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Intuitionistic Fuzzy Prime Radical and Intuitionistic Fuzzy
Primary Ideal Of ['-Ring

P. K. SHARMA !, HEM LATA 2 and NITIN BHARADWAJ 3

ABSTRACT. In this paper, we introduced the notion of intuitionistic fuzzy prime radical of an intuitionis-
tic fuzzy ideal in I'-rings. We also characterise intuitionistic fuzzy primary ideal of I'-rings. We also analyse
homomorphic behaviour of intuitionistic fuzzy primary ideal and intuitionistic fuzzy prime radical of I'-rings.

1. INTRODUCTION

Motivational Ideas And Development. A ring of endomorphisms of an additive com-
mutative group plays a very important role in many parts of mathematics. The property
of a ring itself is also clarified when we consider it as a ring of endomorphism of an
additive commutative group; but if we consider a set of homomorphism of an additive
commutative group to another additive commutative group, the set is closed under ad-
dition and subtraction defined naturally but we cannot define natural multiplication of
two homomorphisms in it. However, if we consider two additive commutative groups
A and B and the additive commutative group M consisting of all homomorphisms from
A to B then we can define the product of three elements fi, g and f> where fi, f> are the
members of M and g is a homomorphism from B to A. In this case the product figfs is
also an element of M. Thus we can define multiplication in M using I', where T' is the
additive commutative group of all homomorphisms from B to A. Similarly we can define
a multiplication in I" using M. Also we have

(fr91f2)92f3 = f1(91f292) f3 = f191(f292f3)

where f1, f2, f3 are members of M and g1, g are members of I.

Again we know that the ring of all square matrices over a division ring plays a vital role
in classical ring theory. However, if we consider the set M of all rectangular matrices of
the type m x n(m # n) over a division ring then M is an additive commutative group but
there appears to be no natural way of introducing a binary multiplication into it. Now if
M is the additive commutative group of all rectangular matrices of the type m x n(m # n)
over a division ring and T is that of all rectangular matrices of the type n x m over a
division ring and also if a,b,c € M and «, 8 € I" then aab € M and also

aa(bBc) = a(abf)c = (aad)Bc
Noting this fact N. Nobusawa [1] defined I'-ring. Later on W.E Barnes [2] weakened
slightly the conditions in the definition of the I'-ring in the sense of Nobusawa. Any ring
can be regarded as a I'-ring by suitably choosing I'. After that, . Luh [3] and S. Kyuno [4],
studied the structure of I'-rings and obtained various generalizations analogous to cor-
responding parts in ring theory. Since then, many researchers have investigated various
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properties of this I'-ring. Z. K. Warsi [5] studied the decomposition of primary ideals of
I'-ring. R. Paul [6] studied various types of ideals in I'-ring and the corresponding opera-
tor rings.

Y. B. Jun [7], defined fuzzy prime ideal of a I'-ring and obtained a number of character-
ization for a fuzzy ideal to be a fuzzy prime ideal. T. K. Dutta and T. Chanda [8] proved
the same result in a different way and also proved a few more characterization of fuzzy
prime ideals. B. A. Ersoy [9] defined fuzzy semiprime ideal and obtained some results. A.
K. Aggarwal et al in [10] studied some theorems on fuzzy prime ideals of I'-ring.

The idea of intuitionistic fuzzy sets was first published by Atanassaov [11, 12], as a
generalization of the notion of fuzzy set given by Zadeh [13]. Kim et al in [14] considered
the intuitionistic fuzzification of ideal of I'-ring which were further studied by Palaniap-
pan at alin [15, 16, 17]. The notion of intuitionistic fuzzy prime ideal and semiprime were
studied by Palaniappan and Ramachandran in [18]. Authors in [19] studied the notion of
intuitionistic fuzzy characteristic ideals of a I'-ring and obtained a one to one correlation
between the set of all intuitionistic fuzzy characteristic ideals of I'-ring and that of its op-
erator ring. Also in [20] they obtained an extension of intuitionistic fuzzy ideal which is
used to characterise intuitionistic fuzzy prime and semiprime ideals of I'-ring. The prime
objective of studying the concepts of primary ideals and prime radical in the intuitionistic
fuzzy environment is to lay down the foundation which leads to the study the decompo-
sition property of intuitionistic fuzzy ideal in noetherian I'-ring in terms of intuitionistic
fuzzy primary ideals. The structuring of the paper is as follows.

In part 2 we recollect some groundwork for their use in the continuation of the develop-
ment of the subject matter. In part 3 we set in motion of the notion of intuitionistic fuzzy
prime radical of an intuitionistic fuzzy ideal of I'-ring. In part 4 we utilized the work of
part 3 to study the notion of intuitionistic fuzzy primary ideal in I'-ring. In part 5, we
study the homomorphic behaviour of intuitionistic fuzzy primary ideal and intuitionistic
fuzzy prime radical of T'-rings.

2. PRELIMINARIES

Let us recall some definitions and results, which are necessary for the development of
the paper,

Definition 2.1. ([1, 2]) If (M, +) and (T, +) are additive Abelian groups. Then M is called
a I'-ring ( in the sense of Barnes [2]) if there exist mapping M x I' x M — M [image of
(z,a,y) is denoted by zay, x,y € M,~ € I'] satisfying the following conditions:

1) xay € M.

2) (z + y)az = zaz + yaz, z(a + By = zay + 2Py, xa(y + z) = zay + zaz.

(3) (xay)Bz = xa(yBz). forall x,y,z € M,and v € T.

A subset N of a I'-ring M is a left (right) ideal of M if N is an additive subgroup of
M and MTN = {zay|x € M,a € T,y € N}, (NI'M) is contained in N. If N is both a
left and a right ideal then N is a two-sided ideal, or simply an ideal of M. A mapping
f: M — M’ of D-rings is called a I-homomorphism [2] if f(z + y) = f(z) + f(y) and
flzay) = f(x)af(y) forall z,y € M, € T.

Definition 2.2. ([2]) Let M be a I'-ring. A proper ideal L of M is called prime if for all pair
of ideals S and T of M, ST'T C L implies that S C Lor T C L.

Theorem 2.1. ([6, 7]) If L is an ideal of a I'-ring M, the following conditions are equivalent:
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(i) L is a prime ideal of M;
(ii) If a,b € M and aT MTb C L thena € Lorb € L.

Definition 2.3. ([5]) Let M be a I'-ring. Then the radical of an ideal K of M is denoted by
VK and is defined as the set
VK ={x € M: (zy)" 'z € K, forsomen € Nand forally € T }

n—1

where (zy)" 'z =z forn = 1.

Definition 2.4. ([2]) An ideal K of a commutative I'-ring M is said to be primary if for
any two ideals I and J of M, IT'J C K implies either I C K or J C VK, where VK is the
prime radical of K.

