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Convergence Results for Mean Nonexpansive Mappings in
Uniformly Convex Banach Space

OMPRAKASH SAHU!, AMITABH BANERJEE? and NIYATI GURUDWAN 3

ABSTRACT. In this paper, we establish weak and strong convergence theorems for mean nonexpansive map-
pings in Banach space under the M-iteration process.

1. INTRODUCTION

Let Y be a Banach Space and § # W C Y. Consider the selfmap S : W — W. An
element ey € W is called a fixed point if

580 = €y

The set of all fixed points of S is denoted by F'(S). Fixed point theory has always an
important role in the field of analysis. The Banach contraction principle is a milestone in
the fixed point theory. It always inspires researchers to obtain fixed points of different
mappings over different spaces. Fixed point problems possess either an existing problem
or an approximate scheme. Over the years, researchers have developed many iterative
schemes to obtain approximate solutions to fixed point problems for different mappings
or operators over different spaces. In 1953 Mann [10] introduced an iterative scheme. Let
S : W — W be any nonlinear mapping. For each py € W, the sequence {p,} in W is

defined by
po €W (11)
Pn+1 = (]- - an)pn + anspn

where «,, € [0, 1].

Later Agarwal et al.[1] introduced an iteration process, also called S — iteration process,
is defined as: Let S : W — W be any nonlinear mapping. For each p, € W, the sequence
{pn}in W is defined by

po €W
qn = (1 - Bn)pn + BnSpn (1.2)
Pn+1 = (1 - an)Spn + OénS(Jn~

where a,, 8, € [0, 1]
2014, Gursoy and Karakaya [7] introduced a new iteration process called the Picard-S
iteration process. Let S : W — W be any nonlinear mapping. For each py € W, the
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sequence {p, } in W is defined by

po €W

T'n = (]- - 6n)pn + ﬂnspn
qn = (1 - an)Spn + O[nS’I’n
Pn+1 = SQn

(1.3)

where a,, 3, € [0,1]. They proved that the Picard-S iteration process converges faster
than all Picard, Mann, and Ishikawa iteration Processes.

In 2015, Thakur et, al.[15] used a new iteration process, defined as; let S : W — W be any
nonlinear mapping. For each py € W, the sequence {p,,} in W is defined by

po €W

rn = (1= Byn)Pn + BuSpn
dn = T((l - an)pn + anrn)
Pn+1 = Sqn.

(1.4)

where a,,, 5, € [0,1]

In 2018 Ullah et. al. [16] introduced a new three-step iteration process Known as the "M-
Iteration Process”, defined as let S : W — W be any nonlinear mapping. For each py € W,
the sequence {p,,} in W is defined by

po € W

rn = (1 — an)pn + @nSpy
qn = STy,

Pnt+1 = Sqn

(1.5)

where a,, € [0, 1]

Ullah et al. [16] provided the weak and strong convergence of the M-iteration Scheme,
for the class of Generalized nonexpansive mapping. In this paper, using the M -Iteration
scheme with the class of mean nonexpansive mappings, and in this way, we extend his
results in the more general setting of mean nonexpansive mappings.

2. PRELIMINARIES

In this section we shall discuss some definitions and results to be used in the main
results:

Definition 2.1. [6] A Banach space Y is called uniformly convex if for each € € (0, 2] there
isad > Osuchthatp,geY

pll <1, p+q
llall <1, = [~z
llp—qll > €

Definition 2.2. [12] A Banach space Y is said to satisfy the Opial’s property if any weakly
convergent sequence p,, in ¥ which admits a weak limit ¢ € Y, one has

lim sup ||p,, — cf| < limsup ||p,, — ||
m—00 m—0o0

foreach € Y — {c}.
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Definition 2.3. [14] Suppose W # () is any subset of a Banach space Y. A self map S :
W — W is said to be endowed with the condition I if and only if a function L : [0, 00) —
[0, 00) exists such that L(0) = 0 and L(r) > 0 for all » > 0 and ||p — Sp|| > L(d(p, Fs)) for
eachp e W.

