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An algorithm for automorphisms of infinite dimensional
Grassmann algebras

NAZAN AKDOGAN

ABSTRACT. Let G be the infinite dimensional Grassmann algebra. In this study, we determine a subgroup
of the automorphism group Aut(G) of the algebra G which is of an importance in the description of the group
Aut(G). We give an infinite generating set for this subgroup and suggest an algorithm which shows how to
express each automorphism as compositions of generating elements.

1. INTRODUCTION

Let K be a field of characteristic zero and let A,, be the free unitary associative alge-
bra of rank m generated by fi1,..., f,. Then the m-generated Grassmann algebra G, is
defined as the factor algebra A, /I, such that I,, is the ideal of G,, generated by all ele-
ments of the form f; f; + f;fi, 1 < 14,5 < m. We see that G,, is generated by e; = f; + I,,,,

i =1,...,m. Clearly the Grassmann algebra G,, is of the canonical basis elements of the
form

€y " Gy ?:1 S S’l:k, k= 1,...,m
and 1. Note that e;e; = —eje; forall 4,5 = 1,...,m, since e? = 0 as a consequence of

characteristic of K. The algebra G, satisfies the identity
[z, 4], 2] = (2y — y2)z = 2(zy — y) = 0 (1.1)
for all z,y, z € G,,. In particular one has adz(x) =0forx € G,,.

The Grassmann algebra has become an important tool in many fields of mathematics
as well as physics. One may see the book by Bourbaki [5] for a background. Working on
the automorphism group of a given algebra has always become a remarkable approach
in order to recognize and characterize the algebra. One of the works about the group of
automorphisms of the Grassmann algebra is done by Berezin. Let U, be the group of
linear automorphisms and let B,, be the group of automorphisms of the form T'(e,) =
ep + fp(e1, -+ ,em), where f, does not have a linear component. Berezin [4] determined
the group of automorphisms of G, as the semidirect product of the subgroups B,,, and
Uy, when K is the field of complex numbers. Djokovi¢ [6] showed that when charK # 2,
the group of automorphisms of GG,,, can be written as the semidirect product of the group
of inner automorphisms of G,, and the subgroup of Aut(G,,) which preserves the Z,-
grading of G,,,. The description of the automorphism group Aut(G,,) of the Grassmann
algebra G, can be explicitly found in the literature (see e.g. Laszlo [9]).

Theorem 1.1. The group Aut(G,,) of K-automorphisms of G, is isomorphic to a semidirect
product of those three subgroups.

Aut(G,,) = Inn(G,,) x A, x Gl (K)
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where

i) Gl,,,(K) is the group of automorphisms sending e; to a linear combination of eq, . . . , ey, such
that the determinant of the coefficients is nonzero,
ii) Inn(G,,) is the group of inner automorphisms of G.,,. Each automorphism in this class is of
the form 1 + adx, where adx(e;) = [z, e;] = ze; — ez,
iii) A, is the group of automorphisms sending e; to e; + v; such that v; is a linear combination of
monomials of odd length > 3.

Bavula [1] showed that the group of automorphisms of G,, can be written similarly
when K is a commutative ring. In this study, following the results on the automorphism
group of Gy, and extending the idea of the finite dimensional Grassmann algebra to the
infinite generated (or equivalently infinite dimensional) Grassmann algebra G over the
field K of characteristic zero, we give a class of automorphisms of GG, which consists of a
subgroup H of the group Aut(G) of automorphisms of the Grassmann algebra G.

The group H corresponds to a subgroup of A, in the third class of Theorem 1.1 in the
setting of infinite generation, which can be considered as an important approach in the
description of the group Aut(G) of K-automorphisms of the Grassmann algebra G. In
this study, we suggest an algorithm which expresses each automorphism in H in terms
of automorphisms defined in a certain set. This is also to show that this set provides an
infinite list of generators for the group H.

