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Durrmeyer type modification of (p, ¢)-Szasz Mirakjan
operators and their quantitative estimates

HONEY SHARMA and RAMAPATI MAURYA

ABSTRACT. In the present paper, we introduce Durrmeyer type modification of (p, q)-Szasz Mirakjan oper-
ators. We estimate the rate of convergence and local approximation behavior of the operators using modulus
of continuity and Peetre’s K-functional. We compute the quantitative estimates for difference of the proposed
operators with (p, ¢)-5zasz Mirakjan operators and (p, ¢)-Szasz Mirakjan Kantorovich operators.

1. INTRODUCTION

In the last two decades, quantum calculus (g-calculus) was studied extensively in the
field of approximation theory and quantum generalizations of several positive linear
operators have been discussed, for details one may refer to [1]. Further in 2015, Mur-
saleen et al. [13] introduced the (p, ¢)-Bernstien operators (Post Quantum generaliza-
tion of Bernstien operators) and discussed their approximation properties. Following
[13], many authors have studied the post quantum generalizations of various operators
and investigated about their approximation properties, for details, readers may refer to
[10,12, 15, 16,17, 19].

Throughout the paper, we employ the following standard notations of (p, ¢)-calculus:

Let 0 < ¢ < p < 1. The (p, g)-integer [n|, 4 is defined as

— 49
p—q

mn

n]pg = n=0,1,2..

and (p, g)-factorial is defined by

[]pq! = {[l]p,q[2]p,q ......... [n]pg, N >1
P.q* 1, neo

For integers 0 < k < n, (p, ¢)-binomial coefficient is defined as

(0] -l
k p,q [k}p,q![n - k]p,q!
The (p, ¢)-binomials expansion is expressed as:

n—1

@+, =[Pz +dy).

3=0
(p, q)-form of the exponential function is defined as follows:
> pn(n—l)/2xn

eralr) = [1]p,q!

n=0
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Z q
(p, g)-analog of the Gamma function is defmed as

oo p(n—l)(n—Q)/an—l
Ty .(n :/ dp.qx
P’Q( ) o Ep,q (qx) p,q

and
n(n— 1)/2

qu

and I'y ;(n + 1) = [n], 4! forn € N.

Recently, T. Acar [2] introduced (p, ¢)-Szdsz Mirakjan operators and investigated the rate
of uniform convergence over bounded and unbounded intervals, weighted approxima-
tion and Voronovskaya type theorem for these operators. Sharma et al. [18] introduced
the Kantorovich type modification of (p, q)-Szdsz Mirakjan operators and investigated
about their approximation behavior. For more studies in the similar direction, see [3, 4, 5,
6,7,11,14].

Inspired by the above studies, we introduce Durrmeyer type modification of (p, ¢)-Szasz
Mirakjan operators and study their approximation properties.

2. CONSTRUCTION OF OPERATOR

For0 < ¢ < p < land f € C[0,00), (p, q)-Szdsz Mirakjan Durrmeyer operators are
defined as follows:

00 pr(k=1)/2 o
D,q
DLy e A e L

where s (.) is base funct1on efmed as

shh(x) = A )
" Epg([nlp.gr) [Klp.q!
and E, , is (p, q)-exponential function.
By using definition of (p, ¢)-exponential function, we directly get > s (z) = 1.

k(k=1)/
Lemma 2.1. Form € Nand I,,,(k) = Z’k(kfi)/z o stk Bl gm dp,qt, we have

(k4 1)pglk +2]pgee--- [k +m]pq

I = '
m(k> q(mk—m—l) p(m(m—l)/Q) [n]gf(;rl

Proof. Using definition of (p, ¢)-Gamma function and the equality I';, ;(n + 1) = [n], 4! for
n € N, we have

k(k—1)/2 foo mk k(k—1)/2 ,mk poo k(k=1)/2  [p]F
Im(k‘) _ ZW/ Siﬂlk(t)p tmdp7qt pk(k+1)/2 % q [ ]qu' tm+kdp,qt
q 0 ’ qm q 0 pa([M]p.at) [K]p.q!
k(k—1)/2__ P" gt +k
= phlk— tm “d, ot
qu / Ep q qt P
2
_ P(2mk+k —R)/2 1 [k + m]p,q- _ [k + Upglk + 2]pq-em [k +mlp,q
qu—m—l[k]nq! [n]z“:(j»l p(k+m)(k+m71)/2 q(mk—m—l) pm(m—l)/2 [n]‘g};l
O

