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Balcobalancing Numbers and Balcobalancers 11

AHMET TEKCAN and MERYEM YILDIZ

ABSTRACT. In this work, we derived some new algebraic results on continued fraction expansion of the ra-
tio of the two consecutive balcobalancing numbers, circulant matrices and spectral norms, Pythagorean triples,
characteristic polynomials and eigenvalues of the nth power of the companion matrices, Cassini and Catalan
identities, cross-ratios and Heisenberg groups related to balcobalancing numbers, Lucas-balcobalancing num-
bers and balcobalancers.

1. INTRODUCTION
A positive integer n is called a balancing number ([1]) if the Diophantine equation
I42+--+(n-1)=0n+1)+n+2)+---+(n+7) (1.1)

holds for some positive integer » which is called balancer corresponding to n. Let B,
denote the n balancing number. Then By = 0,B; = 1,B; =6 and B,41 = 6B, — B,—1
forn > 2.

Later Panda and Ray ([10]) defined that a positive integer n is called a cobalancing
number if the Diophantine equation

1+24 - +n=mn+1)+m+2)+ -+ m+7) (1.2)

holds for some positive integer r which is called cobalancer corresponding to n. Let b,
denote the nth cobalancing number. Then by = b; = 0,by = 2 and b, 1 = 6b, — b1 + 2
forn > 2.

It is clear from (1.1) and (1.2) that every balancing number is a cobalancer and every
cobalancing number is a balancer, that is, B,, = r,41 and R, = b, for n > 1, where R, is
the nth balancer and r,, is the n'" cobalancer. Since R,, = b,,, we get from (1.1) that

9B, — 1+ /8BZ 1 %, + 1+ /362 T &by + 1
b, = J; 85, 1 nd B, = ot LIY §"+8 iy (1.3)

Thus from (1.3), we see that B, is a balancing number if and only if 8 B2 + 1 is a perfect
square and b, is a cobalancing number if and only if 862 + 8b,, + 1 is a perfect square.
So Cp, = /8B2 + 1 and ¢, = /8b2 + 8b,, + 1 are integers which are called the n® Lucas-
balancing number and the nth Lucas-cobalancing number (see [3, 8, 9, 13, 14]).

Balancing numbers and their generalizations have been investigated by several authors
from many aspects. In [6], Liptai proved that there is no Fibonacci balancing number
except 1 and in [7] he proved that there is no Lucas-balancing number. In [16], Szalay
considered the same problem and obtained some nice results by a different method. In
[4], Kovécs, Liptai and Olajos extended the concept of balancing numbers to the (a, b)-ba-
lancing numbers defined as follows: Let a > 0 and b > 0 be coprime integers. If
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(a+b)+- -+ (an—1)4+b)=(a(n+1)+b)+---+ (aln+7)+b)
for some integers n,r > 1, then an + b is an (a, b)-balancing number. The sequence of
(@, b)-balancing numbers is denoted by Br(ﬁ ) for m > 1. In [5], Liptai, Luca, Pintér and
Szalay generalized the notion of balancing numbers to numbers defined as follows: Let
y, k.l € ZT with y > 4. A positive integer x such that z < y — 2 is called a (k, {)-power
numerical center for y if

They studied the number of solutions of the equation above and proved several effective
and ineffective finiteness results for (k,[)-power numerical centers. For positive integers
k,x,let

Oy(x) =2(z+1)...(x + k—1).

Then it was proved in [4] that the equation B,,, = II;(z) for fixed integer k£ > 2 has only in-
finitely many solutions and for k € {2, 3,4} all solutions were determined. In [20] Tengely,
considered the case & = 5 and proved that this Diophantine equation has no solution for
m > 0and z € Z. In [12], Panda, Komatsu and Davala considered the reciprocal sums of
sequences involving balancing and Lucas-balancing numbers and in [15], Ray considered
the sums of balancing and Lucas-balancing numbers by matrix methods. In [11], Panda
and Panda defined the almost balancing number and its balancer. In [18], the first author
considered amost balancing numbers, triangular numbers and square triangular numbers
and in [17], he considered the sums and spectral norms of all almost balancing numbers.

2. RESULTS.

In [19], we defined three new integer sequences called balcobalancing numbers, bal-
cobalancers and Lucas-balcobalancing numbers and derived some results on them.