2. PRELIMINARIES

Let K be a field of characteristic zero. Let A stand for the free unital associative K-
algebra generated by an infinite countable set F' = {f1, f2,...}. We define the quotient
algebra

G=A/I
where [ is the ideal of A generated by all elements of the form
Then G is the infinite dimensional unitary Grassmann algebra generated by the set
E:{ej :f]+Ij:1,2,}
over the field K. For each e; € E, we have e? = 0 and G has the following canonical basis.
B={e; ey k>1 4 < - <ip}pU{l}.

The algebra G satisfies the identity [[z,y], z] = 0 for all z,y, z € G. Hence, the Grassmann
algebra G is a PI-algebra. Krakowski and Regev [8] showed that the T-ideal of the infinite
dimensional unitary Grassmann algebra over a field of characteristic zero is generated by
[[z,y], z]. Itis still valid in the case of positive characteristic by Giambruno and Koshlukov
[7]. The T-ideal of the infinite dimensional unitary Grassmann algebra over a finite field
is completely defined by Bekh-Ochir and Rankin [2]; moreover, they [2, 3] describe the
T-space of this algebra over a field of arbitrary characteristic .

Let G(©) be the subvector space of G consisting of linear combinations of monomials
of even length and let G(!) be the subvector space containing the linear combinations of
monomials of odd length. Then obviously G(*) is the center of G, and as a vector space

G=G09gacW.
This gives also a Z,-grading of the vector space G. It is straightforward to show that if

f:E—G
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is a function such that f(e;) f(e;) + f(e;) f(e;) = Oforalle;, e; € E, then f can be uniquely
extended to a homomorphism of the infinite dimensional Grassmann algebra G.

Now consider the augmentation ideal w(G) of G consisting of elements p(ey,ez,...) €
G such that p(0,0,...) =0;i.e, if x € w(G) then

T = chyj, y; € B\{1}, ¢; € K,

such that only a finite number of ¢;’s are nonzero. Let ¢ be an automorphism of G. Then
we have following observation: ¢(1) = 1 and ¢(e;) € w(G) for each e; € E. Since
[z, 9],2] = 0is an identity for G, we naturally obtain by identity (1.1) that ad®z = 0,
z € G, and the map defined as

(exp(ada))(y) = (1 +adx)(y) = ¢u(y) =y +[2,4], y€ G
for a fixed = € G, is an automorphism called inner automorphism. Note that 1,1, = ¥z,
and the set
Inn(G) = {¢, : z € G}
is an abelian group called the inner automorphism group. Thus, the question on other
automorphism classes arises naturally. Let = be an element in G N w?3(G); i.e., the linear

combination of the monomials of odd length at least 3, and let us define the map f, :
E — G such that f,(e;) = ¢; + z. Then

fele) foles) + fulej) foles) = (eie; + ejer) + (eix + ze;) + (ejx + we;) + 22 = 0.

Hence f, can be extended uniquely to a K-homomorphism ¢, : G — G. In particular,
the inverse of ¢, is ¢_,, when z is a monomial. In the sequel we give some technical
lemmas which are to be utilized in the main results.

Lemma 2.1. Let z,y € GY Nw3(G). Then ¢udy = duy o ()

Proof. ¢rdy(ei) = Pulei +y) = ei + T + ¢2(y) = bais,(y)(ei). Note that z + ¢,(y) €
G Nw(@).

O

Now let us define some notations. Lety = SBe;, - - ¢j,, ., be amonomial in GV Nw?(G),
B € K. We define y;y = (—1)""'Bej, - €j,_1€jipy - €y, fori = 1,...,n,and § =
Yy + -+ Ynt1)- As a consequence of this notation we have that yy = 0 and y;,y = 0
fori = 1,...,n. Additionally, by easy computations ¢, (7) = ¢ for all z € G N w3(@G).
Lemma 2.2. Let x € G Nw3(G) be an element and let y € G Nw3(G) be a monomial. Then

¢2(y) =y + z7.
Proof. Lety = fej, ---ej,,.,. Using the fact that 2" = 0, n > 2, we have
¢I(y) = ﬂ(ejl + 1’)(6j2 + l’) e (ej2‘n,+1 + LL‘)
= Bejl CChgnyr T $(ﬁej26j3 B R Bejl e ejZ'n.)