Lemma 2.2. We have

s %] S %] _x
sP9 () DI — g sh9 () ( p’q ) = + <z
kZ:;) K gk =1n], 4 Z * gV n,q q
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Lemma 2.3. For e; = t, i = 0,1,2, the moments of the proposed operators are estimated as

follows:
(i) Dy (eo; ) = 1,
(it) DPA(eq;x) = m + px,
. 2 2 2 3
0 ) = G e

Proof. For f(t) =t™, m =0, 1,2, the proposed operators can be expressed as:

DPA(™; x) = [lp.q sP4 (@)L, (k).

For m = 0, we have

Dyt(eaia) = P22 St ono(h) = P22 S )L <,
k=0

Using Lemma 2.1, Lemma 2.2 and identity [k + 1], ; = ¢" + p[k]p,q, first moment can be
obtained as follows:

DP9 (ey;z) = [lp.q Z Sfb’fllf(x)fl(k) _ []p.q Z SZ’,%(QJ) [k + 1];02,11

7 15 A — ¢* 23,
- k] q
— P4 () < q + Plklp.g > - + pa.

,;) * (lpg @ nlpg [lp.q

Using Lemma 2.1, 2.2, the second moment can be obtained as follows:
= > 26k 4 1] 4k + 2
DP(ey;z) = (lp.g P () Lo (k) = (lp.q si’%(x)p [ ;;_:]))p,q[[ ];F Ip.q
q 0 q =0 q P "p.q

7 < 1 :
= = Z sP (2)—5 (qZkH + 0" + 20%¢" k] + g K] g + P fotz)

O S
S ) (q2 (p+a)  a@r+a) [kpq P*[k]y.q )
P p[n)2 , Mlpq " nlpg 2D [n]%,q

2 2 2 2 3
_Cpta)  Cpata+p) P oo

p[n]%,q [1]p.q q

Lemma 2.4. Using Lemma 2.3, the central moments are computed as follows:

q
Dt —xy;x) = —— +(p—1)z.
[]p,q
2 2 _ 3
DPa((t— o)r) = (qu) Lla+p)-2 (1_2P+P>x2.
p[n]p,q [n}Paq q

Remark 2.1. For 0 < ¢ < p < 1, one can observe that lim,,_, [n], , = ﬁ, which restricts
the operators { D7} to involve in the approximation process. We proposed the sequence
{pn}, {¢n} such that0 < ¢,, < p, < land g, — 1, p, = 1, ¢ — a, pi = basn — oc.
Such sequences always exists, for instance, let a, b € R*, a > band ¢, = (1 + %) _1, Pn =
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-1
(1+2) then0< g, <p, <landg, =1, p, = 1, ¢ = €% p — €%, [n]p, 4, — 00 as
n — oo. For the above type of sequences, we may consider the following:

3
lim [n]pmqn (Pn—1) =a, lim [n]pmqn (1 —2pn + Zn) =p.

n—oo n—oo n

Theorem 2.1. For the sequence {p,} and {q,} as considered in Remark 2.1 and f € C[0,0),
the sequence of operators { DE-~(f;.)} converges uniformly to f.

Proof. By using well-known Korovkin theorem along with Lemma 2.3, result can be ob-
tained directly. O

3. CONVERGENCE PROPERTIES OF OPERATORS

In this section, we will present some direct results and Voronovskaya type theorem to
estimate the rate of convergence of proposed operators.

