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Some results on star-line graphs

SEEMA VARGHESE

ABSTRACT. Let H be a connected graph with at least three vertices. The H-line graph, HL(G), of a graph
G has all the edges of G as its vertices, two vertices of HL(G) are adjacent if the corresponding edges in G are
adjacent and belong to a common copy of H. In this paper we investigate some properties of the star-line graph
K1,,L(G) of a graph G. We also obtain a Krausz type characterization for star-line graphs. Traversability of
star-line graphs is also studied.

1. INTRODUCTION

The notion of ‘line graph’ as a ‘graph operator’ was introduced by Krausz [11]. The
line graph L(G) of a graph G has all the edges (ie K, subgraphs) of G as its vertices and
two vertices of L(G) are adjacent if the corresponding edges of G are adjacent. Since then,
many other graph operators such as clique graph, total graph etc. and their dynamics
were studied [14].

Jarrett [8] defined the triangular line graph A(G) of a nonempty graph G as that graph
whose vertices are edges of G and two vertices of A(G) are adjacent if the corresponding
edges belong to a common triangle of G . Triangular line graph is also referred as the anti-
Gallai graph by some authors [12]. The triangular line graph was introduced to model a
metric space defined on the edge set of a graph. These concepts were generalized in [2].

H-line graphs were introduced by Chartrand in [5], as a generalization of line graphs
and also of triangular line graphs. For a connected graph H of order at least 3, the H-line
graph of a graph is defined as that graph whose vertices are the edges of G and where two
vertices are adjacent if and only if the corresponding edges of G are adjacent and belong
to a common copy of H. In particular, when H = P3, the H-line line graph HL(G) is
the standard line graph L(G). The dynamics of iterated H-line graphs were studied by
different authors in [4, 13, 10]. The behaviour of the sequence {HL*(G)} when H = K3,
H = Py, Psor Ky,,n > 3and H = (4 is analyzed in [8], [6], [4] and [3]. A sufficient
condition for each component of C4yL(G) to be Eulerian is obtained in [3]. The dynamics
of iterated Fs-line graphs were studied in [10]. Limits of H-line graphs are studied and
some results on K, L(G) are obtained in [1].

A Krausz-type characterization for star-line graphs is obtained in this paper. Traversabil-
ity of star-line graphs is also studied. All the graphs considered here are undirected and
simple. For all basic concepts and notations not mentioned in this paper we refer [16].
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2. STAR-LINE GRAPH

Definition 2.1. The star-line graph of H, denoted by K ,,L(H) has all the edges of H as
its vertices, two vertices of K; ,L(H) are adjacent if the corresponding edges in H are
adjacent and belong to a common copy of K ,,.

An example of K 5 L(H) is given in Figure: 1.

FIGURE 1. A graph H and its K; 5 L(H)

Definition 2.2. A graph H is a star-line graph, if there exists a graph H' such that K7 ,,L(H') =
H.

Remark 2.1. K ,L(H) is a spanning subgraph of L(H).
Remark 2.2. K, L(H) has an edge iff H has a copy of K ,.ie, deg(v;) > n, for some 1.

We now prove a necessary and sufficient condition for a K ,, L(H) to be connected. For
this proof we need the following definition.

Definition 2.3. A graph H is said to be n-star connected if, for every x,y in H there is a
path from z to y such that degree of every internal vertex is greater than or equal to n.

Theorem 2.1. K, L(H) of a graph G is connected if and only if H is n-star connected.

Proof. 1t is clear that if H is n-star connected then K ,L(H) is connected. Conversely if
K; ,L(H) is connected, then any two vertices in it are connected by a path. But a vertex
in K4, L(H) corresponds to an edge in H and an edge in K ,, L(H) comes from a copy of
K1, which means that the degree of the internal vertices is greater than or equal to n.

O

3. KRAUSZ-TYPE CHARACTERIZATION FOR STAR-LINE GRAPHS.

It is known that a class of graphs C has forbidden subgraph characterization if and only
if C has induced hereditary property [9]. Using this, it is proved in [15], that H-line graphs
admit a forbidden subgraph characterization if and only if H = P, ie, when HL(G) =
L(G). As the class of graphs K; , L(G) does not admit a forbidden subgraph characteri-
zation, it is natural to look for a Krausz-type characterization for star-line graphs.
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In this section, we view the line graph as K 2 L(G) and we try to generalize this theme.
We will observe some nice properties of the star-line graphs, K1, L(G). A Krausz-type
characterization is obtained for star-line graphs. The line graphs have the following char-
acterization:

Theorem 3.2. [7] A graph H is a line graph if and only if its edges can be partitioned into complete
subgraphs in such a way that no vertex lies in more than two of the subgraphs.