=y+z(ya) + -+ Yent)

=y+ay
([l
The proof of following lemma is straightforward.
Lemma 2.3. Let zy,..., 25,7511 € G Nw?(Q) be monomials. If ¢y, +... 1w, is an automor-

phism, then

—1 _
¢m1+--<+zk(xk+1) =Tpy1 — XTpq
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where
X:x1+...+$k7x1(j-2+...+jk)7...7xk(jl+...+i-k_l)

21(ZoZ3 + -+ + TpTp—1) + -+ T (T1Ta + -+ + Tp—1Tp—2)

+ (=) g (ToZz - T+ TR Tp1 e T) +
+ (*1)]671%(5?1@2 c o1+ Tp—1Tk—2 - T1).

Let supp(x) be the set of generators appearing in the expression of a given monomial
x. For instance supp(z) = {ei;, ..., €, } if x = ae;, -+ -¢;, for some o € K.

Lemma 2.4. Let z,y € G N w3(G) be monomials such that |supp(x) N supp(y)| > 2. Then
6. (y) =y, and thus zy = 0.

Proof. Lety = fBej, ---ej,,.,. Then
¢1(y) = 5(6.71 + .’17)((3]‘2 + .’1?) T (ej2n+1 + .’17)
= Bejl B DYt + /Bx(ejz ©Changn T €163 €l +oeteg 'ejzn)
=Y
Hence 2y = 0 by Lemma 2.2. O

As a consequence of Lemma 2.4 we obtain the following corollary.

Corollary 2.1. Let vy, ..., 7,y € GVNw?(G) be monomials such that |supp(z;)Nsupp(y)| >
2foreachi=1,...,n. Then ¢p, 4...44,(y) =y.

Lemma2.5. Let 1, ..., o,y € GVNw3(G) be monomials such that |supp(z;)Nsupp(y)| > 2,
foreachi=1,... ,n. If ¢z, 1...44, is an automorphism, then ¢;11+___+xn (y) =v.

Proof. Let z = x1 + -+ + m,,. By Corollary 2.1 we have ¢,(y) = y. Thus ¢, '(¢.(v))
¢, *(y). Finally, 6. (y) = v.

Lemma 2.6. Let zy,...,z, € G Nw3(G) be monomials where n > 2. Then

O

d)(—l)"*lxlizmiﬁn
is an automorphism. Furthermore,
d)(,l)n—lzliT..fn - ¢(71)”’1I1(Iz)(l)f;;"'fn ‘e ¢(71)"71I1(I2)(2t+1)i3"'in
where Ty = (x2) 1) + - + (T2) (2t41)-

Proof. We make induction on n. Let us check the statement of the lemma for n = 2. Let
zo = v. Then

¢—.’I)1§?2 = d)—xl@
= ¢7I1(U(1)+"'+U(2t+1))
- ¢—x1v(1)—~~—’£11’<2t+1)
= ¢7mu<1)+¢41v(1>¢:i1v(1) (=210 = —210(2e11))
= d’—ﬂfwu)%iilvm(‘11”<2>—"'—z1“<2t+1>)
= ¢7$1v(1)¢¢w11)(1> (=z1v(2)— " —Z1V(2¢41))

= ¢—m1v(1) ¢7¢11v(1) (z1v(2))7---f¢zlv(l) (z1v(241))"
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Since [supp(wyv(1))Nsupp(wiv;)| > 2fori = 2,...,2t+1, by Lemma 2.4 wehave ¢_,,z, =

Pzrv(1) P—r102)— - —w1v2rsry - Oimilarly, by easy computations after 2¢-steps we get that
—x1Z2 — P-zrv) P—z1v(z) - - - P—z10020 1)
We know that —z;v(;) is a monomial for [ = 1,...,2t + 1, and ¢_,,,, is an automor-

phism. Therefore, ¢_,,z, is an automorphism as being a composition of automorphisms.
Assume that the statement hold for n = k; i.e., ¢(_1)x-14,3,..z, be an automorphism

