (f
← (cυ2(V ))). Then x ∈ iδν1,ν2 (f

← (cυ2(V ))),
so that there exists a U ∈ Orν1,ν2 (X,x) such that U ⊆ f← (cυ2(V )), hence f is weakly
(δν1,ν2 : υ1υ2)-c. �

Corollary 3.1. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s. If a map f : (X; ν1, ν2)→ (Y ; υ1, υ2)
is weakly (δν1,ν2 : υ1υ2)-c. then the following are valid:
(1) f← (F ) is δν1,ν2 -closed in X for each θυ1,υ2 -closed F in Y .
(2) f← (V ) is δν1,ν2 -open in X for each θυ1,υ2 -open V in Y .

Proof. Let F be θυ1,υ2 -closed in Y . By Theorem 3.2(3) and by Lemma 2.2(4) we have
cδν1,ν2 (f

←(F )) ⊆ f← (F ) and so that f← (F ) is δν1,ν2 -closed in X .
(2) is clear from (1). �

Theorem 3.3. For BIGTS’s (X; ν1, ν2) and (Y ; υ1, υ2), if f : X → Y is (δν1,ν2 : θυ1,υ2)-
continuous, then for every θυ1,υ2 -closed M in (Y ; υ1, υ2), f←(M) is δν1,ν2 -closed in (X; ν1, ν2).

Proof. . Assume M is θυ1,υ2 -closed in (Y ; υ1, υ2), since f : X → Y is (δν1,ν2 : θυ1,υ2)-
continuous we have f← (Y \M) = X\f← (M) is δν1,ν2 -open in (X; ν1, ν2). Hence f← (M)
is δν1,ν2 -closed in (X; ν1, ν2). �

Theorem 3.4. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y , the following
are equivalent:
(1) f is (δν1,ν2 : θυ1,υ2)-c.
(2) For each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a U ∈ Oδν1,ν2 (X,x) such that
f(U) ⊆ V .
(3) For each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a ν2-closed set M containing x
such that f (iν1(M)) ⊆ V.
(4) For each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a ν1-open set C containing x such
that f(iν1 (cν2(C))) ⊆ V .
(5) For each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a U ∈ Orν1,ν2 (X,x) such that
f(U) ⊆ V .

Proof. (1)⇒ (2) : Let V ∈ θυ1,υ2 and x ∈ f← (V ). By (1) f← (V ) ∈ δν1,ν2 . Take U = f← (V ) ;
then U ∈ Oδν1,ν2 (X,x) and satisfies f(U) ⊆ V .
(2)⇒ (3) : Let V ∈ θυ1,υ2 and x ∈ f← (V ). (2) implies that there exists a W ∈ Oδν1,ν2 (X,x)
such that f(W ) ⊆ V . δν1,ν2 -openness of W implies that there exists a ν2-closed set M
containing x such that x ∈ iµ1(M) ⊆ W , so we have f (iν1(M)) ⊆ f(W ) ⊆ V . So there
exists a ν2-closed set M containing x satisfying f (iν1(M)) ⊆ V .
(3) ⇒ (1) : Let V ∈ θυ1,υ2 . For each x ∈ f← (V ) there exists a ν2-closed set M satisfying
x ∈ iν1(M) and f (iν1(M)) ⊆ V by (3). So we have x ∈ iν1(M) ⊆ f← (V ), that is f← (V ) is
δν1,ν2 -open.
(3) ⇒ (4) : Let V ∈ θυ1,υ2 and x ∈ f← (V ). By (3) there exists a ν2-closed set M satisfying
x ∈ iν1(M) and f (iν1(M)) ⊆ V . Since x ∈ iν1(M) there exists a C ∈ Oν1(X,x) such that
x ∈ C ⊆ iν1(M) ⊆ M and from this containment we have C ⊆ cν2 (C) ⊆ cν2 (iν1(M)) ⊆
cν2 (M) =M and x ∈ C ⊆ iν1 (cν2 (C)) ⊆ iν1 (M) that is f(iν1 (cν2(C))) ⊆ V .
(4) ⇒ (5) : For each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a B ∈ Oν1(X,x)
such that f(iν1 (cν2(B))) ⊆ V . Set U = iν1 (cν2(B)) then we have U ∈ Orν1,ν2 (X,x) and
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f(U) ⊆ V .
(5)⇒ (1) : Let V ∈ θυ1,υ2 . Take x ∈ f←(V ) then V ∈ Oθυ1,υ2 (Y, f(x)), from (5) there exists
a U ∈ Orν1,ν2 (X,x) such that f(U) ⊆ V and then it is clear that f←(V ) ∈ δν1,ν2 as a union
of rν1,ν2 -open sets. �

Theorem 3.5. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y , the following
are equivalent:
(1) f is (δν1,ν2 : θυ1,υ2)-c.
(2) f←

(
iθυ1,υ2 (B)

)
⊆ iδν1,ν2 (f

← (B)) for each B ⊆ Y .