Analogous to this characterization, we have the following for star-line graphs. Here
we have an additional condition that the order of the cliques in the partition is bounded
below by n.

Theorem 3.3. A graph H is a star-line graph, K, ,,L(H'),n > 3 if and only if its edges can be
partitioned into complete subgraphs of order at least n in such a way that no vertex lies in more
than two of the subgraphs.

Proof. Suppose H is a star-line graph, say H = K, ,L(H'),n > 3. Corresponding to ev-
ery edge of H’, there is a vertex in H. Let v € H' be such that deg(v) > n. The edges
incident to v will form a clique of order at least n in H. Let it be denoted by C,. Then,
& ={C,/v e H and deg(v) > n} will form a clique cover of edges of H, since every edge
of H lies in a copy of L(K; ) = K,. Take any vertex u in H. It corresponds to an edge
u = uwyug in H'. u will belong to C,, if deg(u;) > n for i = 1,2. Also u cannot belong to
any other clique of £. Thus every vertex of H is in at most two members of £. An edge
of H corresponds to two adjacent vertices of H' which lie in a K ,,. Clearly, two adjacent
vertices H' cannot lie in two different copies of K, ,,. Hence, every edge of H is in exactly
one member of £.

Conversely, Suppose H has an edge clique partition £ satisfying the condition of the
theorem. Take the intersection graph I(£). Corresponding to every vertex of H, which
belong to exactly one clique C' of £, draw a pendant vertex to the vertex corresponding C'
in I(€). Corresponding to every isolated vertex of H, draw an isolated edge. Let the new
graph thus constructed be H'.

Now we will show that K ,,L(H') = H. Define ¢ : V(H) — V (K1, L(H")) as follows:
If v € V(H) is such that v € C; N C}, then C; and C; are adjacent in I(£) and define ¢(v)
to be the edge in H' joining C; and Cj. If v € C; only, then there will be a pendant vertex
in H' corresponding to v and define ¢(v) to be the pendant edge attached to C;. If v is an
isolated vertex in H, define ¢(v) to be the isolated edge in H' corresponding to v.
It is clear that ¢ is well defined. Since & is a clique partition, |C; N C;| < 1. Hence ¢ is
injective. Let v € V(K1 ,L(H")). Then v = vyv, is an edge in H'. If it is a pendant edge,
then it will correspond to some vertex of H which belongs to exactly one clique. If it is
an isolated edge, then it will correspond to some isolated vertex in H. Otherwise it corre-
sponds to an edge which is in two cliques. Therefore ¢ is surjective.
Let u and v be adjacent vertices in H. Then u and v belong to a clique C; of the partition.
Since every clique of the partition is of order at least n, there are vertices wq, ws . .. wy—2 in
C;. The construction of H' is such that edges corresponding to these vertices u, v, wy, . .. wn—2
will have a common vertex forming a K ,, in H'. Thus the edges corresponding to u and
v are adjacent and lie in common copy of K, in H' and hence « and v are adjacent in
K1, L(H'). Therefore, ¢ is an isomorphism.

|

Remark 3.3. Note that the graph constructed H’ is such that H = L(H’), which shows
that any K ,,L(H’) is a line graph also. In fact, K1 ,L(H’) is a line graph in which every
edge liein a K.
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4. TRAVERSABILITY OF STAR-LINE GRAPHS

In this section, we derive a necessary and sufficient condition for a star-line graph to
be eulerian.

Theorem 4.4. Let H' be a connected graph with 6(H') > n. Then K1, L(H') is eulerian if and
only if d(v),v € H' are of same parity.

Proof. Suppose H' is a connected graph with 6(H’) > nand H = K ,L(H’) is eulerian.
Then dy(u) is even for all u € H. Also every vertex u € H belongs to at most 2 cliques of
the edge partition of H described in theorem 3.3. We consider two cases.

Case 1: All vertices of H belong to exactly one clique. In this case, there would be only
one clique in the partition. For otherwise H would be disconnected which is a contradic-
tion. Also degree of every vertex in H' is the order of the only clique in the partition of H
and hence all the vertices in H’ are of same degree and thus of same parity.

Case 2: There is at least one vertex u € H which belong to two cliques, say C;, C; of
the edge partition of H. Since two cliques in an edge partition of a graph cannot share an
edge, we have N¢, (u) N Ng, (u) = ¢. This implies, dg (u) = dc, (u) + do; (u).

Now, since the LHS is even, both the terms on the RHS are of same parity. This would
mean that the order of the cliques are of the same parity which would further imply that
all the vertices in H' are of same parity.

Conversely, suppose H' is a connected graph with §(H’) > n and d(v),v € H' are of
same parity. Then, for any edge e = v1vz in H', we have
dp(v1) + dg(v2) = even. Hence the vertex in H which corresponds to e will have even
degree which implies H is eulerian.
O
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