and ¢(—1)’“’1ﬁ?15?2-"fk = d)(—l)k’lml?)u)%“'ik : d)( 1)k= 1T17)(2t+1)T3 by substltutmg T2 =
v. Now let us check the statement of lemma for n = k + 1. Let use the notation £(i, k) =
(—l)kxlv(i)fg < TpTp+1, Wherei=1,....2n+ 1,0 = V1) + o U@e41)-

d)(*l)kml:f&i’g TR Tr4 _¢ l)kxl’f}f3---ikik+1

7(25(_1)10751(U(l)+"'+U(2t+1))j3"'ikik+l
:¢(*1)"'&3117(1)53'“i’ki’k+1+"'+(71)k11U(2t+1)i’3'“ikfk+1
=P (1,k)+-E(2141,8)

:¢5(1,k>+¢5(1,k>¢g(§,k) (e@k)++e@t+10))
=0e(1,k)P

belm (E@B)+te@t+1R)

Making use of Lemma 2.5 we have that

D1 ka1 Boms - Trnsr = PE(LR)PER )+t (2641,

Similarly, after 2¢-steps we have that

P 1) ka1 ozs - Eraresr — PEQR)Pe2,k) " Pe(2t41,k)

= ¢(—1)kw1v(1)i3-~~ikik+1 e 'gb(—l)kwlv(gprl)i3~-~ikik+1'

P(—1)kzyvyTs Ep Ty 1S AN automorphism for ! = 1,...,2t + 1, because of induction hy-
pothesis, ¢(_1)kz,z,...7,7,,, 1S an automorphism being a composition of several automor-
phisms. Thus, the induction statement holds for all n > 2. O

Lemma 2.7. Let zy,...,x,,y € G Nw?(G) be monomials. Then

¢(w1+ +zn)y ‘bmy ‘bxnz}

Proof.

¢(zl+"'+$n)y = Qzi gt tany = ¢w1ﬂ¢¢;11y(x2g+m+xngj)
By Lemma 2.5 we have ¢, 4...42,)5 = Pz,§Pragt--ta,y- Similarly, after n — 1 steps we
have that ¢(,, 4...40, )5 = G215 - "¢znz?- O

Lemma 2.8. Let 2,y € GV Nw3(G) and let x, y be monomials. Then ¢y = ¢rdyd—uy-

Proof. By Lemma 2.1 and Lemma 2.2 we obtain the followings:

¢Jt+y - ¢I+¢T ¢x¢¢ 1(y) = ¢Jt¢¢ ¢z¢y—xz} = ¢x¢y+¢u¢;1( z7)
- ¢L¢y¢¢; (—z§) — Qﬁx(byqsduy(fwg - (bwﬁbyd)fqb, (z)p—y ¢L¢y¢ (z—yZ)y
= ¢w¢y¢—wy
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3. MAIN RESULTS

Theorem 3.2. Let ;, 7, , ..., 2, € GYNw3(G) bemonomialsfori=1,...,n,k=1,...,n—
1, % # jx. The homomorphism ¢y, +...+4, can be expressed as a composition of automorphisms of

5°

Proof. We make induction on n. The statement of the theorem is clear for n = 2 by Lemma
2.8:

¢:L’1+1‘2 = ¢CE1 ¢1‘2 ¢71152 .

Assume that the statement hold for n = k. Now let us check the statement for n = k£ + 1.

¢3¢1+"'+$k+ﬂfk+1 = ¢Z1+“'+mk+¢(m1+...+$k)¢;11+m+zk(Ik+1)

= ¢$1+"'+$k¢¢;11+m+1k($k+1)
By Lemma 2.3 we get that

¢11+~--+Ik+1k+1 = ¢$1+“-+Ik¢f€k+1—Xik+1
= ¢$1+~.+wk ¢Ik+1 ¢_¢;£+1(X§;k+1)

= Quytotay, ¢£Ek+1 ¢_¢7mk+1 (XZp41)
where X is the same as in Lemma 2.3, and note that
i1 (XTht1) = sy (X)Tpo1 = (X + 1Y) Tpp1 = X T

for some Y € G(»). Hence ¢x1+--~+zk+l’k+1 = ¢r1+~~-+wk ¢51?k,+1 ¢7ka:+1 .