Theorem 3.2 (Local approximation theorem). For f € Cg[0,00) be the space of real val-
ued continuous and bounded functions defined on [0, 0o) equipped with supremum norm and
sequences {py } and {qy} as assumed in Remark 2.1, there exists an absolute constant C' > 0 such
that

_— qn
D2 (i) = (@) < Con b))+ | = (1= pa]) o € 0.0,
Pnqn
2 _ 3q2 (gn+Pn)*+2Pngn —4qn N pS\ 2
where 57 (x) = PROER. + o T+ 2 (1 2p, + qﬂ/)x .

Proof. To prove the result, we shall employ the properties of modulus of continuity and
Peetre’s K-functional. For details readers may refer to [8, Theorem 2.4].
For f € Cp[0,00), we define

D (i) = DR (fi) 4 £0) £l ).

Pn,dn
Using Lemma 2.3, we immediately get, DP9 (t — x; x) = 0.
Forg e W2 ={g € Cp[0,00) : ¢, ¢g" € Cg|0,00)}, by using Taylor’s formula, we have
¢

mwzgww+u—@ymwy/u—um%me

x

Therefore, we have

D (gia) = ote) + D [

¢ )i

¢ Tolpman T P% n
= g(x) + DEnodn </ (t —u)g" (u)du; :U> - / ( Iy Pn — u) g" (u)du.

(] p g
Thus,

¢
DPmoan (/ [t — ullg” (u)|du; x)

N / Tloman TP2%| g,
z [n] Prsdn

IA

| D (g5 ) — ()]

+pnz — ulg” (u)|du

< DB ((t—x)% )| g
q 2
n ( n +nmm>n¢w
[n]pn;qn
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Using central moments, we get

Dt (gs0) — g(w)| - <

32 n n2 2nn_4n
( q; +(q+p)+pq I
Pnl

n]pnv(In [n]men
3
+ 2(1 — 2py, + q")x2> llg” |
= 6a(x)llg"|-

Also, | DPm (f:2)| < 3| f||. We observe that, for f € C5[0,00) and g € W2, we have
|Dht (fiz) — f(2))]
Dy (fia) = )+ 1 (2 4 s ) - f12)

) . ["]pn,qn
< DR (f — g )| + [ DRI (g5 @) — g(@)] + |g(z) — f(2)]

+’f< & +pnx)—f<sc>

[P]pn,qn
<Allf =gl + 2 @)lg"|

)
<7 =gl + 2@a") + (1] — 0= pja]).

Now, taking the infimum on the right hand side over all g € W2, we obtain

DB (f2) — F(2)] < A (f, 52(@) +w(f, e )

[n}pn Jdn

Finally, we have

|Dzmq"<f;w>—f<x>|<Cw2(f,5n<w>)+w(f, i _<1_pn)x>.

[n]Pan

This is the required result. U

Let B5[0, 00) be the space of all functions f, for which | f(z)| < My (1 + 2?), where My

is a positive constant that may depend on the function f only. Clearly, B3[0, o) is a linear

normed space, equipped with the norm || f||2 = sup,~ Ilfif;)zl . By (5[0, 00), we denote the
subspace of all continuous functions f € Bs[0,00) and C5[0, o0) denotes the subspace of

all functions f € ([0, 00) satisfying

o f@
A5 =0

here C is a constant depending on f only.

Theorem 3.3. For {p,} and {q, } be the sequence as considered in Remark 2.1 and f € C5[0, 00),
we have

[DEmm (| f(t) — f(2)];2) | cpo,a) < 6My(1+ a?)d7 + 2way1 (S, 0n),
here, w, (f, &) is modulus of continuity on the interval [0, a] and

Op = \/Dﬁ”’q" ((t— )2 ).




102 Sharma, H., Maurya, R.

We are here omitting the proof of the theorem, for details readers may refer to [18, The-
orem 4].

