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On first general Zagreb index of tournaments

S. PIRZADA?, BILAL A. RATHER?, TARIQ A. NAIKOO® and T. A. CHISHTI?

ABSTRACT. A tournament is an orientation of a complete simple graph. The score of a vertex in a tournament
is the out degree of the vertex. The Zagreb index of a tournament is defined as the sum of the squares of the
n
scores of its vertices. The first general Zagreb index of a tournament T is defined as M, (T) = 3 s¢, where a
i=1
is any real number other than 0 and 1. In this paper, we obtain various lower and upper bounds for the first
general Zagreb index of a tournament.

1. INTRODUCTION

A tournament is an orientation of a complete simple graph. Let T' be a tournament with

order n and having vertex set {v1,vs, ..., v, }. The score of a vertex v;, 1 < i < n, denoted
by s,, (or simply by s;), is defined as the out degree of v;. Clearly, 0 < s; < n — 1 for all
i, 1 < i < n. The sequence [s1, s2, . . ., $»] in non-increasing (or non-decreasing) order is

called the score sequence of the tournament 7. In a regular tournament on n (odd) ver-
tices, each vertex has score “71. Many of the important properties of tournaments were
first investigated by Landau [3] (1953) in order to model dominance relations in flocks
of chickens. Current applications of tournaments include the study of voting theory and
social choice theory among other things. Other undefined notations and terminology can
be seen in [9].

The following result [3], also called Landau’s theorem, gives a necessary and sufficient
conditions for a sequence of non-negative integers to be the score sequence of some tour-
nament.

Theorem 1.1. (Landau [3]) A sequence [s1, Sa, . . ., S5, of non-negative integers in non-decreasing
order is a score sequence of some tournament if and only if

k
Zsiz@wrlgkﬁn 1.1)
=1

with equality when k = n.

Several results for the scores in a tournament can be seen in [5, 6].
For any two distinct vertices u and v of a tournament 7', we have one of the following
possibilities:
(i) An arc directed from u to v, denoted by u(1 — 0)v.
(ii) An arc directed from v to u, denoted by u(0 — 1)v.
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The first general Zagreb index [4] (also called the general zeroth-order Randié index) of a
graph G, denoted by Z,(G), is defined as Z,(G) = ) df, where a is any real number other
i=1

1=

than 0 and 1. Also, for a = 2, we have Z5(G) = 3" d? = M;(G), which is known as the first
i=1

Zagreb index[2] of G. The first Zagreb index was used in examining the dependence of total
m-electron energy of molecular structures. Analogous to this, Naikoo et al. [7] defined the
first Zagreb index M (T') of a tournament T as the sum of the squares of the scores of the

vertices of T. Thatis, M(T) = ) s?. Motivated by this, the first general Zagreb index of a
i=1

tournament 7 is defined as M, (T) = 3 s¢. For a = 0, we have My(T) = n; and for a = 1
i=1
n -1
together with Inequality (1.1), M1 (T) = >_ s; = %
i=1

2. BOUNDS FOR THE GENERAL ZAGREB INDEX OF TOURNAMENTS
For the rest of the paper, we assume the sequence to be in non-increasing order, unless

k
otherwise stated. Let M), = ) s; be the sum of largest k scores of tournament 7. Then,
i=1
n n(n—1
by using the fact that > s; = g, we have
i=1

My _ i= i=k+1l 9
k k — n—k n—k ’
which after simplification gives
kin—1
M, > (“2 ) (2.2)

k(n—1) _ k(k—1)

with equality if and only if £ = n. Now implies that n > k. So, for

k < n, Inequality (2.2) is better than Inequality (1.1) and both the inequalities agree on
k =n.
The following result gives the upper bound for Mj,.

Lemma 2.1. If T be a tournament with n vertices, then

k—k k—k)?2—4D
y < MR R VIR Z B 2D 3)

2
where D = k <n(n2—1)) —(n— k)kw Equality holds if and only if T = nK;.

n(n —1)s,

Proof. Using Cauchy-Schwartz’s inequality, Inequality (1.1) and noting that Xn: 52 < 5
i=1

[7], we have

1 2 n 2 n n k
<”(”2)—Mk) — (le,,) < (n—k) (Z 5§> =(n—k) (Zsf— 2 53>

=1 7
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k
< (n—k) (”(” L Z;ﬁ)

ooty (225020

After making some simplifications, we obtain

%Mlg _n(n_ 1)Mk + (71(712_1)> — (n—k)w <0.