Similarly in this paper, we will deduce some new results on continued fraction expan-
sion of the ratio of the two consecutive balcobalancing numbers, circulant matrices and
spectral norms, Pythagorean triples, characteristic polynomials and eigenvalues of the n
power of the companion matrices, Cassini and Catalan identities, cross-ratios and Heisen-
berg groups related to balcobalancing numbers, Lucas-balcobalancing numbers and bal-
cobalancers.

2.1. Continued Fraction Expansion. In [3, Theorem 2.17], the authors proved that the
continued fraction expansions of two consecutive balancing numbers, cobalancing num-
bers, Lucas-balancing numbers and Lucas-cobalancing numbers are

B'fL
2ntl — (5 1,4, 1,5] forn >2
B, ~—
n—2 times
[5; 1,4, 1,5] foroddn>5
~—~
bn+1 B % times
bn [5; 1,4, 1,6] forevenn >4
~—
n-4 times
O’L
L — 5 1,4, 1,2] forn>1
Ch ~—

n—1 times
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&t _ (5 1,4, 1,6] forn > 2.
Cn ~—~—
n—2 times

Similarly we can give the following theorem.

Theorem 2.1. The continued fraction expansion of BB;;C is
n—1
Bbc
n —[33; 1,32, 1,33,1,3,1,5,1,168,1,5,1,3,1,5,1,169]
Bnc—l —~
3k—2 times k—1 times
for n = 6k;
be
n =[33; 1,32, 1,172,1,5,1,3,1,5,1,168,1,5,1,3,1,6]
Bnc—l ~—~—
3k—1 times k—1 times
forn =6k +1;
Bbc
= [33; 1,32, 1,33,1,3,1,5,1,168,1,5,1,4]
Bnal ~—~—
3k—1 times k times
forn = 6k + 2;
be
o =[33:1,32,1,172,1,5,1,3,1,5,1,168,1,5,1,3,1,5,1,169]
Bnc—l ~—~—
3k times k—1 times
forn = 6k + 3;
Bbe
o —[33;1,32,1,33,1,3,1,5,1,168,1,5,1,3, 1,6]
Bnc—l hnad
3k times k times

forn =6k + 4 and

Bbc
Tre— = 33 1,32, 1,172,1,5,1,3,1,5,1,168,1,5,1,3, 1,5, 1,168, 1,5, 1,4]
oe. ~——
! 3k+1 times k—1 times
forn = 6k + 5, where k > 1 is an integer. The continued fraction expansion of Cbefl is
Cbc
n_ o [33; 1,32, 1,28
n—2 times
for n > 2 and continued fraction expansion of R?Efl is
Rbc
= [33; 1,32, 1,35,33, 1,32, 1,33
Rn—l N—— N——
=2 times 225 times
for even n > 6 and
Rbc
= [33; 1,32, 1,33,35, 1,32, 1,33
Rn;l N—— N——

n n—

5 ..
5— times

—5 ..
5 times

forodd n > 5.

Proof. It can be proved by induction on n. O
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2.2. Circulant Matrix and Spectral Norm. A circulant matrix (see [2]) is a matrix

mo mi ma o Mp—2 Mnp-1
Mp—1 mo mi o Mp—-3 Mp-2
Mp—2 Mp—-1 MMy o Mp—4 Mp-3
M= ,
ma m3 My te mo my
| my  mz - Mpo1 Mo |

where m,; are constant. In this case the eigenvalues of M are

n—1
A(M) =" mw ", (24)
u=0
where w = ¢ i = v/—1,j = 0,1,--- ,n — 1. The spectral norm of a matrix X = [z;],1xn

is
X||spec = At
1 X[ sp Ogglézil{v it
where )\; are the eigenvalues of X*X and X* denotes the conjugate transpose of X.