Theorem 3.4 (Voronovskaya Type Theorem). Let {p,,} and {q,} be the sequence as considered
in Remark 2.1 and f, f', " € C3]0,00), then

lim [y, q, (D77 (f;2) = f(2)) = (1 + az)f'(z) + (@ + éwQ)f”(x)

n—o0o 2
uniformly on any [0, K|, K > 0.
We are here omitting the proof of the theorem, for details readers may refer to [18,
Theorem 5].
4. QUANTITATIVE ESTIMATES

In this section, we give some quantitative estimates for the difference of the proposed
operators with the operators having similar basis function.
Let C(I) be the space of all real valued continuous functions defined on interval I C R

and Cp(I) = {f € C(I) : [|f|| = supzes|f(z)| < oo}
Further, we consider a positive linear functional F' : C(I) — R such that F(ey) = 1. We

set bl = F(ey) and puf’ = F(e; — bFeq)”, r € N.

Theorem 4.5. ([9, Theorem 1]) Let Uy, = >3~ o Pk (@) Fo ik (f) and Vi, = 307 o Dok (2) Gk (f)
be positive linear operators having their basis as p,, i (z). If f € D(I) with f" € Cg(I), then

(Un = Vo) (f52)| < (@) "] + 2w(f, 0(x)),

where

a(z) = %ip ()(uz”’“+u2 >
Po) - ki_opn,k(x) (e o)

Using the above assumptions, the proposed operators D?:? can be expressed as

o0
DPA(f: x) E s Fg’g
k=0

where -
k(k=1)/2  [plk ok
) = e
' Epq([n]p.qz) [Klp.q!
and R
k—1)/2 k
papy _ [Mpa P P, p
Fnk(f) - q qk(k+1)/2 /0 Sn,k(t)f<qkt> dI),qt'
Remark 4.2. By using Lemma 2.1, we have
1 2)pgeeeee
FP{(ep) = [k + Up.glk +2lpgo [k + m]m7 m=0,1,2,....

qm(k—l) pm(m—l)/2 [n];nq

Following the above equation, we get
[k +1]pq

bk = L Ipa
q*=Vnl, 4
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and

FPa
= ET(ey — b eg)?

= FVl(ex) — (Fhi(er))?
k4 1pglk+2lp  [F+15,

AOORE, P,
[k + 1]107‘1
pg*=Inl3,
4.1. Difference with (p, ¢)-Szasz-Mirakyan operators. For f : [0,00) — R, (p, q)-Szész-
Mirakyan operators defined by T. Acar [2], can be expressed as:

Supalf; @) Zsm (f);

where
e ¢ E=D/2 [n]

su(7) = Epq([nlpq) [Klp,q!

etz - ()
D=1, )

Remark 4.3. By above representation of the operators Sy, p, 4, we have

GPNI ,
[ — Gﬁ%(el)
My
7" 2[nlp,q
and hence, for r € N, we get
GPJZ‘
pr "t = GY(er—b Zieo) = 0.

Now, we give the quantitative estimates for the difference of the proposed operators
with (p, q)-Szasz-Mirakyan operators.

Proposition 4.1. Let f, f/, f"" € Cp[0,00) and x € [0, 00). Then for n € N, we have
(DR = Snp.a) (f;2)] < ax(@)[[f7]] + 2w(f, 1)),

where

_ ! 7 q r 200) = Py — 0222 (p2_q2)x q
al(m)‘?[mp,q(p[n]p,ﬁ )’51” P S S A

Proof. Here, we observe that Theorem 4.5 validates the Proposition. It remains only to
compute the values of o (z) and 01 (z) accordingly.
Using Remark 4.2 and Remark 4.3, we have

P qu
sy (x )<u * ot g ’“)
k=0

- ;g: <pq5€k+3>l[]p]q >

DO =
Mg

ar(z) =
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Now, using the identity [k + 1], , = ¢* + p[k],,, and Lemma 2.2 in above, we get

oq(sc):% ¢ ( g —|—a:>.

