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Some fixed point results for almost contraction on
orthogonal metric space

OZLEM ACAR and ESREF ERDOGAN

ABSTRACT. In this paper, we consider almost type F-contraction on orthogonal metric space and we estab-
lish the existence and uniqueness of fixed point of such mapping. At the end, we give an illustrative example.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory has been studied by three different aspects: topological, metrical
and discrete fixed point theory. Generally, the boundary lines between the three areas
were defined by the discovery of three major theorems: Brouwer, Banach and Tarski’s
fixed point theorems. In 1922, Banach proved a remarkable result called Banach contrac-
tion principle. Because of its application, this result has been generalized in many ways.
For instance see [1, 4, 5, 6, 7, 9, 10, 12, 14, 18, 19, 22, 24]. One of these generalizations is
done using F'—contraction presented by Wardowski [23].

Let F be the set of all functions F' : (0,00) — R. For the sake of completeness, we will
consider the following conditions:

(F1) F is strictly increasing, i.e., for all a,b € (0, 00) such thata < b, F'(a) < F(b),

(F2) For each sequence {a,,} of positive numbers lim, .o, «, = 0 if and only if
lim,, oo F(ap) = —00,

(F3) There exists s € (0, 1) such that lim,_,o+ a*F(a) = 0.

Definition 1.1 ([23]). Let (X, d) be a metric space and f : X — X be a mapping. Given
F € F, we say that f is F-contraction, if there exists 7 > 0 such that

(L.1) z,y € X, d(fz, fy) > 0= 71+ F(d(fz, fy)) < F(d(z,y)).

In the following, you can see some examples of such functions.
Example 1.1 ([23]). Let F, : (0,00) — R be given by F;,(a) = Ina. Itis clear that F,, € F.
Example 1.2 ([23]). Let F}, : (0,00) — R be given Fy,(b) = b+ Inb. It is clear that F}, € F.

Example 1.3 ([23]). Let F, : (0,00) — R be given F(c) = —ﬁ. It is clear that F, € F.

Theorem 1.1 ([23]). Let (X,d) be a complete metric space and let f : X — X be an F-
contraction. Then f has an unique fixed point in X.

Also, many articles on F'—contraction are available in the literature ([2, 16, 20, 21]).

Motivated by the mentioned works, we modify the concept of F'—contraction map-
pings to orthogonal sets and prove some fixed point theorems for almost F'—contraction
in orthogonally complete metric spaces. But first of all, let’s remember some information
about orthogonal metric spaces.
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Definition 1.2 ([8]). Let X be a non-empty set and L be a binary relation defined on X. If
binary relation L fulfills the following criteria:
Jzo(Vye X,yL xo) or (Vy € X, 29 L y),

then pair, (X, L) known as an orthogonal set. The element z is called an orthogonal ele-
ment. We denote this O-set or orthogonal set by (X, L).

Example 1.4 ([8]). Let X be the set of all peoples in the word. Define the binary relation L
on X by x L yif x can give blood to y. According to the following table, if z is a person
such that his (her) blood type is O—, then we have zy L y for all y € X. This means that
(X, 1) is an O-set. In this O-set, x( (in definition) is not unique.

type  you can give blood to  you can receive bood from

A+ A+ AB+ A+A-0+0-
O+ O+ A+ B+ AB+ 0+0 -

B+ B+ AB+ B+B-0+0—
AB+ AB+ FEveryone

A— A+ A—-AB+ AB- A-0O -

O— FEveryone O —

B—- B+ B-AB+ AB- B-0-

AB— AB+ AB- O—-—A—-—B—-AB -

Example 1.5 ([8]). Let X = Z. Define the binary relation L on X by z L y if there exists
k € Z such that « = ky. It is easy to see that 0 L y for all y € Z. Hence, (X, L) is an O-set.

Definition 1.3 ([8]). Let (X, L) be an orthogonal set (O-set). Any two elements z,y € X
such that z L y, then z,y € X are said to be orthogonally related.

Definition 1.4 ([8]). A sequence {x,,} is called an orthogonal sequence (briefly O-sequence)
if

(VneN,z, L xppq1)or (VneN z,1 L xy,).
Definition 1.5 ([8]). Let (X, L) be an orthogonal set and d be a metricon X. Then (X, L, d)
is called an orthogonal metric space (shortly O-metric space).

Definition 1.6 ([8]). Let (X, _L,d) be an orthogonal metric space. Then X is said to be a
O-complete if every Cauchy O-sequence is converges in X.

Remark 1.1 ([8]). Every complete metric space is O-complete and the converse is not true.