Theorem 2.2. Let M (BL°), M(CY) and M (R®) denote the circulant matrices of balcobalancing
numbers, Lucas-balcobalancing numbers and balcobalancers, respectively. Then

(1) The eigenvalues of M (B%¢), M (Ct¢) and M (R¢) are

(Byey +2)w™ — By

be
MMBO) = = S s 11
be be
| pers (CYe | —BYwI — Cbe 41
A (M(G)) = w2 —3dwI +1
Rbc —4 -7 _ Rbc
A (e = B = et T

w2 — 34w +1
forj=0,1,2,--- ,;n—1
(2) The spectral norms of M(BL¢), M (C¢) and M (RY) are

33Bbc . — Bbc _8n+6
|[M (B [gpee = omn=t = Zn=2 =N

32
3?)Cbc —_ Cbc + 4
be - 1 be ,
[[M(CR)||spee = =
T T
||M(R?Lc)‘|spec _ n—1 n—2 n + .
32
Proof. (1) Recall that BYe = @48 _ 1 by [19 Theorem 3.6]. So we get from (2.4) that
n—1
Nj(Bi) =" Bhew™
u=0

( 4u+1 +B4u+1 1> ju
S5 ()
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_ pAn+1

1 [ n—1 ‘ n—1 _ 1 n—1 '
-t St S tey] -1 S
L u=0 u=0 u=0
1 _Oé _ a4n+1 ﬁ _ 64n+1
~8 |1 —atw™I 1—64w3}
B 1 _w_j(—a54 +a4n+154 _ a46+ a4/3’4”+1) + CY+B _ a4n+1
-8 w21 — 34w + 1
- 1 ',wfj(a4n73 4 547173 4 14) _ (a4n+1 4 ﬁ4n+1 _ 2)
-8 w2 — 34w +1
_i atn 34843 o416 adntlygintl_g
_vw ’( 8 ) — 8
w2 — 34w=I + 1
_ By +2w? - By
 w Y —34w i+ 1
(2) For the circulant matrix
Bbgc Bi}c Bé;C . BZC_Q B%C_I T
By, By By -+ Btz By,
Bbc — '
B%c B%c B%c L Bb(b)c Bgc
By B3* B -+ B, By |
for balcobalancing numbers, we have
B By - By, By,
B B} - By, B,
(B2 B =
bc. bc. . be . bc.
B(ngcl)l B(ngcl)Q B(ngcl)(nfl) B(ngcl)
L Bnl Bn2 e Bn(nfl) Bn’ﬂ

where

BYi = (By)* + (Bily)* + -+ (BS)* + (BY*)?
Bis = By°By® + By"  Bo® + -+ + By*B3® + B By*

BY{y_1y = Bi°ByC o+ By BiC g + -+ + BBy + BI°B)° |

Biy = Bo"Byly + By Byl + -+ By*BY® + BY By
By = Bi*By® + By"B,Ly + -+ + By*B3® + B By*
Bys = (BI*)* + (Bg*)* + -+ + (B3*)? + (B3)?

By 1) = BI*By" 5+ BByt g+ + B By° + By B
Bl = BY'By°y + Bo°ByC o + -+ + By BY* + By B¢
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By = ByZiBo® + ByLo Bty + -+ Bi*Bg® + By By*
By = Bt Bi* + By o Bo + -+ + BI°B3" + By* By

Bff(n—n = B B 5+ By yBY 3+ -+ BY°BY° + BB,
By = (Byey)? + (Bys)* + -+ (BY)? + (B°).
The eigenvalues of (Bb¢)*Bb are \g, A1, -+ , A\n_1. Here )¢ is the maximum and is
Xo = (BE9)? + (BY*)? + - + (Bl y)* + (Byy)?
By(BY + Bb + -+ + Bl oy + BhY )
+ BYE(BY + -+ Bty + Bt y)

+ .o
+ Bl Bl

n—1
= (By+ By + -+ B)Y ))*.

+2

Thus the spectral norm of M (BY) is
1M (B,)l|spec = /Ao = Bg® + Bi* + -+ + B, 1.

. D obe . 33BE—BEC  —8n—2
Since ) B;° = 5 by [19, Theorem 6.18], we conclude that the spectral
i=1
norm of M (Bb¢) is

33BY , — B, —8n+6
32
as we wanted. O

HM(BZC)HSPCC =

2.3. Pythagorean Triples. Notice that a Pythagorean triple consists of three positive in-
tegers a, b, ¢ such that a® + b? = ¢® and commonly written (a, b, ¢). For instance, for Pell
numbers P, it is known that

(QPnPn+1,P2+1 _P7%7P3+1 +P£)

n

is a Pythagorean triple. Also for balancing numbers, it was proved in [3, Theorem 2.14]
that

(Bn+1 - bn+17 Bn+1 - bn+1 - 17 2bn+1 + 1)
is a Pythagorean triple. Similarly we can give the following result.