In 1975 Zhang[20] introduced and studied the class of mean nonexpansive mappings
in Banach spaces, he proved the unique existence of fixed points for this class of map-
pings in Banach spaces with normal structure. Zhang[20] provided the following class of
mappings.

Definition 2.4. [20] Let W # () be a subset of a Banach space. A self-map S : W — W is
called mean nonexpansive if for all p, ¢ € W there are non-negative real numbers a, b such
thata + b < 1, we have

|[Sp — Sq|| < allp — ql| + bl[p — Sql|.

Lemma 2.1. [13] Let Y be a uniformly convex Banach space and 0 < u < t, <v <1Vn € N.
Let {py,} and {q.} be two sequences of Y s.t. imsup,,_, o ||pnl] < @, limsup,,_, o ||¢n|| < a and
limsup,,_, o ||[tnpn + (1 — tr)an|| = a hold for some a > 0. Then lim ||p,, — gn|| = 0.

n—oo

Lemma 2.2. [2]If S is a self map and mean nonexpansive on a subset W # () of a Banach Space
Y. Then F(S) is closed, Moreover, if Y is strictly convex and W is convex, then F(S) is also
convex.

Lemma 2.3. [21] Let S be a mean nonexpansive mapping of the Banach space Y. If S is continu-
ous and a + b < 1, then S has a unique fixed point.

Theorem 2.1. [21] Let W be a nonempty closed subset of Banach space Y and S a mean nonex-
pansive self-mapping on W. If a +2b < 1 and b > 0, then S has a unique fixed point.

Theorem 2.2. [21] Let Y be a real reflexive Banach space which satisfies Opial’s condition, W a
nonempty bounded closed convex subset of Y, and S : W — W a mean nonexpansive. Then S
has a fixed point.

Theorem 2.3. [21] Let W # () be a subset of a reflexive Banach space Y having Opial property.
Let S : W — W be a mean nonexpansive mapping. If {p,,} C W be such that

(1) {pn} converges weakly to eg

(2) limy,—00 ||SPn — pnl| =0
then €y = Seo.

Corollary 2.1. [21] Let W be a bounded closed convex subset of Banach space Y and S a mean
nonexpansive self~-mapping on W. Then S has an approximate fixed point sequence in W.

3. MAIN RESULTS

In this section, we establish convergence theorems using M- iteration process (1.5). To
prove this, the following Lemma are needed.

Lemma 3.4. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # (. Assume that {p, } is a sequence
defined by M — iteration process (1.5). Then lim,, o ||pn, — eo|| exist for each ey € F(S).
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Proof. Let ey € F(S). Then using M — iteration Process, we have
[Irn — €ol| = [[(1 = an)pn + anSpn — €|
< (1 = an)llpn — eol| + an|[Spa — eol|

= (1= an)llpn — €ol| + anl[Spn — Seol|

(1 = an)llpn = eol| + an(allpn — eol| + bl[pn — Seol|)
= (1= an)llpn = eol| + an(a + b)|lpn — eol|

(
|

IN

< (1 = an)llpn — eol| + anllpn — eol|
= |lpn — eol| (3.6)
and so
|lgn — eol| = [[STn — eol|
< aflrn — eol[ 4 b|rn — Seol|
= (a+b)|lrn — eol|
< |[rn — eoll (3.7)
This implies that
|[Pn+1 — eol| = [[Sgn — €0
< allgn — eol| + bllgn — Seo|
= (a+0)[lgn — eo|
< llgn — eoll (3.8)

From equation (3.6), (3.7) and (3.8), we obtain
[Pnt1 — eol| < |lpn — eol| (3.9)

It follows that {||p, — eo||} is non-increasing and bounded. Hence lim,,_, ||[pr — eol]
exist. ]

Lemma 3.5. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # (. Assume that {p,} is a sequence
defined by M — iteration process (1.5). Consequently {p,} is bounded in Y with the property
limy, 0 ||Spn - pn” =0.