We now review some intuitionistic fuzzy logic concepts. We refer the reader to follow
[11] and [18] for complete details.

Definition 2.5. ([11, 12]) An intuitionistic fuzzy set (IFS) A in X can be represented as an
object of the form A = {< x, ua(x),va(z) >: x € X}, where the functions p4 : X — [0, 1]
and v4 : X — [0,1] denote the degree of membership (namely p4(x)) and the degree
of non-membership (namely v4(x)) of each element z € X to A respectively and 0 <
pna(x)+va(x) <1foreachz e X.

Remark 2.1. ([11, 12])

(i) When pa(x) +va(z) =1,1e.,va(z) =1 — pa(z) = pac(z),Vz € X. Then A is called a
fuzzy set.

(i) AnIFS A = {< z,pa(z),va(z) > x € X} is shortly denoted by A(z) = (pa(x),
va(z)),Vz € X. We denote by IFS(X) the set of all IFSs of X.

IfA,BeIFS(X),then A C Bifandonlyif pa(z) < pup(z)andva(z) > vp(z),Ve € X
and A =B < A C Band B C A. For any subset Y of X, the intuitionistic fuzzy charac-
teristic function xy is an intuitionistic fuzzy set of X, defined as xy (z) = (1,0),Vz € Y
and xy(z) = (0,1),Vx € X\Y. Let o, 8 € [0,1] with a + 8 < 1. Then the crisp set
Awp = {r € X : pa(z) > aand va(z) < B} is called the (a, 3)-level cut subset of A.
Also the IFS z(,, gy of X defined as x(, gy (y) = (a, B), if y = z, otherwise (0, 1) is called the
intuitionistic fuzzy point (IFP) in X with support 2. By z(, 3 € A we mean p4(z) > «
and v4(x) < . Further if f : X — Y is a mapping and A, B be respectively IFS of X and
Y. Then the image f(A) is an IFS of Y is defined as y5(4)(y) = Sup{pa(z) : f(z) = y},
viay(y) = Inf{va(z) : f(z) = y}, forall y € Y and the inverse image f~*(B) is an
IFS of X is defined as py—1(p)(z) = pp(f(2)), vy (z) = va(f(z)), forallz € X, ie,
fY(B)(z) = B(f(z)), for all z € X. Also the IFS A of X is said to be f-invariant if for
any z,y € X, whenever f(x) = f(y) implies A(z) = A(y).

Definition 2.6. ([15]) Let A and B be two IFSs of a I'-ring M and v € I'. Then the product
AT'B and the composition A o B of A and B are defined by

o (\/:r:y'yz (NA (y) A UB (Z))7 /\I:y"/Z(VA(y) Vg (Z))7 ifr = Y=
(narp(z), varp(r)) = {(0, 1), otherwise

and

(,LIIAOB(x)7 VAoB ({E))

Ve yere (Ba (W) A 1B (20)), Namsor | yoves (a(yi) Vs (22)), i o=300 yivzi
0,1), otherwise
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Remark 2.2. ([15]) If A and B be two IFSs of a I'-ring M, then AIBC Ao BC ANB

Definition 2.7. ([15]) Let A be an IFS of a I'-ring M. Then A is called an intuitionistic
fuzzy ideal (IFI) of M if for all z,y € M,~ € I, the following are satisfied

(@) pa(z —y) = pa(z) A paly);

(i) pa(ray) > pa(x) vV pa(y);

(iii) va(z — y) < valz) Vva(y);

(iV)va(zay) < va(z) Avaly).

The set of all intuitionistic fuzzy ideals of I'-ring M is denoted by I F'I(M ). Note that if
AeIFI(M),then 1a(0p) > pa(x) and v4(0pr) < wva(x),Va € M (See [14]).

Remark 2.3. ([15,17,18]) If A, B and C be IFIs of a I'-ring M, then AI'B, Ao B, AN B are
also IFI of M. Further, AI'B C C'ifand onlyif Ao B C C.

Definition 2.8. ([18]) Let P be an intuitionistic fuzzy ideal (IFI) of a I'-ring M. Then P is
said to be prime if P is non-constant and for any IFIs A, B of M, AT'B C P implies A C P
or BC P.

The set of all intuitionistic fuzzy prime ideal of a I-ring M is denoted by I F'PI(M).
Remark 2.4. ([18]) Let z(, 4y, y(t,s) € IFP(M). Then z(, ) T'y(r,) = (2T'Y) (pat,qvs)-

Definition 2.9. ([10]) A I'-ring M is said to be commutative if ayb = bvya for all a,b € M
andy €T

Theorem 2.2. ([18]) Let M be a commutative I'-ring and A be an IFI of M. Then following are
equivalent

(1) o)L Y(t,s) © A= Z(p,q) Aor Y(t,s) S A, where T(p,q)> Y(t,s) € IFP(M).

(ii) A is an intuitionistic fuzzy prime ideal of M.

Theorem 2.3. ([18]) Let A be an IFI of I'-ring M. Then each (p, q)-level cut set A, 4 is either
empty or an ideal of M, where t < pua(Op) and s > va(Onr). In particular A o) which is
denoted by A,, i.e., theset A, = {x € M : pa(z) = pa(Or) and va(x) = va(Opr)} is ideal of
M.IfA e IFPI(M), then A, is a prime ideal of M.

Theorem 2.4. ([18]) If P is an intuitionistic fuzzy prime ideal of a I'-ring M, then the following
conditions hold:

(i) P(0p) = (1,0),

(ii) P, is a prime ideal of M,

(iii) Img(P) = {(1,0), (¢, s)}, where t,s € [0,1) such that t + s < 1.

Definition 2.10. ([20]) A non-constant intuitionistic fuzzy ideal P of a I'-ring M is called
intuitionistic fuzzy semi-prime ideal if for any IFIs A of M, AT'A C P implies A C P.

Proposition 2.1. ([20]) Let P be a non-constant intuitionistic fuzzy ideal of a I'-ring M, then the
following conditions are equivalent:

(i) P is an intuitionistic fuzzy semi-prime ideal of M

(ii) For any a € M, In fpen v, yoer{ptp(ayimyza) }=pp(a) and Supmenr i y.er{ve (ayimyza)}
=vp(a).

3. INTUITIONISTIC FUZZY PRIME RADICAL OF AN IFI OF A I'-RING

Definition 3.11. Let A be a non-empty IFS of a I'-ring M. Define a set p(A) of all intuitio-
nis tic fuzzy prime ideals of M that contains 4, i.e., p(4) = {B: B € IFPI(M),A C B}.