Proof. (1)⇒ (2) : Let x ∈ f←
(
iθυ1,υ2 (B)

)
, if x /∈ iδν1,ν2 (f

← (B)) then (X \ f← (B)) ∩ V 6=
∅ for every V ∈ Orν1,ν2 (X,x). From the hypothesis f←

(
iθυ1,υ2 (B)

)
∈ δν1,ν2 , hence there

exists a G ∈ Orν1,ν2 (X,x) such that G ⊆ f←
(
iθυ1,υ2 (B)

)
⊆ f← (B), contradiction.

(2)⇒ (1) : Let V ∈ θυ1,υ2 . Then iθυ1,υ2 (V ) = V and by (2) f← (V ) ⊆ iδν1,ν2 (f
← (V )), since

reverse containment is always true, we have f← (V ) = iδν1,ν2 (f
← (V )), that is f← (V )

∈ δν1,ν2 . �

Theorem 3.6. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y , if the map f is
(δν1,ν2 : θυ1,υ2)-c. iff f(cδν1,ν2 (A)) ⊆ cθυ1,υ2 (f(A)) for every A ⊆ X .

Proof. Let A ⊆ X and assume y ∈ f(cδν1,ν2 (A)), then there exists x ∈ cδν1,ν2 (A) such that
y = f(x). Since x ∈ cδν1,ν2 (A), A ∩ U 6= ∅ for every U ∈ Orν1,ν2 (X,x). By Theorem 3.4
for each x ∈ X and each V ∈ Oθυ1,υ2 (Y, f(x)), there exists a U ∈ Orν1,ν2 (X,x), such that
f(U) ⊆ V , we have V ∩ f(A) 6= ∅. Hence f(x) ∈ cθυ1,υ2 (f(A)).
Conversely, let B ∈ θυ1,υ2 , then Y \ B is θυ1,υ2 -closed set in Y , and since for arbitrary
C ⊆ Y , cθυ1,υ2 (C) is θυ1,υ2 -closed set in Y , we have cθυ1,υ2 (Y \B) = Y \ B. Taking A =

f← (Y \B) we get f(cδν1,ν2 (f
← (Y \B))) ⊆ cθυ1,υ2 (f(f

← (Y \B))) ⊆ cθυ1,υ2 (Y \B) =

Y \ B. So it is true that cδν1,ν2 (f
← (Y \B)) ⊆ f←

(
f(cδν1,ν2 (f

← (Y \B)))
)
⊆ f← (Y \B)

then f← (B) ∈ δν1,ν2 . �

Remark 3.1. Considering Császàr’s and Min’s papers, Bayhan, Kanıbir, Reilly [1], pointed
out that if f : (X, ν) → (Y, υ) is a weaker form of generalized continuity, then f can be
made into a generalized continuous map by replacing ν or υ with some suitable general-
ized topologies mentioned above. Since δν1,ν2 -open sets and θν1,ν2 -open sets again a GT on
X [7], we may state the following theorem:

Theorem 3.7. For BIGTS’s (X; ν1, ν2) and (Y ; υ1, υ2), f : X → Y is (δν1,ν2 : θυ1,υ2)-c. iff
f : (X, δν1,ν2)→ (Y, θυ1,υ2) is generalized continuous.

Proof. This is clear. �

Theorem 3.8. For BIGTS’s (X; ν1, ν2) and (Y ; υ1, υ2), if f : X → Y is (δν1,ν2 : θυ1,υ2)-
continuous, then for every δν1,ν2 -closedM in (Y ; υ1, υ2), f←(M) is θυ1,υ2 -closed in in (X; ν1, ν2).

Proof. Assume M is δν1,ν2 -closed in (Y ; υ1, υ2), since f : X → Y is (θν1,ν2 : δυ1,υ2)-c. we
have f← (Y \M) = X \ f← (M) is θυ1,υ2 -open in (X; ν1, ν2). Hence f← (M) is θυ1,υ2 -
closed in (X; ν1, ν2).