Similarly,

e’} 2
@) = Y sui) (bFf?i?i - bG‘%ﬂ%)

por
= 282’,%(x)((][§+1[gi2 - q’“[lz]mp,q)Q

_ g 21(2) ((p g2 q(k[kf’ﬁ% +2q(p — q) qk[ki]f;ﬁiq * [nq]:,q>
= (p—9)° (p o [n}p,q) " Zq[Ef]MQ)z ! ["?;q

— g(p q)°a” + (pfn],,j L+ [n(g,q

O

4.2. Difference with (p, ¢)-Szdsz-Mirakyan Kantorovich operators. For n € N and f :
[0,00) = R, (p, q)-Szdsz-Mirakyan Kantorovich operators [18], can be expressed as

(oo}
= sb@H L),
k=0
here,
[k+1]p,q
k(k—1)/2 [n]k zk qk—2 F=Zn]
P4 () = 4 2o and HP(f) = [n]pg / P E()dy ot
* Epq([n]p,qz) [k]p,q! * moph % e
k+1]pq
k 2
Lemma 4.5. For H}\(f) = [n],,4 p,c f k]p“;]“ (t)dp,qt, we have
qk— 3[”]
N [k + 1p,q + qlklp,
(“) Hg,g(el) — — p,q pq’

*2(p+ @) nlpq
[k + 1];29,q + Q[k]p,q[k + 1]p,q + q2 [k]f;,q
?*k=2(p? + pq + ¢*)[n]2,

(idd) Hy i (e2) =
Remark 4.4. By using above lemma, we have

_ e+ 1lpg +alklpg
" 2(p+ @)nlpg

b
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and

Hp’q P,q
nk P,q H 2
Mo = Hn’k(el —b vkeo)

H"(e2) — (HE (1))
[k + 1];21,q + Q[k]p,q[k + 1]p,q + q2[k];2),q ([k + 1}p,q + q[k‘}p,q)2

(p? +pg + ¢*)g>*=D[n]2 | (p+q)?¢**+=2[n)2 ,
_ ¢' ((102 )L R ' )
(P*+pg+a®)p+a)3?\ 2, [n]3 4

Here, we present the quantitative estimates for the difference of the proposed operators
with (p, q)-Szédsz-Mirakyan Kantorovich operators.

Proposition 4.2. Let f, f', f" € Cg[0,00) and x € [0, ). Then for n € N, we have
(D = K3 (f;2)| < az(@)|[f7]] + 2w(f, 92(x))

where
= o(x ¢ W — ) T — P
az(z) = o(z)+ P2 +pg+q®)(p+q)? ( [n]p.q [n]3 q)
) ) c \, 2palp—q) = P’
mi ) = (e ) e O

Proof. Here, we observe that Theorem 4.5 validates the Proposition. It remains only to
compute the values of as(x) and da(z).
By Remark 4.2, Remark 4.4 and Lemma 2.2, we have
1 & FPd HP
aale) = 3308 (" + ")

k=0
1 HP
= al(x)Jri];)sff,’g(x)uQ o+
1 & q* ((p2 — ¢*)[k] pq
= ai(z)+=) sP(x P
1@+ 3 2 O G AT P\ e, T,
4 2 2
q (r° —q%) Pq )
=aay(x) + T — .
(=) (p2+pq+q2)(p+Q)2< [n]p.q ]2,

Similarly, we have

[k +1pq k4 1pg+alklpg
q(kfl)[”}p,q " 2(p+ q)[n]pq
[k]p’q Y4

il | 0+ @)nlpg

pEmk — pHuk

= (p—q)q

Therefore,
[e%e) 2
B = > (v v)

2 2 2
2pq(p —q)  [K] P°q
_ P4 () <(p —g)? Pa__ pa_ .
2 sk ZEOE. T prq R, Gt a7,
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Finally, using Lemma 2.2, we have

d3(z) = (p—q)° (sz ol

x ) N 2pg(p—q) = P
prq [l (0+a9)?n]2,
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