Proposition 3.2. Let Ay, As be two non-empty IFSs of a T'-ring M. Then
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(i) Ay C Ao implies that p(Az) C p(A1);
(ii) p(A1) U p(A2) € p(A1 N Az);
(iii) (A1) U p(A2) = p(A1T'Ay), if A1, Ag are two IFIs of M;
(iv) p(A1) U p(A2) = (A1 0 A), if Ay, Ag are two IFIs of M;
() p(xr) Up(xs) = o(xing) if I and J are ideals of M.

Proof.
(i) Let B € p(As). Then B is IFPI of M and Ay C B. Since A; C Ay, A1 C B. So
B € p(A;). Hence p(A2) C p(Ar).

(ii) Since A; N Az € A; and A; N Ay C As. Therefore by (i) we have
p(Al) Q p(Al N AQ) and p(AQ) Q p(Al N AQ) Thus p(Al) U p(AQ) g p(Al N Ag)

(iii) Since A; and A are IFIs of the I'-ring M, then A;T'A; C A; N Az [ by Remark (2.2)].
Therefore by (i) we have p(A; N As) C p(A1TA2). So by (ii) we have p(A;) U p(A42) C
@(Aerg)

Again, let B € p(A1T'Ay). Then AT Ay C B and B € IFPI(M), so either A; C B or
Ay C B. Therefore p(B) C p(A;) or p(B) C p(Asz).

Now B € IFPI(M) and B C Bso B € p(B). Thus we have B € p(A1) or B € p(A,).
Therefore B € p(A;) U p(As). So p(Ai1TAs) C p(A1) U p(As). Hence p(A41) U p(As) =
p(All—‘Ag)

(iv) Since A; and A, are IFIs of the I'-ring M, then A1T'A; C A; o Ay [ by Remark (2.2)].
Then by (i) we have p(A; 0 Az) C p(A41TAs).

Again, let B € p(Ai1T'A). Then A;TA; C B and B € IFPI(M). This implies that
Ay 0Ay C B, B € IFPI(M) (by Remark (2.3)). So B € p(A; o Az). Thus p(A1T'4s) C
©(Aq 0 Ag). Thus p(A1T'As) = p(A; o A2). Hence from (iii) we get
P(A1) U p(As) = p(A1 0 As).

(v) Assume that / and J are two ideals of the I'-ring M. Clearly x; N x; = X1nJ-
Thus p(x1) U p(xs) € p(xr Nxs) € p(xing)-

Again, let B € p(x1ns). Then xns € B. So xiI'xs € xr N xs = x1ns € B.

Since B € IFPI(M), we have x; € Bor x; C B. Thus B C p(xs) or B C o(xJ)-
Therefore, B C p(x1) U p(x.)- Thus p(x1ns) € o(x1) U p(xs)-
Hence p(x7) U p(xs) = p(X1n7)- O

Definition 3.12. Let A be an IFI of a T-ring M. Then the IFS v/A of M defined by
VA=n(p(A)=n{B:BecIFPI(M);AC B}

is said to be the intuitionistic fuzzy prime radical of A.

Proposition 3.3. Let A be an IFI of a T-ring M. Then \/A is a non-constant IFI of M with
VA(Om) = (1,0).
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Proof. Let Abe an IFI of a I'-ring M. Then
tyz(0am) = prpay) (Oar)
Inf{up(0p): B IFPI(M);AC B}
= 1.
Similarly, we can show v 5 (057) = 0. Thus VA(0x) = (1,0).

Let B € IFPI(M). So there exists atleast one z € M such that B(0y) # (1,0). There-
fore v/A(0ps) # (1,0). Thus v/A is non-constant IFS of M. Now for any z,y € M, we
have

tyz(@ = y) = bogpay (@ —y) = Inf{up(x —y) : B € IFPI(M); A C B}
> Inf{up(z) A\ pply): Be IFPI(M); AC B}
= (Inf{up(x): BE IFPI(M); AC B}) A (Inf{up(y): B € IFPI(M); ACB})
= Un(p(a)) (@) A ey (y)
= nyz(@) A pyz(y)-

Thus pz(z —y) > pz(x) A pyz(y). Similarly, we can prove v z(z — y) < pz(z) V
vyay).

Again for any z,y € M and v € I', we have
te(p(a)y (@yy) = Inf{pp(zyy) : B € IFPI(M); A C B}
Inf{up(x): B € IFPI(M); A C B}
I (p(a)) (2)
= pya@).
Similarly, we can show p z(zvy) > 1t /5 (y). Thus we have pu 7 (zvy) > p /7 (2) Vit /7).

Similarly, we can prove vz (zvy) < v z(z) Av z(y). Hence /A is a non-constant IFI of
M. O

oz (Tyy)

vV

Proposition 3.4. Let A be an IFI of a T-ring M. Then /A is an intuitionistic fuzzy semi-prime
ideal of M.

Proof. We have already shown that v/A is a non-constant IFI of M. Now for any m € M,
we have

Inf{u\/z(m'ylx’ygm) cx € M,y1,v2 €T}

= Inf{pnpa)y (mmnayam) :x € M,y1,72 € I'}

= Inf{Inf{us(myizyem): B € IFPI(M);AC B},z € M,v1,y2 €T’}

= Inf{up(m): B € IFPI(M); A C B} As B € IFPI(M)|

= Hn(p(ay) (m)

= pyz(m).
Similarly, we can prove Sup{v (myizyem) :x € M,y1,72 € '} = v Z(m).

Hence v/A is an intuitionistic fuzzy semi-prime ideal of M (by Proposition (2.1)). O

Proposition 3.5. Let A and B be two IFls of a I'-ring M. Then
(i) VA(z) = (1,0) if v € (VA).
(i) AC VA
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(iii) If A C B then VA C VB

(iv) VVA=VA
(v) VA® B = VVA® VB, where A(0p) = B(0pr) = (1,0).
Proof.
(i) Let 2 € (v/A).. Then
tyz(@) = pyz0m) = pageca) (0ar)
Inf{up(0y): B € IFPI(M);AC B}
= 1.

Similarly, we can prove v z(z) = 0. Thus VA(z) = (1,0).

(ii) For any z € M

pya(@) = pageay (@)

= Inf{up(xz): Be IFPI(M);AC B}
pa(z).
Similarly, we can prove v 4 (z) < va(x). Thus A C VA.

Y]

(iii) Let A and B be two IFIs of a I'-ring M such that A C B. Then p(B) C p(A). Thus
N(p(4)) € N(p(B)), ie, VA C VB,

(iv) Since A C /4, it follows that vVA C v/v/A and p(A) C p(v/A). Thus N(p(v/A)) C
N(p(A)),ie., VVA C A Hence v VA= VA.

(v)SinceAg\/ZandBQ\/E,soA@Bg\/Z@\/E.Thus\/A@Bg VVA®VB.

Again A C A@ Band B C A® B so VA C \JA®Band VB C VA® B implies
VA® VB C VA®B. Thus VVA® VB C /VAG B = VA® B. Hence VA® B =

VAo VB. O
Proposition 3.6. Let A be an IFPI of a T-ring M. Then /A = A and hence every IFPI is
intuitionistic fuzzy semi prime ideal.