Theorem 2.3. For balcobalancing numbers, balcobalancers and Lucas-balcobalancing numbers,
(1) (Cbe — 2R 2Bb¢, C%) is a Pythagorean triple.
(2) (2BY, —4RM |, 2B | — AR, — 1,6Rb | — 2B | + 1) is a Pythagorean triple.
(3) (4C%(Bb — Rb), (C5)? — 4(Bb — RY)2,(C)? + 4(BY — R)?) is a Pythagorean
triple.

a4n+1 +ﬂ4n+1

Proof. (1) Since Bl = <
Theorem 3.6], we deduce that

(Ol — 2R + (2B

<a4n+1 _ 54n+1

2V/2

1 be _ atntl_pgintl
— 1, Q=

b 2" and Rl = 8 — Ly [19,

4

_2(

a4n + B4n _92 2 a4n+1 + 54n+1 —92 2
)+ ()
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a4n+1 _|_ﬁ4n+1 + 2 5 a4n+1 +/84n+1 -9 9
B 4 4

O(8n+2 +ﬁ8n+2 +2
B 8
a4n+l _ ﬂ4n+1
= ( e
= (Cy)%.

)2

The others can be proved similarly. O

2.4. Characteristic Polynomials and Eigenvalues. We proved in [19, Theorem 3.9], that
the n™ power of M is

kn+2 ln kn+1
(M*)" = | kg1 o1 kn

kn ln—2 kn—l

for every n > 2, and the nth power of N be ig

[ kn+2 - kn+1 kn - kn+1
forevenn > 2
L _kn + knJrl _kn + knfl
(N = (1)

kn-{-l - kn+2 kn-{-l - kn
foroddn > 1,

L —kn+1 + kn —kn,1 + kn

where M is the companion matrix for balcobalancing numbers and balcobalancers, N
is the companion matrix for Lucas-balcobalancing numbers, k,, and [, are integer se-

quences defined by kn — %6302”_3 and ln — —288B32n, _91(?202714‘102 for n Z 0.

For characteristic polynomial and eigenvalues of (M")" and (N")", we can give the
following theorem.

Theorem 2.4. The characteristic polynomial of (M"°)" is

Py((M")") = =X\3 + (2Ca, + 1)A? — (20, + DA +1
and the eigenvalues of (M®)™ are

Ao =1, A = Cop + 2V2Bs,, and Ay = Cs,, — 2V/2Bay,.
The characteristic polynomial of (N*¢)™ is

Py((NP)™) = A2 — 205, A + 1
and the eigenvalues of (N*°)" are
Ao = Cop +2V2By, and M\ = Cay, — 2v2Bs,.
Proof. The characteristic polynomial of (M°¢)" is
Pr((M)") = det((M")™ — A3)
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knie  ln kpga 100
= det kn—i—l ln—l ]Cn - A 0 1 0
kn lp—2 kn-1 0 0 1

kn+2 —A ln k71,+1

= kn+1 ln,1 - A kn

K, ln—2 kn_1— A
= N4 (kngo Floot F ko DN+ (knyoln1 — knyokn1 — ln_1kn_1
+ knln—2 + kns1ly + kns1kn)N + knsoln_1kn—1 — kntoknln—2 + ln_2k2 |
— kpgilnkn_1 + 1k — kpkngiln 1
= -2 4 (205, + D2 — (205, + DA+ 1

since ky 2 +ln_1+kn_1=2Con+1, —knioln_1—kniokn_1—ln_1kn_1+knln_o+kni1ln+
k‘n—i—lkn = —-2C5, —1and kn+2ln_1kn_1 — kjn+2knln_2 + ln—Qk%—i-l — kn+1lnkn—1 + lnk% _
knkn+1ln_1 = 1. Note that