Hence, it follows that

_ _ 2 _
< k+\/(r2zk kP 4D.

2

—1 —1)s, . .
where D = k % —(n— k)ku Assume that the equality holds in (2.3).
Then all the above inequalities must be equalities. So 51 = s9 = -+ = 5 = Sp+1 = Sg+2 =
.-+ = s, and T is a regular tournament. This is only possible for T" = n kK. O
Jensen’s inequality. Let f be a convex function on an interval 7 and let x4, xo, ..., x, be
points of Z and let a1, ag, . . ., a, be real numbers satisfying " a, = 1. Then
k=1
f (Z akl"k) <Y arf (k)
k=1 k=1
with equality if and only if 21 = 29 = -+ - = zp,.
Theorem 2.2. Let [s1,s2,. .., Sy| be the score sequence of a tournament T. Then the following
hold.
(i)
n _ 1 a
dosizn ((" )> ,
‘ 2
i=1
with equality if and only if T = nK;.
(ii)

Z s >n (H 3?) ,
i=1 i=1
with equality if and only if T = K,,.

Proof. (i). Since f(x) = P is strictly convex for x > 0, so by Jensen’s inequality, we have

a > 2l =
E 31_n<5 n) n< 5 ) ,
with equality if and only if 1 = so = - -+ = s5,.

i=1 i=1
(ii). Consider the function f(x) = log(z), which is concave in (1,00). Thus, by Jensen’s
inequality, we have

1
n

log (Z n) >~ logsi > ~log [ [ s} > log (HS?) :
i=1 =1

i=1 ] i i=1
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which is equivalent to

1
= a
n n n J—
Zs?En(Hsf) :n(slsg...sn_lsn)n,
i=1 i=1
and equality holds if and only if 51 = s9 = -+ - = s,.
Proof. If ¢ > p > 0, and x1, z2, .. ., x,, are non negative real numbers, then
n - n ’
with equality if and only if 21 =z = - - - = zp,.
Theorem 2.3. Let [s1, S2, ..., Sy be the score sequence of a tournament T. Then
- k(n—1)\" n—1\"
a > - 7 _
Zsz_k< o >+(n k)< 5 >

i=1
with equality if and only if T = nK;.

Proof. By power mean inequality, we have

k

EH

i=1 a>%’
k -k

that is,

with equality if and only if s = 5o = - -+ = 5.

Similarly,
n(n —1 “
. ( ( . ) _ Mk)
s¢ > ,
z:zk-;-l (TL - k)ail
equality holds if and only s;11 = sp12 =+ = s,
Thus,
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k(n—1)
2

Now, solving f'(x) > 0, we see that f(z) is increasing for z >
k(n—1)
2

and by Inequality

(2.2), My, =

isé‘:f(Mk) o (B 2 (M) i (252

Assume equality occurs, then all the above inequalities are equalities, so that s; = 5o =
k(n—1)

. Therefore, we get

cer =8k = Sgp1 =+ = Sp and My = , which is true for T = K. O

Diaz-Metcalf inequality [1]. Letay, as, . .., a, and by, bs, . . ., b, be non negative real num-
bers satisfying ra; < b; < Ra;, for 1 <4 < n. Then,

ib? —&-rRZn:a? <(r+ R)zn:aibi,
i=1 i=1 i=1

equality holds if and only if b; = Ra; or b; = ra; for 1 <i <mn.
Theorem 2.4. Let [s1, S2, ..., sy be the score sequence of a tournament T'. Then
nsy < Zsf < nsf,
i=1

with equality holds if and only if T is a reqular tournament.