Proof. Assume that A is an IF PI of I'-ring M. Therefore A € IFPI(M).
VA=n(p(A) =n{B: B e IFPI(M);AC B} C A. Again A C V/A. So VA = A.
The second assertion follows from Proposition (3.4). O

Lemma 3.1. Let A be an IFI of M such that A(0p) = (1,0), then VA, C (VA)., where
VA, =0n{L: Lisaprime ideal of M such that A, C L}.

Proof. Letx € VA,. Then z € L for all prime ideal L of M such that A, C L. Let B be an
IF prime ideal of M such that A C B. Let m € A,. Then

pua(m) = pa(Op) =1 = pup(m) and va(m) = va(0p) = 0 = vg(m). Som € B,. Hence
A, C B,. As B is an IF prime ideal of M, B, is a prime ideal of M (By Theorem (2.4)).
Also A, C B, sox € B,. Hence B(z) = B(0p) = (1,0). Now

tya() = pnea) (@)
Inf{pp(xz): B€ IFPI(M);AC B}

= 1=p,70un).



76 P. K. Sharma, Hem Lata and Nitin Bharadwaj

Similarly, we can prove that v z(z) = v /(0a). So = € (VA),. Thus VA, C (VA),.. O
Lemma 3.2. If A be an intuitionistic fuzzy ideal of M such that Img(A) = {(1,0), (¢, s)}, where
t,s € [0,1) such that t + s < 1. Then (v/A), C V/A.,.

Proof. Let x € (v/A).. Then pyx(x) =y 70n) = land v 4 (z) = v /4(0n) = 0. There-
fore, V/A(z) = (1,0). This implies that P(z) = (1,0) for all intuitionistic fuzzy prime ideal
P with the condition that A C P. Thus = € P, whenever P € [FPI(M), A C P.

Let L be a prime ideal of M such that A, C L. Now we define an IFS B of M as
(m) 1, ifmelL (m) 0, ifmel
m) = ; vp(m) = )
HB t, ifmem\r’ P s1, ifme M\L.
where t1,s1 € (0,1) such that ¢; > ¢ and s; < s. Then B is an intuitionistic fuzzy prime

ideal of M [by Theorem (2.4)] such that A C B. Hence z € B, = L. So
x € ({L : Lisaprimeideal of M such that A, C L}. Hence z € v/A,. Thus we have

(VA), C VA,. O
4. INTUITIONISTIC FUZZY PRIMARY IDEAL OF A I'-RING
Definition 4.13. Let M be a I'-ring. For any IFI A of M. The IFS v/A defined by
a(@) = Vina((zy)"~12) : n € Ny and v () = Mral(@y)"1) i n € N)}
is called the intuitionistic fuzzy prime radical of A, where (zv)" 'z =z, forn = 1,7 € .

Proposition 4.7. For every IFIs A and B of I'-ring M, we have
(i) ACVA;

(i) AC B=VACVB

(iii) VA = VA,

Proof. Straightforward. O

Theorem 4.5. For any IFI A of T-ring M, /A is an IFI of M.
Proof. Letz,y € M,y eT.

pya@+y) = Visilpa{((@+y)7)* @+ )}
> pa{l(z+y)N)™ (@ +y)}
= pa{@N)™ "2} A pa{lyn) ™Y} Aprgmmeen pa{(@y)P (yy) 2}
Aptq=m-+nta{(y7)? (7)Y}
> pa{(@y) "z} A pa{(y)"y}
= pya(@) A pay).
[ As ((z + y)y)™ " (z + y) can be written as sum of the terms of the forms (xvy)™ "z,

(yy)™ "y, ()P (yy)9x and (yv)P(zy)%y, for some p,q € N such that p + ¢ = m + n.]
Similarly, we can show that v 4 (z +y) < v () Vv 4(y). Further, since

pa{(xy)" zy(yv)"y}
Vi1 [paf{(zyy) vy}
= pya(@yy).

Thus p z(zvy) > pa{(zy)"z} V pa{(yy)"y}. Similarly, we can show that v z(2vy) <
va{(xzy) "z} A va{(yy)™y}. Hence /A is an IFI of M. O

paf{(zy) "z} vV pa{(yy)"y}

IN A



Intuitionistic Fuzzy Prime Radical and Intuitionisti ¢ Fuzzy Primary Ideal Of I"-Ring 77

Proposition 4.8. Let A, B be two IFIs of a I'-ring M. Then
VATB =vVANB=VANVB.

Proof. SinceAﬂBQAandAﬂBgBimplies\/AﬂBg\/Zand\/AﬂBQ\/Eandso
VANB CVANVB.

For the reverse inclusion, let x € M,y € I' be any element. Now

tyanve(®) = pya(@) Apyp(e)
[\/{MA(( ") :m >0} AV{pa((zy)"z) : n > 0}]
— V{ual(@y)™) A pal(zy)™) s mon > 0}
V{a((@y)™ ) A pa((@y)™ ) s m +n > 0)
= V{pans((zy)™"z) : m +n > 0}
= hyans(@)-
Similarly, we van show that v 5(7) > v /455(%). Thus VANVB CVANB.
Hence VAN B = VAN +VB.

Further, as ATB C AN B implies VAT'B C vAN B. For the other inclusion, let = €
M,~ € I' be any element. Now

IN

tyars(®) = tyanys(@) = pnya(@) Apg(e)
V{pa((@y)™x) - m > O} A [V{pa((zy)"2) :n > 0}]
V{pa((@y)™2) A pal(zy)"z) : m,n > 0}

< V{parp(z):z=(zy)" "2z :m+n >0}
= pyarp(@)-
Similarly, we can show that v =5(z) > v 4r5(z). Thus VAN B C VAIL'B.
Thus VAN B = VATB. Hence VAIB = VAN B = VAN VB. 0

Corollary 4.1. If {A; : 1 < i < n} bea finite number of IFIs of a I'-ring M, then
VATATAs....TA, =V/A NA;NA3N ... NA, =+vVA I NVANVA3N ... NVA,.

Definition 4.14. Let ) be a non-constant IFI of a I'-ring M. Then @ is said to be an
intuitionistic fuzzy primary ideal of M if for any two IFIs A, B of M such that AT'B C @
implies that either A C Q or B C \/Q.

Theorem 4.6. Let Q € IFI(M). Then Q is an intuitionistic fuzzy primary ideal of M if and
only if Q is non-constant and A o B C @ implies that either A C Q or B C +/Q, where
A BelFI(M).