Proof. Let eg € F(S). Using Lemma 3.4, we have lim,,_,« ||p, — eo]| exist and {p,} is
bounded. Suppose that

lim ||p, —eol| = a
n—oo

Case I: « = 0, we are done.
Case II: a > 0, From equation (3.6) in Lemma 3.4, we have
[Irn — eoll < [lpn — eol|

= limsup ||r, — egl| < hmsup [lpn. — eol| = a (3.10)

n—so0
Now
|[Spn — eol| = |[Spn — Seo|
< allpn — eol| + bl|pn — Seo|
= (a+b)||lpn — eol|
< lpn — eoll (3.11)
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It follows that

lim sup|Sp,, — eol| < limsup|[p, — col| = a
n— oo n— o0

Using Lemma 3.4
P41 = eol| < [lrn — eol|

It follows that

a < liminf||r, — egl| (3.12)
n—oo

From equation (3.10) and (3.12), we obtain
a = lim ||r, — eo|
n— oo

= nlggo H(]- - an)pn + anSpn - 60”

= nh_)ngo 11 = an)(pn — €0) + an(Spn — €o)l|
By Lemma 2.1

Jim ||Spy —pall =0
(]

Theorem 3.4. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # (. Assume that {p, } is a sequence
defined by M — iteration process (1.5). If Y has the Opial property, then {p,,} converges weakly
to a point of F'(S).

Proof. By Lemma 3.5, the sequence {p,, } is bounded and lim,, , ||Spn — pn|| = 0.

Since Y is Uniformly Convex Banach Space, it follows that Y is Reflexive Banach space.
Thus there exists a weakly convergent subsequence {p,,} of {p,} with some weak limit
¢1 € W. By Theorem 2.3, g1 € F(S). Next we have to show that {p,, }is weakly convergent
to ¢1. We may suppose that {p, } is not weakly convergent to ¢;, that is, there exists a
weakly convergent subsequence {p,,} of {p,} with a weak limit ¢ € W and ¢ # q¢i.
Again applying Theorem 2.3, {¢o} € F(S). By applying Opial’s condition and using
Lemma 3.4, it follows that

lim |[p, — @l = lm [|p,, — q1]|
n—oo 1—> 00
< lim |[pn, — g2l|
1—> 00
= lim |[|pn — 2|
n—oo
= lim [|ps; — 2|
j—oo
< lim |[|pn; — a1
j—o0
= lim ||p, — q1]].
n— oo
Which is contradiction, so ¢1 = ¢2. Thus {p, } converges weakly to ¢; € F(S). O

Theorem 3.5. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # 0. Assume that {p,} is a sequence
defined by M — iteration process (1.5). If W is compact, then {p,} converges strongly to an
element of F(S).
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Proof. Since W is compact and {p,,} C W. So we can choose a strongly convergent subse-
quence {py, } of {p,} such that p,,, — u. Now we show that Su = u.
For this

llu = Sul] < |[u = pu, || + [Py — SPay |l + ISPy, — Sul|
< |lu = pui |l + [IPny, — SPu |l + (allpn, — ull + bllu — Spa, 1)
<[ = oy || + 1Pny, = SPu |l + (al|pny, — ul| +0l|w — pry || + bl |pny, — Spn,l])
= (a+b+1D)[u—pull+ b+ D[P, — Spuyll

Consequently
Hu - Su” < (Cl +b+ 1)||u _pnkH + (b+ 1)Hpnk - Spmc” (313)

According to Lemma 3.5, limg o ||pn, — SPa, || = 0, so taking & — oo, from (3.13) implies
Su = u. This shows that u € F(S). By Lemma 3.4, lim,,_, « ||, — u|| exists. Consequently,
u is the strong limit of {p,,} and element of F(S). O

The strong convergence theorem without the compactness assumption is established
as follows

Theorem 3.6. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # (. Assume that {p,} is a sequence
defined by M — iteration process (1.5). Then {p,} converges strongly to an element of F(S) if
and only if iminf,,_, o d(pn, F'(S)) = 0, , where d(p, F(S)) = inf{||p — eo]| : e0 € F(S)}.

Proof. Let {p,} converges to eg, then lim, .o d(p,,e0) = 0. It follows that lim,
d(pn, F(S)) = 0. Therefore, lim inf,,_, o d(pn, F(S)) = 0.