PA((MP)™) = —(A = 1)(A* = 202, A + 1).
So the roots of Py((M"®)™) are A\ = 1 and

2Csn + /2o =4 —
>\1,2 = 2 (2 2 ) = CQn + C%n — 1= an + 2\/§Bgn

The other case can be proved similarly. O

2.5. Cassini and Catalan Identities. Recall that the Cassini identity for Fibonacci num-
bers F;, is

F? _Fy 1 Fp 1= (—1)"!
for n > 1 and the Catalan identity for Fibonacci numbers F, is
F} = FoFopr = (Z1)"'F}

for n > r > 1. Similarly for all balcobalancing numbers, we can give the following result.
Theorem 2.5. The Cassini identities for all balcobalancing numbers are

(B)? = By BySy = 8By +20

(Clr)? = Cle Ol = 144

(Ryf)” = Rifa Ry = 8Ry — 16
for n > 1 and the Catalan identities for all balcobalancing numbers are

5B — BY | +4 5Bb¢ —Bbc, —2 1

(BZC)Q - BZC—TBZC—FT = ( 19 )2 + BZC( 6 ) - Z
5cbc _ Cbc
Cbc 2 _ Cbc Cbc - _ r r—1,\2
( n ) n—r>~n4+r ( 12 )

(Rb)? — RY R, = RM°(2RY — R

forn>r>1.



Balcobalancing Numbers II 255

Proof. Notice that Bt = @"+67""" _ 1 by [19, Theorem 3.6]. So we easily get
adntl dn+1 2
+8 1
Bbc Bbc Bbc _ =
( n ) n+1 )

B 4n+5 + B4n+5 a4n 3 _|_ 6471 3 B 1
8 4
+

4n+1 4n—+1

+ 5

=38 20
( 8 4)

= 8B 4 20.

The other cases can be proved similarly. O

2.6. Cross-Ratio. The cross-ratio of a quadruple of distinct points on the real line with
coordinates z1, 22, 23, 24 is given by

(23 — 21)(24 — 22)
(23 — 22)(2a — 21)

(21, 22; 23, 24) = (2.5)

It is known that the cross-ratio for Fibonacci numbers F;, is

Fn+3

o1, By Frys, Fy = .
( +1 +2 +3 +4) 2Fn+1

Similarly we can give the following result.
Theorem 2.6. The cross-ratios for all balcobalancing numbers are

288B%¢, , Bb 5 + T2Bb , + T2B% 5 + 324
280B%¢, , Bb 5 + T0B%_, + T0B% 5 + 175
72071-&-202:-3 612
7007 ,Cre s — 315
144 Rbe, , Rb¢, o + 36 RV, , + 36 R, 5 — 144
140R%, , R% 5 + 35Rb, , + 35Rb, , — 70

be bc . pbe be
(Bn+1a Bn+27 Bn+35 Bn+4)

(Cn+17 Cn+27 Cn+3a OZ?}- )

(Rn+17 Rn+27 Rn+3’ Rn+4)

aAntl +[34n+1
8

Proof. Recall that Bt = ~2. So we get from (2.5) that

be be be be
(Bn+17 Bn+27 Bn+3> Bn+4)

_ (Brys — BZil)(Biii4 BZiQ)
a4n+13+64n+13 2 QA5 L gants g (Ant1T gdnd1T_o adnt9 g ginto_o
( 8 )( 8 - )

o

8
a4n+13+/34n+13 2 (X4"+9+ﬂ4"+9—2)((){4"+17+,@4"+17—2 a4n+5+64n+5_2)
— S —

8 8
_ [ 4n+5( _1)+54n+5(58_ )][ 4n+9( -1 +64n+9(68_1]

) )
- [a4n+9(a4 _ 1) + 54n+9(54 _ 1)][0&4n+5(0612 1) + B4n+5(512 _ 1)]
)

B [24\/§(a4n+9 _ ﬂ4n+9)“24\/§(a4n+13 Bin+13 ]
o [4\/§(a4n+11 764n+11)“140\/§(a4n+11 Bin+11)]
B 36(a8n+22 _,_5871-&-22 + 34)
B 35(aBn+22 4 g8n+22 4 9)