nje

Proof. Choosing b, =s?, a; =1, r= si and R = 51%, then we have

i
SE < si% < 81% .
By Diaz-Metcalf Inequality, we have

n

n
Zs?—f—(slsn)%z:lg(sg—}—sf) 5?
i=1

i=1

which implies that
n a a a
Zsf 4 (818,)%n < (s7 +s2)ns?,
i=1

which further implies that
n
Z sy < msq,
i=1
with equality if and only if 1 = sg = - -+ = s5,.
Similarly, choosing b; = s¢, a; = 1, r = s% and R = s{ in Diaz-Metcalf inequality, we
have

n n

D82 (sisn)n < (55 +5) D s,

i=1 i=1
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which implies that
is? > L is?“ + n(s1sn)®
= Sstst o
> 1 (nsZ* +n(s1sn)*) = nst.
T s2 489 " " "
Equality holds if and only if T"is a regular tournament. O
Ozeki’s Inequality [8]. Let a1, a2, ..., a, and by, bs, ..., b, be non negative real numbers.
Then
2
S (Da ) < ()
a; i ;0; > - )
, i . i ‘ 1 14Vlg — M1Mma
i=1 i=1 i=1
where M; = maxa;, My = maxb;, m; = mina; and me = minb;, i =1,2,...,n.
Theorem 2.5. Let [s1,s2, ..., Sy| be the score sequence of a tournament T with s; > 1 for all i.
Then
\/n282a_n2 _Sa 2”: <n7 %—7%) +TLS
n 4 — — 4 1 1

with equality if and only if T is a reqular tournament.

Proof. Choosing a; = s?, b; = 1, My = s, my = 37% and My = mo = 1 in Ozeki’s
inequality, we have

n n a 2 "’L2 a a 2
a 2 B 2
ng sy — E 8 §4(81—sn),
i=1 i=

which implies that

3
[~]=
»
)
IN
NES
—~
V)
= ole
\
»
Swle
S—
o
+
VO
(]
»
= le
~_—
[\

Thus,
n n a a 2
Z 5§ < 1 (sf —s3)" +nst.
Equality occurs if and only if T' is a regular tournament.

Similarly, choosing a; = s¢, b; = 1, My = s{,m; = s% and ma = My = 1in Ozeki’s
inequality, we have

2
n 2 n
oy e (N
i=1 i
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which implies that
(3] 23 o
i=1 =1
Finally, we get
1
n 2 5
Z Si 2 (nQSELa - 7(51 - SZ)2> )
=1
with equality if and only if T is a regular tournament. O
Pélya-Szego inequality [10]. Leta, as, ..., a, and by, bs, . . ., b, be non negative real num-
bers. Then
n
b2
Sat$ue (0 S (S
=1 =1
where M; = maxa;, My = maxb;, m; = mina; and ms = minb;, i =1,2,...,n.
Theorem 2.6. Let [s1, Sa,. .., Sy] be the score sequence of a tournament T, with s; > 1 for all i.
Then

ns® - ns% s 5\ 2
__"n a o 21 21 °on
1 [s1 /sn_ZSZ_ 4 (\/ sn+\/ 51>
_ — 4+ — i=1
2V s, S1

Proof. Let a; = s? b; = 1, so that M7 = s1, m, = s,, M> = mo = 1. Now, from

Polya-Szego inequality, we have
- 81 Sn [
a < /2L 4 [2n 2
n ; 51 = < Sn s1 ) (Z z )
51 Sn %
Sn S1 ST

n
. 274 Sn 51 s
i=1

Suppose equality holds. Then s; = s; = s,, which is possible for regular tournaments.
Conversely, if T' is a regular tournament, then equality holds.
Again, choosing a; = s¢, b; = 1 in Pélya-Szego inequality, we obtain

n 2 n 2
1 S s
E 20 2 /21 on § a
ni:1 s; < 1 < 5 + 51 - s; ,
Therefore,

" 9 n Z 520, n Z $2a
i = =
i=1

n282a
T, Y A, ey ([, o)
4 Sn $1 4 sn S1 4 Sn S1

A~

IA
NG

Thus,
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TR

It can be easily verified that equality occurs if and only if T is a regular tournament. [

and hence

Example Consider the transitive tournament of order 5 with score sequence [4, 3,2, 1, 0].
Lat a = 2. By simple calculations, we have >_7" | s¢ = 30 and n("5+)* = 20 so that The-
orem 2.2 is true. The bounds in Theorems 2.3, 2.4, 2.5 and 2.6 can be similarly verified.

Conclusions. As the first Zagreb index and the first generalized Zagreb index have been
extensively studied for graphs, the investigation of the later in tournaments has been initi-
ated in this paper. We obtained some upper and lower bounds for first generalized Zagreb
index of tournaments mostly in terms of the order of the tournament. These bounds can
be improved in future using more invariants of a tournament, for example, the number of
arcs.
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