�

Theorem 3.9. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s, for a map f : X → Y , the following
are equivalent:
(1) f is (θν1,ν2 : δυ1,υ2)-c.
(2) For each x ∈ X and each V ∈ Oδυ1,υ2 (Y, f(x)), there exists an U ∈ Oθν1,ν2 (X,x) such that
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f(U) ⊆ V .
(3) For each x ∈ X and each V ∈ Orυ1,υ2 (Y, f(x)), there exists an U ∈ Oθν1,ν2 (X,x) such that
f(U) ⊆ V .
(4) For each x ∈ X and each V ∈ Orυ1,υ2 (Y, f(x)), there exists a ν1-open set U containing x such
that f (cν2(U)) ⊆ V .
(5) f(γθν1,ν2 (A)) ⊆ cδυ1,υ2 (f(A)) for every A ⊆ X .
(6) γθν1,ν2 (f

←(B)) ⊆ f←
(
cδυ1,υ2 (B)

)
for every B ⊆ Y .

Proof. (1) ⇒ (2) : Let V ∈ δυ1,υ2and x ∈ f← (V ). By (1) f← (V ) is θν1,ν2 -open. Take U =
f← (V ) ; then U ∈ Oθν1,ν2 (X,x) and satisfies f(U) ⊆ V .
(2)⇒ (3) : Clear from Lemma 2.1(2).
(3) ⇒ (4) : Let V be rυ1,υ2 -open in Y and x ∈ f← (V ). (3) implies that there exists a
W ∈ Oθν1,ν2 (X,x) such that f(W ) ⊆ V . θν1,ν2 -openness of W implies that there exists
a ν1-open set U containing x such that x ∈ U ⊆ cν2(U) ⊆ W , so we have f (cν2(U)) ⊆
f(W ) ⊆ V .
(4) ⇒ (5) : Let A ⊆ X and assume y ∈ f(γθυ1,υ2 (A)), then there exists x ∈ γθυ1,υ2 (A)

such that y = f(x). Since x ∈ γθυ1,υ2 (A), we have A ∩ cν2(U) 6= ∅ for every ν1-open set U
containing x. By (4) for every V ∈ O rυ1,υ2

(Y, f(x)) there exists a ν1-open set U containing x
such that f (cν2(U)) ⊆ V , then we have V ∩ f(A) 6= ∅. Hence f(x) ∈ cδυ1,υ2 (f(A)).
(5) ⇒ (6) : Taking A = f←(B) in (5) we have f(γθν1,ν2 (f

←(B))) ⊆ cδυ1,υ2 (f(f
←(B)))

⊆ cδυ1,υ2 (B) and this gives γθν1,ν2 (f
←(B)) ⊆ f←

(
f(γθν1,ν2 (f

←(B)))
)
⊆ f←

(
cδυ1,υ2 (B)

)
hence we get γθν1,ν2 (f

←(B)) ⊆ f←
(
cδυ1,υ2 (B)

)
.

(6) ⇒ (1) : Let M ∈ δυ1,υ2 , then Y \M is δυ1,υ2 -closed set in Y , and since for arbitrary
C ⊆ Y , cδυ1,υ2 (C) is δυ1,υ2 -closed set in Y , we have cδυ1,υ2 (Y \M) = Y \ M . Taking
B = Y \M in (6) we get γθν1,ν2 (f

←(Y \M)) ⊆ f←
(
cδυ1,υ2 (Y \M)

)
= f← (Y \M) then

γθν1,ν2 (f
←(Y \M)) = f← (Y \M) so f← (Y \M) is θν1,ν2 -closed. Then we have f← (M) ∈

θν1,ν2 . �

Definition 3.7. [10] Let (X; ν1, ν2) be a BIGTS’s on a set X ( 6= ∅) and A ⊆ X . Then X is
said to be (ν1, ν2)-almost regular if for x ∈ X and an rν1,ν2 -closed set F with x /∈ F , there
exist U ∈ ν1, V ∈ ν2 such that x ∈ U , F ⊆ V and U ∩ V = ∅.
Theorem 3.10. [10] Let (X; ν1, ν2) be a BIGTS’s on a set X (6= ∅). If X is (ν1, ν2)-almost
regular, every rν1,ν2 -open set is θν1,ν2 -open.