Definition 1.7 ([8]). Let (X, L, d) be an orthogonal metric space. A function f : X — X
is said to be orthogonally continuous ( L-continuous ) at z if for each O-sequence {z,}
converging to x implies f(z,) — f(x) asn — oo. Also f is L-continuous on X if f is
L-continuous at every x € X.

It is easy to see that every continuous mapping is L-continuous. You can see it in [8]
Example 3.3.

Definition 1.8 ([8]). Let a pair (X, L) be an O-set, where X (# () be a non-empty set and
1 be a binary relation on set X. A mapping f : X — X is said to be L-preserving if
f(z) L f(y) whenever z L y and weakly L-preserving if f(z) L f(y) or f(y) L f(x)
whenever x 1 .
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Remark 1.2 ([8]). Itis easy to see that every | -preserving mapping is weakly L -preserving.
But the converse is not true.
2. MAIN RESULTS

In this section, we give a definition of generalized orthogonal almost type /'—contraction
and we aim to obtain some results on O-complete orthogonal metric space (X, L, d).

Definition 2.9. Let (X, L,d) be an orthogonal metric space. A mapping f : X — X is
called generalized orthogonal almost F'—contraction if there are F € 7, L > 0and 7 > 0
such that the following condition holds: Vz,y € X withz L y

(2.2) [d(fx, fy) > 0= 7+ F(d(fz, fy)) < F(M(z,y) + LN (z,y)],

where

M(z,y) = max {d(w, W) d(a, f2), d(y, fy), D f) 4w, f2) }

2
and

N(z,y) = min{d(z, fy),d(y, fz)}.

Theorem 2.2. Let (X, L,d) be an O-complete orthogonal metric space with an orthogonal ele-
ments xo and f be a self mapping on X satisfying the following conditions:

(i) fis L-preserving,

(13) f is a generalized orthogonal almost type F —contraction,

(#i1) f is L-continuous.

Then, f has a fixed point in X.
Proof. From the definition of the orthogonality, it follows that 2o L f(zo) or f(zo) L xo.
Let

w1 = fro, w0 = frr = fPao, - xn = frn_1 = [Tao

foralln € NU{0}. If 2,,+ = ,,+41 then for some n* € NU {0}, then z,,- is a fixed point of

f and so the proof is completed. So, we assume that z,, # z,4+1 for all n € NU {0}. Thus,
we have d(z,, £p,41) > 0 for alln € NU {0}. Since fis L —preserving, we have

Tn L Tpy1 0r xpgr L xp.

This implies that {z,, } is an O-sequence. Since f is a generalized orthogonal almost type
F—contraction, we have

F(d(xnv .’En+1))
= F(d(fxn—laf‘rn))

< F(M(xnflvxn) +LN($n717xn)) -7
d(xn—la xn)7 d(mn—h fmn—l)v d(l‘n, fxn)a
- F max d(@n—1,fTnt1)+d(@n, fTn_1) —r
2
+L min {d(xn—h fxn-‘rl)) d(xna fxn—l)}
< F(max {d(zn—lyxn)vd(znaxn+1)}) -7

(2.3) < Fd(wp-1,2n)) =T
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for all n € N. Taking a,, := d(zy, Zr+1) for all n € N and using (2.3) we have

(2.4) F(ayn) < Flap—1) — 7 < F(ap—2) =27 < -+ < F(ag) — nr.
From (2.4), we get lim,,_, o F'(a,) = —o0. Thus, from (F2), we have
(2.5) lim a, = 0.

n—oo
By the property (E3), there exists s € (0, 1) such that
(2.6) lim a; F(a,) = 0.

n—roo

By (2.4), the following holds for all n € N
2.7) ay F(an) —ay, F(ag) < —aynt < 0.
Letting n — oo in (2.7) and using (2.5) and (2.6) we obtain that
(2.8) lim naj = 0.

n—oo

From (2.8), there exits n; € N such that naf, <1 for all n > ny. So, we have

for all n > ny. In order to show that {z,,} is a Cauchy O-sequence, consider m,n € N such
that m > n > n,. Using the triangular inequality for the metric and from (2.9), we have

d(l'»,“ xm) S d(l’n, anrl) + d(anrh xn+2) + -+ d(l‘m,h xm)
= Gpt+apy1+ -t am-1
m—1
S

m—1

1
< Z i1/s”

i=n

(&)
By the convergence of the series ) ', it follows that {x,,} is a Cauchy O-sequence in
i=1
X. Since X is O-complete, there exists 2* € X such that z,, = =* as n — oo. Since f is
1 —continuous, we have

N

and so z* is a fixed point of f. O

= f(lim fz,)= lim z,41 =2"
n—oo n—o0

Theorem 2.3. Let (X, L,d) be an O-complete orthogonal metric space with an orthogonal ele-
ments xo and f be a self mapping on X satisfying the following conditions:

(1) fis L —preserving,

(#9) f is a generalized orthogonal almost type F —contraction,

(#1) f is L —continuous.