By Lemma 2.3 and Lemma 2.7 taking the structure of X into account, ¢_xz,,, is a
composition of automorphism appearing in the statement of Lemma 2.6 which completes
the proof. O

Corollary 3.2. Let z € GV Nw3(G). Then
Qr i — e+
is an automorphism.

Example 3.1. Let z = ejeze3 + ejeqes.

¢e16263+e1e4e5 = ¢ele2€3+¢6162&3¢;11c2@3(515455) = ¢61€263¢¢;1162c3 (ereses)
= ¢8182e3¢¢—616263(515455) = ¢ele2e3¢€1€4€5—€1e263(m)
- ¢ele?e3¢€1€4€5+¢e1e4e5¢gfe4e5(*elezes(m))
= GesesesBescaesBor o ereseatereree)
= ¢€16263¢€1€4€5¢¢—c1e4a5(*616263(m))
= ¢ele2e3¢ele4e5¢¢fele4e5(_616263)¢7ele4e5 (e1eaes))
= ¢€1€263¢€1€4€5¢*(€1€253*€19495(m))(m)

= ¢616263¢6164e5¢—(616263)m = ¢818263¢61€4€5¢76162636465
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Beyesestereaes (€i) = (Pereses Pereses P—ereseseses ) (€i) = Peyees (Pereses (P—ereseseses (€i)))

= Qereses (Pereses (€ — €162€3€4€5))

= Pereses (Pereses (€1) = Pejeses (€1€2€3€4€5))

= (Peyeses (i + e10465 — (e162e3e4€5 + €1e4e5(€1€2€3€4€5)))

= Qeyeses(€i + €1€465 — €1€2€3€4€5)

= Pereses (€i) T Peyenes (€1€4€5) — Peyenes (C162€3€4€5)

= e;+ e1esez+ ereqes+ eresez(€1€a€5) — e1ezezeqes — erene3(€16263€4€5)

= e; + e1e2e3 + e1eq€5 + e1e0e3e4€5 — €1€69€3€4€5 = €; + e1e2€3 + e1€e4€e5
Remark 3.1. Note that, the inverse of an automorphism of the form ¢, and the compo-

sition ¢, ¢, of two automorphisms ¢, and ¢, indicated in Corollary 3.2 are of the same
form by Lemma 2.1 and Theorem 3.2. Thus, we have the following result.

Corollary 3.3. The set H of automorphisms of the form ¢, x € GV N w3(Q) forms a subgroup
of Aut(G). Furthermore, the group H is generated by the infinite set

{¢o | z € GV Nw3(G)is monomial}.

4. CONCLUSIONS

In this paper, a special subgroup H of the group Aut(G) of automorphisms of the infi-
nite dimensional Grassmann algebra G is characterized, similar to the subgroup A, of the
group of automorphisms Aut(G,,) as indicated in Theorem 1.1. We also give an infinite
generating set for the subgroup H, suggesting a canonical way to express an arbitrary
automorphism in H in terms of the generating elements.

The next step of the main result of this paper might be the determination of the auto-
morphisms of the form ¢ : e; — ¢; + x;, for each nonnecessarily equal z; € GV N Ww3(Q),
¢ > 1. This will solve an important component of the group Aut(G). A special case of
these automorphisms was suggested by Vesselin Drensky in the next theorem.

Theorem 4.3. An endomorphism ¢ of the form

Qe — e +x;, xiEG%)ﬂwg(G) cG
is an automorphism of G.
Proof. Consider the triangular automorphism of G

Te(e) =€, i=1,...,m,

(i) =e+xi, i=m+1m+2,...,

with inverse automorphism 7_,. Then
T_g0(e;)) =e; +x;, i=1,...,m,
T ob(e;)=e;, i=m+1m+2,...,

Clearly, 7_,¢ sends G,, to G, and is an automorphism of G,, if and only if its restric-

tion on G,, is an automorphism of G,,. But this holds in virtue of the known results on
automorphisms of G,,; i.e, its restriction is an element of 4,,. O
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