Theorem 3.11. Let (X; ν1, ν2) and (Y ; υ1, υ2) be BIGTS’s; let f : X → Y . If X is (ν1, ν2)-
almost regular and Y is (υ1, υ2)-almost regular, then the following statements are equivalent:
(1) f is (δν1,ν2 : δυ1,υ2)-c.
(2) f is (θν1,ν2 : θυ1,υ2)-c.
(3) f is (δν1,ν2 : θυ1,υ2)-c.
(4) f is (θν1,ν2 : δυ1,υ2)-c.

Proof. This is clear by Theorem 3. 10 of [10]. �

Theorem 3.12. For BIGTS’s (X; ν1, ν2), (Y ; υ1, υ2) and (Z;σ1, σ2) if f : X → Y is
(δν1,ν2 : θυ1,υ2)-c., g : Y → Z is (δυ1,υ2 : θσ1,σ2

)-c. and (Y ; υ1, υ2) is (υ1, υ2)-almost regular
then g ◦ f : X → Z is (δν1,ν2 : θσ1,σ2

)-c.

Proof. This is clear. �

4. COMPARISONS

Theorem 4.13. For BIGTS’s (X; ν1, ν2) and (Y ; υ1, υ2) if the map f : (X; ν1, ν2)→ (Y ; υ1, υ2)
is;
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(1) (ν1, υ1)-c. and (ν2, υ2) -c., then it is (δν1,ν2 : θυ1,υ2)-c.
(2) (δν1,ν2 : δυ1,υ2)-c., then it is (δν1,ν2 : θυ1,υ2)-c.
(3) (θν1,ν2 : θυ1,υ2)-c. then it is (δν1,ν2 : θυ1,υ2)-c.
(4) (δν1,v2 , θυ1,υ2)-c. then it is faintly (ν1 : υ1υ2)-c.
(5) (θν1,ν2 : δυ1,υ2)-c., then it is (δν1,ν2 : θυ1,υ2)-c.
(6) weakly (δν1,ν2 : υ1υ2)-c., then it is (δν1,ν2 : θυ1,υ2)-c.

Proof. (1) Suppose that V ∈ θυ1,υ2 and f : X → Y is (ν1, υ1)-c. and (ν2, υ2)-c. Then for
x ∈ f ←(V )(⊆ X) we have y = f(x) ∈ V and there is a W ∈ υ1 satisfying y ∈ W ⊆
cυ2(W ) ⊆ V . Therefore it is true that x ∈ f ← (W ) ⊆ f ← (cυ2(W ))) ⊆ f ← (V ) and
using f ← (W ) ∈ ν1 and f ← (cυ2(W ))) is ν2-closed, we have x ∈ f ← (W ) = iν1 (f

← (W ))
⊆ iν1 (f ← (cυ2(W )))) ⊆ f ← (cυ2(W ))) ⊆ f ← (V ) and this gives f ← (V ) is δν1,ν2 -open.
(2) Let f be (δν1,ν2 : δυ1,υ2)-c. and W ∈ θυ1,υ2 , then the containment θυ1,υ2 ⊆ δυ1,υ2 gives
W ∈ δυ1,υ2 . (δν1,ν2 : δυ1,υ2)-continuity of f is gives f← (W ) ∈ δν1,ν2 .
(3) Let f be (θν1,ν2 : θυ1,υ2)-c. and W ∈ θυ1,υ2 , then f← (W ) ∈ θν1,ν2 and the containment
θν1,v2 ⊆ δν1,ν2 implies f← (W ) ∈ δν1,ν2 .
(4) Let f : X → Y be (δν1,ν2 : θυ1,υ2)-c., then for everyW ∈ θυ1,υ2 it is true that f← (W ) ∈
δν1,ν2 and from the containment δν1,ν2 ⊆ ν1 it is clear that f is faintly (ν1 : υ1υ2) -c.
(5) Let f be (θν1,ν2 : δυ1,υ2)-c. and W ∈ θυ1,υ2 , then the containment θυ1,υ2 ⊆ δυ1,υ2 gives
W ∈ δυ1,υ2 . From the (θν1,ν2 : δυ1,υ2)-continuity of f we have f← (W ) ∈ θν1,ν2 , again the
containment θν1,ν2 ⊆ δν1,ν2 gives f← (W ) ∈ δν1,ν2 .
(6) Let f : X → Y be weakly (δν1,ν2 : υ1υ2)-c., then for every W ∈ θυ1,υ2 by Corollary
3.1, it is true that f← (W ) ∈ δν1,ν2 , hence f is (δν1,ν2 : θυ1,υ2)-c. �

Remark 4.2. For a map f : (X; ν1, ν2)→ (Y ; υ1, υ2) on BIGTS’s, the following implications
are valid:

(ν1, υ1)-c. and
(ν2, υ2)-c. (θν1,ν2 : θυ1,υ2) -c. faintly (ν1 : υ1υ2)-c.