Proof. The proof follows from Remark (2.3), since Ao B C @ if and only if AT'B C Q,
where A, B € IFI(M). O

Theorem 4.7. Let M be a commutative I'-ring and () be an IFI of M. Then for any two IFPs
T(p.q)s Y(t,s) € IFP(M) the following are equivalent:

(i) Q is an intuitionistic fuzzy primary ideal of M

(ii) T (p ) Lya,s) C© Q implies x4y € Q 07 yrr.5) € VQ.

Proof. (i) = (ii) Suppose that Q) is an intuitionistic fuzzy primary ideal of M.
Let 2 ¢), Y(t,s) € IFP(M) such that 2, \T'y sy € Q. This implies (2T'y) pa¢,qvs) € Q,
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ie, po(zyy) > pAtand vg(zyy) < gAs, forevery v € I
Define two IFSs A, B of M as follows

Als) = (p,q), ifz €<’x > B(z) = (t,s), ifz E<’y >
(0,1), otherwise (0,1), otherwise

Clearly, A, B are IFIs of M and z(,, ;) € A and y ) € B. Now

pars(z) = Vz=uyv [MA(“) N pp (U)] =pAqgand varp(z) = Nz=uryv [VA(U) Vvp (U)] =qVs,
where u €< z >, v €<y >. Thus parp(z) = p A g < pg(ryy) and varg(z) = qVa >
vQ(zvy).

Thus when z = uyv, where u e< z >, v €<y >. (AI'B)(z) C Q(#) otherwise (AI'B)(z) =
(0,1). Thus get A'B C Q. As @ is intuitionistic fuzzy primary ideal of M, so either
ACQorBC Q. Thuswehavez(,,) € AC Qoryu s € B CVQ, ie, x4 € Qor

Yt,s) C \/Q

(it) = (i) Let A and B be two IFIs of I'-ring M such that ATB C Q. Suppose that A ¢
Q. Then 3z € M such that pa(z) > pg(x) and va(z) < vo(z). Let pa(z) = a,va(z) = b.
Lety € M and pup(y) = ¢, vp(x) = d.
If z = 2yy for some v € T, then (24 )I"Y(c,q))(2) = (a A ¢, bV d). Hence
pe(z) = po(ryy) = pars(@vy) = [pa(@) A psy)] = a Ne = piag, yrye, (@7Y) =
Kz o o) Tycc,a (Z)
VQ(Z) = VQ(xfyy) < VAFB(:L"VZ/) < [VA(:E)\/VB (y)} =bvd = V(a0 Y(e,a) (‘r'yy) = Vzo ) Tyc,a) (Z)
If Pz oy Tye,a) (2)=0, Vi (a0 TY(c,a) (2)=1, then /LQ(Z) > Bz Ty (e a) (2), vQ (2) < Va a0y Ty(e,ay \R )+
Hence 2 (4,1)T'y(c,q) € Q. By (i) either z(, ) € Q or y(..q) € VQ.
i.e, either ug(z) > a,vq(z) <bor u 5y) > c,v gy) <d.
Since a £ pg(x),b # vo(x) implies that z(, ) € Q and s0 y(..q) € +/Q. This implies that
tyg(y) > ¢ = pp(y) and v 5(y) < d = vp(y),Yy € M. Which implies that B C /Q.
Hence () is an intuitionistic fuzzy primary ideal of M. O

Proposition 4.9. Let Q) be an IFI of a I'-ring M. If Q) is an intuitionistic fuzzy primary ideal of
M, then for all x,y € M,y € I' such that pg(zvy) > po(x),volzvy) < vo(zx) implies that

pQ(xvy) < pygy),ve(zvy) > v gy).

Proof. pq(xvyy) = r > pg(x),vo(eyy) = s < vg(x). Then (zvy) s € Q and x5 ¢ Q.
Since @ is an intuitionistic fuzzy primary ideal of M then y, ) € v/Q. Thus p 5(y) > 7 =
pq(ryy) and v 5(y) < s = vg(zyy). This complete the proof. O

Theorem 4.8. Let ) be an intuitionistic fuzzy primary ideal of I'-ring M. Then
Qs ={x e M : po(z) = po(0ar) and vg(x) = vg(0ar)} is a primary ideal of M.

Proof. Letz,y € Q.. Then pg(z) = po(y) = pe(0n) and vg(z) = vo(y) = vo(0ar). Now
1oz —y) = pe(x) A pe(y) = ne(Om) and vo(z —y) < vo(z) V vo(y) = vo(0n) implies
that po(z — y) = uo(0a) and vo(z — y) = vg(Opm). Sox — y € Q..

Further, let z € M and y € Q., then 1 (y) = po(0a) and vo(y) = vo(Oar).
Let v € I' be any element, then pg(zvy) > po(x) V no(y) = po(x) V uo(0a) = po(0ar).
But g (0ar) > pg(avy) always implies pg(2vy) = g (0ar). Similarly, vg(zvy) = vo(0ar).
Thus zvy € Q.. This shows that @, is a right ideal of I'-ring M. Similarly, we can show
Q. is a left ideal of I'-ring M. Thus Q. is a ideal of I'-ring M.
Further, let z,y € M,~ € I such that zvy € Q., i.e, po(rvy) = no(0m) and vg(zyy) =
vo(0ar). Suppose that = ¢ Q., then we claim that y € /Q., i.e., there exist some m € N
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and v € I' such that (yy)™y € Q..

Asz ¢ Q. = ug(z) < ug(0ar) and vg(x) > pg(0ar). Thus we have
o (zvy) > po(x), vo(xzyy) < vg(x). Then by above proposition (4.9) we have
pQ(xvy) < pnygW), vo(zyy) > v g(y), ie, pygy) > ne0wm), v g(y) < rg(0a) implies
that V{po((yy)"y) : m > 0} > po(0a), A{ro((yy)™y) : m > 0} < vg(0ar). Thus there
exists some m € N,v € I such that ug((yy)"y) > po(0n) and vo((yy)™y) < vo(Om)
, e, po((yv)™y) = ne(0wm) and vo((yy)™y) = vo(0am) and so (yy)™y € Q.. Thus
y € V/Q.. This complete the proof. O

Theorem 4.9. Let Q) be an IFS of a T-ring M. If Q(0pr) = (1,0), Q. is a primary ideal of M
and Img(Q) = {(1,0), (¢, s)}, where t, s € [0,1) such that t + s < 1. Then Q is an intuitionistic
fuzzy primary ideal of M.

Proof. Clearly @ is non-constant IFI of M as Q, is a ideal of M. Let A, B € IFI(M) such
that ATB C Q. Suppose A ¢ Q and B ¢ \/Q. Then 3, z,y € M such that pa(z) > po(x),
va(z) < vo(z)and pp(y) > pyg(y), ve(y) < vyg(y). Since Q(O0m) = (1,0) = VQ(0u)

gives thatz ¢ Q. and y ¢ (v/Q).. Again since v/Q. C (vVQ)«, 50y ¢ v/ Q.
Hence aTMTy ¢ Q. (by Theorem 9, [2]) as Q.. is a primary ideal of M.