Conversely: Suppose that liminf, . d(p,, F(S)) = 0 and ey € F(S). From the Lemma
3.4, lim,, o ||pn—eo|| exists. Therefore lim,,_,  d(pn, F'(S)) = 0, by assumption. We prove
that {p,, } is a Cauchy sequence in W. As lim,,_, oo d(pn, F(S)) = 0, for a given € > 0, there
exists ry € N such that for each m > rg.

€
2
In particular inf{||pr, — eo|| : e0 € Fi} < §. Therefore there exists ey € F(5) such that

d(pn, F(S)) < 5 = inf{llpn = col| : e0 € F(S)} < 5 (3.14)

€

Ipro = <ol < 5 (3.15)
Now for r,n > ko,
1Pntr — Pull = |[Pntr — eol| + |[Pn — eol|
< [pro = eoll + [|pro — €ol|
= 2||pr, — €0l| < € (3.16)

This shows that {p,, } is a Cauchy sequence in W. As W is closed subset of a Banach Space
Y, so there exists a point e € W such that lim,, o p,, = €. Now lim,,_, oo d(pp, F'(S)) =0
gives that d(eg, F'(S)) = 0. Since From Lemma 2.2, we have have the set F'(S) a closed set
in W. Hence ey € F(95). O

Theorem 3.7. Let W # () be a convex closed subset of a Uniformly Convex Banach Space Y and
S : W — W be a mean nonexpansive mapping with F(S) # (. Assume that {p,} is a sequence
defined by M — iteration process (1.5). If S is endowed with condition (1), then {p, } converges
strongly to an element of F'(.9).
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Proof. From Lemma 3.5, we have

lim [|Spy, — pal| = 0. (3.17)
n—oo
From Condition (I) and equation (3.17), we have
lim L(d(pn, F(S))) < lim [|p, — Spl|
n—oo n—oo
= lgn L(d(pn, F(S))) =0.

Since L : [0,00) — [0, 00) is a non decreasing function satisfying L(0) = 0 and L(r) > 0
forall r € (0, 00), therefore, we have

lim d(py, F(S)) = 0.

n—oo

By Theorem 3.6, the sequence {p,,} strongly converges to a fixed point of F'(S). O

4. EXAMPLE

In this section, we discuss the examples of a mean nonexpansive mapping. Here it is
illustrated that a mean nonexpansive mapping is not necessarily nonexpansive.

Example 4.1. [5] Let S : [0,1] — [0, 1] be a mapping defined by

1 pel0 ]
Sp)=413% pre(.1)
0, p=1

Then S is mean nonexpansive witha = b = %, but S is not continuous. Therefore S cannot
be a nonexpansive mapping.

Example 4.2. Let S : [0,1] — [0, 1] be a mapping defined by
B’ € [0, 1
sy =45 PE2)

Here $ is discontinuous at p = 1; consequently S is not nonexpansive mapping. Now we

prove that S is mean nonexpansive mapping.
Case I: If p, q € [0, 1), By definition of S,

p q
Sp—Sql| =2 -2
5o - Sall = 12— 4|
1||6£_6ﬁ|‘
67 7

1 qg q P q
=gllp—7+z -7 —(@a=p+p-2)l

1 1 1
“lp — “llp—S ~|ISp — S
6||p Q\|+3Hp QH+6|| p— Sql|

IN



226 Omprakash Sahu, Amitabh Banerjee and Niyati Gurudwan
This Implies that ||Sp — Sq|| < ||p — ql| + 2||p — Sql|-
CaseIl:If p € [0, 3) and ¢ € [1, 1], By definition of S,

_P_4
||Sp Sq\l—l\7 8||
p Sp, Sp Sq  Sq qH

7T T T T T YT T
< Lo spll+ L11sp - Sql| + 21lq - 54
_7p 1% 7 P q 7(] q

1 2 2
< Zlp— Zilp— S Z11Sp— S
< 7||p q||+7|\p q\|+7|\ p— Sql|

This Implies that ||[Sp — Sq|| < L||p — q|| + 2||p — Sql|.

CaseIIL: If p € [3,1] and ¢ € [0, 3), The proof is the same as in Case IL
Case IV:If p,q € [3,1], The proof is the same as in Case 1.

Hence, S is mean nonexpansive by taking a = 1,b = 2.
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