(2.6)
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Here we notice that
CkSn-i—22 + 68n+22 _ Ck4n-|-9a4n-§-13 + Ck4n-|-9ﬂ4n-§-13 + Ck4n-|-13ﬁ4n+9 + 54n+9ﬁ4n+13
_ 2(a4n+9 + ﬂ4n+9 + O[4n+13 + ﬁ4n+13)
+ 2(a4n+9 + 5477,-‘,—9 + a4n+13 + ﬁ4n+13) +34
— (a4n+9 + ﬁ4n+9 _ 2)(a4n+13 + B4n+13 _ 2)

+ 2(a4n+9 + 5471—1—9 + a4n+13 + ﬁ4n+13) + 30
O[471+9 + ﬂ4n+9 ) a4n+13 + ﬂ4n+13 —9

8 8
a4n+9 + ﬂ4n+9 —92 a4n+13 + l84n+13 _92
8 8
= 64BYC, , B 5 + 16 B, , + 16 B, ; + 38.

= 64(

+16(

)+ 38

Thus from (2.6), we get

 288BYC ,BYC g + T2BLS , + T2BY 5 + 324
 280B%¢ , B, + T0BY , + T0BY, , + 175

be bec . pbe be
(Bn+17 Bn+2’ Bn+37 Bn+4)

The others can be proved similarly. O

2.7. Heisenberg Group. Let z,y, z be real numbers. Then the set of matrices

1 =z vy
0 1 =z
0 0 1

is a group under matrix multiplication. This group known as the Heisenberg group which
is denoted by Hs(z,y, 2).
For balcobalancing numbers B, Ct¢ and RY¢, we let

1 B CPe
3 3

HY = HY(BY,C* RM)=| 0 1 R
0 0 1

fori =1,2,--- . Then we can give the following theorem.
Theorem 2.7. The n" power of H} is

1 nBb anCJri"(";”BfCRQC
(HY" =10 1 nRYe
0 0 1

formn,i> 1.

Proof. We prove it by induction on n. Let n = 1. Then

1 B Cpe
(HYY'=]10 1 R |=H"
0 0 1

So it is true for n = 1. Let us assume that it is satisfied for n — 1, that is,
1 (n—1)Bl (n—1)Cbe 4 =1n=2) phe pbe
(H3)" =] 0 1 (n— 1R
0 0 1
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Then we easily deduce that
be\n __ be beyn—1
(H5%)" = H3"(H5°)

1Bl Cf [ 1 (n—1)BY (n—1)Cke+ n=tin=2 phegbe
=0 1 RF 0 1 (n —1)RYe
0 0 1 0 0 1
1 (n—1)BY+ Bl (n—1)Cp + =ln=2 phegbe 4 (n — 1)BY R 4 Cb°
=10 1 (n — 1R} + R)*
L O 0 1
[ 1 nBbe nCbe 4 20l phephe
=10 1 nRbe
L0 0 1
So it is true for every n. O

3. CONCLUSION.

In [19], we defined three integer sequences called balcobalancing numbers, balcobal-
ancers and Lucas-balcobalancing numbers. We said that a positive integer n is called a
balcobalancing number if the Diophantine equation

1424 -+m-1+1+424+---+n-1+n=2[(n+)+n+2)+ -+ (n+7)

(which is the sum of (1.1) and (1.2)) verified for some positive integer » which is called
balcobalancer. From above equation, we get

2 —14++V8n2+4n+1
r= )
2

Let BY denote the n' balcobalancing number. Then from (3.7), Bt is a balcobalancing
number if and only if 8( BY)? + 4B% + 1 is a perfect square. Thus

(3.7)

Cle = \[8(BLe)? + 4B +1

is an integer which is called the n" Lucas-balcobancing number. We proved in [19, Theo-
rem 2.2] that the general terms of B, C% and R% (which is the n'" balcobalancer) are

Bl = M Ol = 9,y + 1 and Ry = 2ttt

for n > 1. Further we deduced some algebraic relations on binet formulas, recurrence
relations, companion matrices, relationship with Pell, Pell-Lucas, triangular and square
triangular numbers and sums of them including sums of balancing numbers and Pell
numbers.

In the present paper, we again consider the balcobalancing numbers and derived some
new algebraic results on continued fraction expansion of the ratio of the two consecu-
tive balcobalancing numbers, circulant matrices and spectral norms, Pythagorean triples,
characteristic polynomials and eigenvalues of the n'' power of the companion matrices,
Cassini and Catalan identities, cross-ratios and Heisenberg groups.
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