Hence pg(zyimyy) =t # 1, vg(ayimyy) = s # 0, for some v1,v2 € I', m € M.

Since x ¢ Qu, pq(x) # pe(0m) = 1, vo(x) # vo(Om) = 0. So ug(x) = t,vg(z) = s.
Thus pa(z) > po(x) =t va(z) <vg(z) =s.

Again since pq(y) < pygy) < ps(y) and vo(y) = vy gy) > ve(y), Qy) # (1,0). So
t=po(y) <pp(y)and s = vo(y) > ve(y). Now
t pQ(Ty1my2y)
MAFB(I%m’Yzy)
pa(x) A pp(y)
>t

(AVARLYS

which is a contradiction. Hence @ is an intuitionistic fuzzy primary ideal of M. O
Example 4.1. If K is a primary ideal of M, then the intuitionistic fuzzy characteristic
function x x is an intuitionistic fuzzy primary ideal of M.

Proof. Here we have

{1 ek [0 ek
X)) = : )% xr) =
Hoxx 0, otherwise ¥ 1, otherwise.

Clearly, fty, (0ar) = 1,1, (0ar) = 0 and (xx )« = K is a primary ideal of M. Hence x is
an intuitionistic fuzzy primary ideal of M. O

Proposition 4.10. Let M be a I'-ring and Q) be a non-constant intuitionistic fuzzy primary ideal
of M. Then there exists an intuitionistic fuzzy prime ideal P of M such that P € p(Q).

Proof. Since @ is non-constant, then there exists m € M such that pg(m) # po(0a) and
vo(m) # vq(Oa). Let pg(m) <t < pg(Oy) and vg(m) > s > vg(Oar). Then Q 5y # M
and @ ,) is an ideal of M. So there exists a prime L of M such that Q .y C L C M.

Let P be an IFS on M defined by

1, ifrel {o, ifrel

x) = ;o vp(x) = i
e (@) {t, otherwise p() s, otherwise.
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Then P is an intuitionistic fuzzy prime ideal of M (by Theorem (2.4))

Let x € M. Then either pug(x) > t, vg(x) < sor ug(z) > t, vo(z) < s.
In the second case we get 1o (z) < up(z), po(x) > pp(z).
In the first case we get x € Q(+,5) C L, so up(z) = 1,vp(x) = 0. Hence in both the cases
we get g (z) < up(x), po(z) > pp(zr). Thus @ C P. Hence P € p(Q). O

Proposition 4.11. Let M be a T-ring and Y e;, 6;],¢; € M,6; € T, fori = 1,2,3.....,n be the
left unity of M and A be a non-constant intuitionistic fuzzy ideal of M. Let m € M be such that
min{pa(e;) i =1,2,..n} < pa(m)and maz{va(e;) : i =1,2,...n} > va(m). Then there
exists e € {e; : 1 =1,2,...n} such that p sz(e) < pa(m) and v ,z(e) > va(m).

’

Proof. Let pa(m) = s1,va(m) = so and min{pa(e;) : ¢ = 1,2,...n} = t1 = pale),
maz{va(e;) i =1,2,..n} =ty = va(e), wheree € {e;:i=1,2,..n}.

Suppose that 71,73 € [0,1) such that t; < r; < s1 and ¢3 > ro > s2. Then (r1,r2)-cut

set A, ,,) is an ideal of M. Since ¢ ¢ A(ry ry)- Let L be a prime ideal of M such that
A(Tbrz) CL and L 7& M.

Let B be an IFS of M defined by

(m) 1, ifmelL (m)
m) = i vg(m) =
1o ry, ifm¢lL b

Then by proposition (4.10) we can prove that B € p(A). Now as L is a proper ideal of
M, there exists atleast one e € {¢; : i = 1,2,...n} such that e ¢ L, for if ¢; € L for all
i=1,2,3,...,n,thenxz =) e;6;x for all z € M thatis L = M, a contradiction.

Hence pp(e) = 1 and vp(e) = 5. As B € p(A), VA C B,

Now p z(e) < pp(e) =11 < pa(m)and v z(e) > vp(e) = r2 > va(m).

This complete the result. U

0, ifmel
ro, ifm ¢ L.

Now we have the converse of Theorem (4.9)

Theorem 4.10. Let M be a I'-ring and @ be an intuitionistic fuzzy primary ideal of M. Then
Q0xr) = (1,0), |[Img(Q)| = 2 and Q. is a primary ideal of M.

Proof. Suppose that 11g(0y) =t < 1and vg(0ar) = s > 0.

Let min;{ug(e))} = a < po(0r) and maz;{vg(e;)} = B > vo(0r). Then there exists
e € {e;:i=1,2,..n} such that 1 5(e) = t1 < tand v (e) = s1 < s (by Proposition
(4.11)).

Lett<p<lands>¢>0.Thena<t;<p<land g > s >s>0.
Let A, B be two IFSs on M defined by

(@) p, ifx € Q. () q, ifz € Q.

x) = ;o valx) = )

Ha a, ifzé¢ Q. A B, ifz ¢ Q..

and B(z) = (t,s), forall x € M. Then A and B are IFIs of M. Let x € M be any element.

Ifx e Q*r then Q(J?) = B(l‘) = (t,S) and so MAFB(-T) = vw:y'yz[MA(y) A MB(Z)] <t=
o) and vars(x) = Aueyr:lva(y) V vs(2)] = 5 = vo(@).

If x ¢ Q., then A(z) = (o, B), then parg(z) = o = min;{pg(e;)} < po(x) and
varg(z) = 8 = max;{vg(e;)} > vo(x). So ATB C Q.
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Also ,uA(OM) =p>t= ,uQ(OM) and Z/A(O]u) =qg<s= Z/Q(OM). So A g Q.

Again for some e € {e; : i = 1,2,..,n}, up(e) =t > t; = p gle) and vp(e) = s <
51 = v jg(e) implies that B ¢ /Q. This is a contradiction since @ is an intuitionistic fuzzy
primary ideal of M. Hence pg(0p) = 1 and vg(0ar) = 0,i.e., Q(0ar) = (1,0).

Since @ is non-constant, so [Img(Q)| > 2. Suppose that [Img(Q)| > 3. Let min;{ug(e;)} =
a and maz;{vg(e;)} = B. Then there exists (t,s) € Img(Q) such that a < t < 1
and 8 > s > 0. Let m € M be such that ug(m) = t,vg(m) = s. Then there exists

e €{e;:1=1,2,..n} such that p g(e) < po(m),v gle) > vg(m).
Let A, B be two IFSs of M such that

a(2) 1, ifz € Quy va(@) 0, ifx € Quy
A = . 5 A = .

a, ifzd Q(t,s) B, ifz ¢ Q(t’S)‘
and B(z) = (t,s), for all z € M. Then A and B are IFIs of M and AT'B C Q.