Also f satisfies the following condition: there exist Fy € F, L1 > 0 and 7 > 0 such that
Ve,y € Xwitha 1Ly

[d(fz, fy) > 0= 71+ Fi(d(fz, fy)) < Fy(M(z,y) + Ld(y, fy)]
Then, f has an unique fixed point in X.
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Proof. Suppose that, there exist two distinct fixed points z* and y*. If z,, — y* asn — oo,
we have 2* = y*. If z,, does not convergence to y* as n — oo, there is a subsequence {z,, }
such that fz,, # y* for all k € N. By the choice of z in the first of the proof, we have

(o L y") or (y" L o).
Since f is L —preserving and f"y* = y* for all n € N, we have
(f"xo Ly®) or (y" L f"xo)

for all n € N. From (2.2), we get

F(d(f™0,y"))
= F(d(f™zo, ["y"))

< FP(M(f" o, fUy) + Ld(f™ry f M) - T
= F(M(f"™ xo, fy")) -7
d(fr=tao, fre-ry*), d(f™ o, f @),
= F|max<{ d(f™1y*, ffm—1y*), =T
d(F™ =1 w0, f 1y Y d(f Ry S o)
2
d(fnk71x07 fnkily*), d(f""‘*ll‘o, fnkxo)v
= F{maxq agmeieo.fy")+d(/ Ty " o) -7
2
< F(d(f™two, fM YY) — T

< F(d(wo,y™)) — nat

for all n € N. Thus F(d(f™*zo,y*)) — —o0 as k — oo and so d(f™ x,y*) — 0 as k — oo.
This yields that x,, — y*as n — oo, which is a contradiction. Hence f has an unique fixed
point. |

Example 2.6. Let X = [0,00) and d : X x X — [0, 00) be a mapping defined by

d(z,y) = |z =yl

forall z,y € X. Consider the sequence {Sj, }ren defined as

Bk + 1
S, — %,VkeNu{O}.

Define a relation | on X by

z L y<=aye{z,y}C{S}
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Thus (X, L, d) is an O-complete metric space. Now, we will define a mapping f : X — X
by

So if So<x <S5

fz =
Sp—1 if Sk <x < Spq1,Vk>1

Then f is L —continuous and X is | —preserving. Let F' € F be a function defined by
F(a) = a+Ina for al @ > 0. We claim that f is a generalized orthogonal almost type
F —contraction with 7 = 1 and L = 1. To see this, we consider the following cases. First,
observe that, let z,y € X with « L y and d(fz, fy) > 0. Without loss of generality, we
may assume that z < y. So, x € {Sy, S1} and y = Sy, for some k > 2. Then,

Case 1. z = Sy, y = Sk, k > 2, we have

d(fz, fy) d(f . fy)~ (M(z,9)+LN (2,y))
M (73, y) + LN (ma y)
k2—k K2k (K24k , K2k K24k
meT*(T+T) <o (5
2 + 2

Case 2. x = Sy, y = S, k > 2, we have

) < e L.

Ao, fy)  are.su)- (M) +LN @)
M (z,y) + LN (z,y)
k2—k
2 e
K24k—2 |, k2-k-2
+2 +7
k2 _ | —k2;k+4
RS =
Hence, all the conditions of Theorem 2.2 are satisfied and so f has a fixed point. Also, all
the contidions of Theorem 2.3 are satisfied with F} (o) = a + Ina forala > 0, 74 = 1 and

L; =1, then f has an unique fixed point.

K2k k2+k—2+ K2—k—2
2 2 2

-1

Corollary 2.1. Let (X, L,d) be an O-complete orthogonal metric space with an orthogonal ele-
ments xq and f be a self mapping on X satisfying the following conditions:

(1) fis L —preserving,

(#9) f is an orthogonal almost F'—contraction such that

Ve,y € X withx L yld(fz, fy) > 0= 1+ F(d(fz, fy)) < F(d(z,y) + LN (z,y))]

(#1) f is L —continuous.
Then, f has a fixed point in X.

Corollary 2.2. Let (X, d) be a complete metric space and f : X — X be a mapping such that, for
some o € (0,1],

d(fx, fy) < ad(z,y)
forall x,y € X. Then f has an unique fixed point in X.
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