↓6↑ ↗6↙ ↓6↑ ↗6↙

(θν1,ν2 : δυ1,υ2) -c. →
6← (δν1,ν2 : θυ1,υ2) -c. 6→

← weakly (δν1,ν2 : υ1υ2) -c.

↘6↖ ↑6↓
(δν1,ν2 : δυ1,υ2) -c.

In the following examples, we show that in general, converse implications do not have
to be true.

Example 4.1. Consider two generalized topologies ν1 = {∅,R\ {3} ,R\ {2, 3}} and ν2 =
{∅, {2, 3}} on R. Then δν1,ν2 = {∅,R\ {3} , R\ {2, 3}}, θν1,ν2 = {∅,R\ {2, 3}}. Again, let
υ1 = {∅,R\ {2, 3}} and υ2 = {∅, {2, 3}} be two GT’s on R. Then we have δυ1,υ2 = θυ1,υ2 =
{∅,R\ {2, 3}}.

(1): The identity map f :(R; ν1, ν2) → (R; ν1, ν2) is, (δν1,ν2 , θν1,ν2)-c., (θν1,ν2 , θν1,ν2)-c.
and (δν1,ν2 , δν1,ν2)-c. but it is not (θν1,ν2 , δν1,ν2)-c.

(2): The identity map h:(R; υ1, υ2) → (R; ν1, ν2) is (δυ1,υ2 : θν1,ν2)-c. and but f is not
(δυ1,υ2 : δν1,ν2)-c., f is not (θυ1,υ2 : δν1,ν2)-c.

Example 4.2. Consider a generalized topology ν1 (= ν2) = {∅,R\ {0, 1} ,R\ {−1, 0, 1}}
on R and two generalized topologies υ1 = {∅, R\{0, 1}, R\{−1, 0, 1}} and υ2 = {∅, {0, 1},
R\{0, 1}, {−1, 0, 1},R} onR. Then δν1,ν2 (=δ(ν1)) = {∅,R\ {0, 1}} and θυ1,υ2 ={∅,R\{0, 1},
R\{−1, 0, 1}}.

(1): The identity map f :(R; ν1, ν2)→ (R; υ1, υ2) is faintly (ν1, υ1υ2)-c., but since
f← (R\ {−1, 0, 1})=R\ {−1, 0, 1} /∈ δν1,ν2 , f is not (δν1,ν2 : θυ1,υ2)-c. map.
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(2): The identity map g:(R; υ1, υ2)→ (R; ν1, ν2) is (θυ1,υ2 : δν1,ν2) -c. but since
g← (R \ {−1, 0, 1}) = R \ {−1, 0, 1} /∈ υ2 it is not (υ2, ν2)-c.

(3): The identity map h:(R; υ1, υ2)→ (R; υ1, υ2) is weakly (δυ1,υ2 : υ1υ2)-c.

Example 4.3. Let X = {1, 2, 3, 4} let ν1 = {∅, {1, 2} , {3, 4} , X} ν2 = {∅, {1, 2}} be two
GT’s on X . Then we have δν1,ν2 = θν1,ν2 = {∅, {3, 4} , X}. Let Y = {1, 2, 3} and let us con-
sider two generalized topologies υ1={∅, {1} , {1, 3}, {2, 3}, Y} and υ2={∅, {1}, {3} , {1, 3} , Y }
on Y . Then δυ1,υ2 = {∅, {1} , {2, 3} , Y }, θυ1,υ2 = {∅, {2, 3} , Y }. Consider a map f :
(X; ν1, ν2) → (Y ; υ1, υ2) defined as f(1) = 2, f(2) = 1, f(3) = 2, f(4) = 3. Then f is
(δν1,ν2 , θυ1,υ2)-c., but not weakly (δν1,ν2 : υ1υ2)-c. (there is noU ∈ν1 satisfying f(iν1 (cν2(U)))⊆
cυ

2
({1}) ).
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