Now pa(m) =1 >t = pg(m) and va(m) = 0 < s = vg(m). Thus A ¢ Q. Also for
somee € {e; : i =1,2,...,n} pp(e) =t = pg(m) > p gle) and vp(e) = s = vo(m) <
pyg(e). Hence B ¢ +/Q. Thus we see that A ¢ Q and B ¢ /@, which is a contradiction.
Hence |Q(M)| = 2.

Let Img(Q) = {(1,0), (¢, s)}, where t, s € [0,1) such thatt+s < 1. Let I, J be two ideals
of M such that ITJ C Q.. Let A = x7, B = xs. Then AT'B C Q. Since @ is intuitionistic
fuzzy primary ideal, either A C Q or B C \/Q.

IfACQ thenI C Q,andif B C+/Q, thenJ C (1/Q). C v/Q. (by Lemma (3.2)).
Hence Q. is primary ideal of M. O

Corollary 4.2. Let I be an ideal of the I'-ring M such that x is an intuitionistic fuzzy primary
ideal of M. Then I is a primary ideal of M.

Proof. Since x; is an intuitionistic fuzzy primary ideal of M, then I = (x7). = xz. isa
primary ideal of M. O

From Theorem (4.9) and Theorem (4.10) we have

Theorem 4.11. If Q is an intuitionistic fuzzy primary ideal of a I'-ring M, then the following
conditions hold:

(1) Q(0n) = (1,0),

(ii) Q. is a primary ideal of M,

(iii) Img(Q) = {(1,0), (¢, s)}, where t, s € [0,1) such that t + s < 1.

Example 4.2. Consider M = I' = Z, the ring of integers. Then M is a I'-ring. Consider
the IFS @ on M defined by

(z) 1, ifxe<p™ > (@) 0, ifxe<p™ >
x) = i volr) = )
He t, ifxdg<p”> @ s, ifxd<p™>.

where p is a prime number and n > 1 a positive integer, ¢,s € [0,1) such thatt + s < 1.
Then it is easy to check that @) is an intuitionistic fuzzy primary ideal of M.

Remark 4.5. Every intuitionistic fuzzy prime ideal of a I'-ring M is an intuitionistic fuzzy
primary ideal but converse is not true.



82 P. K. Sharma, Hem Lata and Nitin Bharadwaj

Proof. It follows from definition (4.14) and Proposition (3.6). For the converse part, the
IFS @ as defined in Example (4.2) is an intuitionistic fuzzy primary ideal but it is not an
intuitionistic fuzzy prime ideal (as Q. =< p™ > is not a prime ideal of M). |

Theorem 4.12. Let M be a I'-ring and Q be an intuitionistic fuzzy primary ideal of M. Then
VQ is an intuitionistic fuzzy prime ideal of M.

Proof. Since @ is an intuitionistic fuzzy primary ideal of M, Q(0x;) = (1,0), Q. is a pri-
mary ideal of M and Img(Q) = {(1,0), (¢,s)}, where t,s € [0,1) such thatt + s < 1. (by
Theorem (4.10)). Now (v/Q). = v/Q. is a prime ideal of M and v/Q(z) = (1,0) for z € Q..

Let A be an IFS of M such that

1, ifr e (VQ). o, ifzre(VQ).
Ha@) =9, ifr ¢ (VQ). vale) =9 ¢ if o ¢ (VQ)..

Then A € p(A) and A, = (VQ). = VQ..

Letz ¢ (v/Q)«. Then
t=pq(x) <pygr) <palr) =tand s =vg(x) > v g(r) > va(z) =s.
Thus Img(v/Q) = {(1,0), (t,s)}, where t,s € [0,1) such thatt + s < 1, /Q(0xr) = (1,0)
and (v/Q)- is a prime ideal of M. Hence /Q is an intuitionistic fuzzy prime ideal of M
(By Theorem (2.4)). O

5. HOMOMORPHIC BEHAVIOUR OF INTUITIONISTIC FUZZY PRIMARY IDEALS AND
INTUITIONISTIC FUZZY PRIME RADICAL OF I'-RING

Lemma 5.3. If f is a homomorphism of a T-ring M onto a T-ring M’ and A is an f-invariant
IFIof M, then f(A.) = (f(A))..

Proof. Clearly, u7(a)(0y) = Sup{pa(z) : f(z) = 0y} = Sup{pa(z) : f(z) = f(OM)} =
1A (0pr). Similarly, we can show that v(4y(0,,) = va(0ar). Thus f(A)(0,,/) = A(Onr).

Lety € f(A.). Theny = f(z) for some z € A,. Hence A(x) = A(0xr) = f(A)(0,,).

pray(y) = Sup{pa(z): f(2) =y} = Sup{pa(z) : f(z) = f(2)} = pa(z)
= pipay(0p).

Similarly, we can show that v;4y(y) = v§a)(05,). Soy € (f(A)).. Hence f(A.) C
(f(A))-

Again let f(z) € (f(A))..
pray(0pp) = ppay(f(x)) = Sup{pa(t) : f(t) = f(x)} = pa(r). Similarly, we can prove
vy (0y) = va(x). So A(z) = (f(A))(05,) = A(0pr) implies that 2 € A, ie., f(x) €
f(AL). Thus (f(A)). C f(A.). Hence the result prove. O

Lemma 5.4. ([14]) Let f be a homomorphism of a T-ring M onto a T-ring M. If A is an f-
invariant IFT of M, then f(A) is an IF1 of M .

Theorem 5.13. Let f be a homomorphism of a T-ring M onto a T-ring M . If A is an f-invariant
intuitionistic fuzzy primary ideal of M, then f(A) is an intuitionistic fuzzy primary ideal of M .
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Proof. Let Abe an f-invariant intuitionistic fuzzy primary ideal of M. Then f(A) is IFI of
M’ (by Lemma (5.4)). Since A is intuitionistic fuzzy primary ideal of M, then A(0) =
(1,0), A, is a primary ideal of M and A(M) = {(1,0), (¢,s)}, where ¢,s € [0, 1) such that
t + s < 1. From the proof of the Lemma (5.3) we have f(A)(0,,/) = A(0x) = (1,0). Also
(f(A))« = f(A,) is a primary ideal of M . Now we prove f(A(M)) = {(1,0), (t, s)} where
t,s €[0,1) such thatt + s < 1.

Let z € M be such that ju4(z) = t,va(x) = s. Then pya)(f(z)) = Sup{pa(z) : f(z) =
@)} = pa@) = tand vy (f(2) = Inflva(z) : f(2) = (@)} = valz) = 5. As A
is f-invariant also f(A)(0,,) = (1,0). So f(A(M)) = {(1,0), (¢,s)}. By Theorem (4.9) it
follows that f(A) is an intuitionistic fuzzy primary ideal of M O

Example 5.3. Let M =TI' = Z, the ring of integers and f be a I'"homomorphism from M
to M defined by f(z) = 2z, and let

1, ifxze3dZ 0, ifze3”z
- valw) =

Ha(@) = {0.2, if otherwise ’ 0.7, otherwise.

be an intuitionistic fuzzy primary ideal of M. Then

F(A)0) = (Sup{pa(z) : f(n) =0}, Inf{va(z) : f(n) = 0}) = (1a(0),va ( ) = (1 0): and
FA)1) = (Sup{pa(@) : f(n) = 1}, Inf{va@) s f(n) = 1}) = (0,1) [ As

Similarly, we can find that f(A)(3) = f(A)(5) = (0,1) and f(A)(2) = f(A)(4) = (0 2, 0 7)
and so on we get

1, ifxze6z 0, ifze6z
pray(r) =402, ifxe2Z2—-6Z; vpal(r)=407 ifzec2Z-6Z
0, ifrez-27 1, ifreZ-27

is not an intuitionistic primary fuzzy ideal of M ( As |Img(A)| = 3 # 2). This shows that
the assumption that f be an epimorphism in Theorem (5.13) cannot be dropped.

Lemma 5.5. Let f be a homomorphism of a T-ring M onto a T-ring M. If B is an IFI of M,
then (f~1(B)). = [~\(B.).

Proof. Lety € (f~1(B)). & (f~H(B))(y) = (f~"(B))(0m)
< B(f(y)) = B(f(OM)) = B(0,) = (1,0
& fly) € B. &y e f7H(B.).

Hence (f~1(B)). = f~1(B.). O

Lemma 5.6. ([14, 15]) Let f be a homomorphism of a T-ring M onto a T-ring M. If B is an IFI
of M, then f~'(B) is an IFI of M.

Theorem 5.14. Let f be a homomorphism of a T-ring M onto a T-ring M. If B is an intuition-
istic fuzzy primary ideal of M, then f~(B) is an intuitionistic fuzzy primary ideal of M.

Proof. By lemma (5.6) f~!(B) is an IFl of M. Also (f~1(B)(0a) = B(f(0n)) = B(0,y) =
(1,0). As B is an intuitionistic fuzzy primary ideal of N. Now B(M') = {(1,0), (t,s)},
where ¢,5 € [0,1) such that t + s < 1. Let y € M  be such that up(y) = t,vp(y) = s,
then there exists + € M such that f(z) = y. Now f~1(B)(z) = B(f(x)) = (t,s). Thus
FHB(M)) = {(1,0), (t,s)}, where t, s € [0,1) such that ¢t + s < 1. Also by lemma (5.5)
we have (f~1(B)). = f~1(B.) is a primary ideal of M. Hence by Theorem (4.9) f~*(B) is
an intuitionistic fuzzy primary ideal of M. O
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Theorem 5.15. Let f be a homomorphism of a T-ring M onto a T-ring M. If A is an IFI of M
such that A is constant on Kerf, then \/f(A) = f(V/A).

Proof. Clearly, \/f(A) and f(v/A) are IFIs of M. Lety € M ,~ € T be any element, as f
is onto so there exist some x € M such that f(z) = y. Now f((zy)™x) = (yy)™y.

Hovm() = Sup{uz(e):ze fH(y)}
= Sup{V{pa((zy)™z) :m >0} :x € [} (y)}
= V{Sup{pa((zy)™z):x € [~ (y)}: m >0}
< V{Sup{pa((zy)"z): (xy)"x € f~H((y7)"y)} : m > 0}
= V{Sup{pa((z7)"2) : (z7)"z € f~H((y7)"y)} : m > 0}
= V{ur)((yy)™y) : m > 0}
= Mm(y)~

Similarly, we can show that v, 7 (y) > um(y). Thus f(vVA) C /f(A).

Further, if A is constant on Kerf and xo € f~!(y) be a fixed element of M. Then
pa((29)™2) = pa((207)™x0) and wa((7)™2) = va((w07)™ o) for all z € f~(y),~ € T,
m € Nand pa(2) = pa((207)™20) and wa () = va((z07)" o) for all z € f1(y).y € T,
m € N. Hence

Mm(y) = V{pura((yy)™y) : m >0}

V{Sup{pa((zy)™z) : (z7)™z € f~ ((y7)™y)} : m > 0}
= Sup{V{pa((zy)™x) :m >0} : (xy)™x € f~((y7)"y)}
Sup{V{pa((zoy)"z0) : m >0} sz € [~ (y)}
((
)

>

= Sup{V{pa((zy)™z) :m >0} :z € f(y)}
= Sup{pz(v):xe f~ "(y)}

= tyvm¥)-

Simﬂarly, we can show that um(y) < vyym W) Thus /f(A) € f(VA).
Hence \/f(A) = f(v/A) proved. O

Theorem 5.16. Let f be a homomorphism of a T-ring M into a T-ring M. If B is an IFI of M ,
then \/f~1(B) = f~!

Proof. Clearly, \/f~1(B) and f~!(v/B) are IFIs of M. Let z € M, € T be any element,
then

tiym (@) = pyp(f@) = V{ps((f(z)y)"f(z)):m> 0}
V{uB( ((zy)™x)) : m > 0}

= V{us-1m((@y)"z) : m > 0}

= Mm@

Similarly, we can show that v,_, 5 () = v fﬁl(B)(x), forallz € M,~ eT.

Hence \/f~1(B) = f~'(V/B). O
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6. CONCLUSION

In this paper we have explored the fundamental ideas of intuitionistic fuzzy primary
ideal and intuitionistic fuzzy prime radical in I'-ring M. We proved that intuitionistic
fuzzy primary ideal of I'-ring is a two valued intuitionistic fuzzy set and base set is a pri-
mary ideal ( The base set of intuitionistic fuzzy set () is defined as theset {z € M : pg(z) =
1,vg(xz) = 0}). We also defined the notion of intuitionistic fuzzy prime radical in I'-ring
M and have shown that the intuitionistic fuzzy prime radical of an intuitionistic fuzzy
primary ideal is an intuitionistic fuzzy prime ideal. We also investigate the homomor-
phic behaviour of intuitionistic fuzzy primary ideal as well as intuitionistic fuzzy prime
radical in I'-ring. The results obtained in this paper are more advanced than that in the
classical ring under intuitionistic fuzzy environments. Moreover these results not only en-
rich the previous studies but also lay down the foundation of more powerful result which
is under study for future work as the decomposition of ideal in terms of primary ideals
in intuitionistic fuzzy environment (A generalization of prime factorization of number in
number theory).
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