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Automorphisms of Automorphism Group of Dihedral
Groups

SADANANDAN SAJIKUMAR, SIVADASAN VINOD and GOPINADHAN SATHIKUMARI BIju

ABSTRACT. The automorphism group of a Dihedral group of order 2n is isomorphic to the holomorph of a
cyclic group of order n. The holomorph of a cyclic group of order n is a complete group when n is odd. Hence
automorphism groups of Dihedral groups of order 2n are its own automorphism groups whenever n is odd. In
this paper, we prove that the result is also true for those Dihedral groups of order 2n where n is twice a prime
number.

1. INTRODUCTION

An automorphism on a group G is a bijection f : G — G which preserves the binary
operation on G. The set of all automorphisms on a group G under the composition of
mappings forms a group, which is denoted by Aut(G). The topic of automorphism group
of a group has been of interest to many researchers for a long time. The automorphism
group of abelian groups has been analyzed fairly well [2, 13], but the case of non-abelian
groups is more complicated and is still an active research area. Finite groups whose auto-
morphism group is abelian were first considered by G. A. Miller [10], who studied a group
of order 64 with an abelian automorphism group of order 128. In general, the problem of
classification of non-abelian groups with abelian automorphism group still remains an
open problem, though solutions exist for a few special cases [1, 4, 6, 12].

The automorphism group of D, the dihedral group of order 2n, is isomorphic to the
holomorph of Z,, the cyclic group of order n [14]. It is known that the holomorph of
a cyclic group of order n is a complete group only when n is odd [9]. Since the auto-
morphism group of a complete group is the group itself, it follows that Aut(AutDs,) is
isomorphic to AutDs, whenever n is odd. In this paper, we prove the result is also true
for those Dihedral group of order 2n where n is twice a prime number.

Most of the notations, definitions and results we mention in this paper are as in [7] and
[5]. For a group G, let |G| the order of G and o(g) denote the order of the element g in G.
For integers m and n, the greatest common divisor of m and n is denoted by (m, n).

For any given natural number n let:

p(n) = the number of non-negative integers less than n and relatively

prime to n.

Also, for n > 1, Z,, denotes the group of integers modulo n and Z;, denotes the multi-
plicative group of integers group modulo n.

Definition 1.1. [7] A subgroup H of a group G is said to be a characteristic subgroup of
G if ¢(H) = H for all automorphisms ¢ on G.

Theorem 1.1. [5] The group Aut(S,,) = Sy, foralln > 3 and n # 6.
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Theorem 1.2. [5] Let G be a group and H be a unique subgroup(cyclic) of given order. Then H
is a characteristic subgroup.

Theorem 1.3. [8] The group Z is cyclic if and only if n = 1,2,4,p* or 2p* where p is an odd
prime.

For each natural number n > 3, define

Gn:{[g ll’] : aezz,bezn}

Then G,, is a group of order ny(n) with respect to matrix multiplication. the identity

. 1 0 . a bl. [a! —ba!
elementof G,,is I = [O J and the inverse of [O 1} is [ 0 1 ]

Theorem 1.4. [3] The group G,, is isomorphic to Aut(Da,,) for all positive integer n > 3.

2. AUTOMORPHISM GROUPS OF AUTOMORPHISM GROUPS D,
Now we characterize automorphism groups of Aut(Day,).
Theorem 2.5. Let n = 1,2,4,p" or 2p* where p is an odd prime. Then
T4+t+t2 4. +t°™~1 = 0mod(n)
forallt € Z} and o(t) = p(n).

Proof. The case n = 1,2 and 4 are trivial. So assume that n = p* or 2p*, t € Z¥ and
o(t) = ¢(n). Therefore

(T4+t+2 4. +t2M (= 1) =) — 1 = 0mod(n) (2.1)
Claim that ¢ — 1 is not congruent to 0 mod(p). Suppose t — 1 = 0mod(p). Then
t=14rp forsomer e Z
— T = ) =1 P ) T G+ o

Each term in the bracket is congruent to zero mod p*. Hence

' = 1 mod(p*) (2.2)
If n = 2p¥, then ¢ is odd and hence
" = 1mod(2) (2.3)
and
T4+t+t2 4. +tPM71 = 0mod(2) (2.4)
From (2.2) and (2.3), we get
#""" = 1mod(n), whenn = p* orn = 2p*

= o(t)inZ; < Pl < pkfl(p —1) = p(n),

a contradiction to the choice of . Hence
t —1=0mod(p) (2.5)
From (2.1), (2.3) and (2.5), we have
T4+t+t24 ... +t°™~1 = 0mod(n)

when n = p* or 2pF. O
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Theorem 2.6. Let n = p or 2p where p is an odd prime. Then

L+z+22 4. .+ 22 =0mod(n)
forall z € Z} and z # 1.
Proof. Let z € Z}, and z # 1.Then

z — 1is not congruent to 0 mod(p) (2.6)

Now,
A+z4+22 4. +227H(z—1) =22~ = 0mod(n) (2.7)

Hence by (2.6),

L+ 2422+, + 2272 = 0mod(p) (2.8)
If n = 2p, then z is odd and hence

L4242+ 42272 = 0mod(2) (2.9)
From (2.8) and (2.9) we get

14+ 2z+2%4...+ 272 = 0mod(n) (2.10)
forall z € Z} and z # 1 when n = p or 2p. O

Theorem 2.7. Let n = 2,4, p* or 2p* where p is an odd prime. Let a = [(1) ﬂ, b= [é 21/]

where x,t € 7.5,y € Zy,, and o(t) = o(n). Then
(i) o(a) =n
(i) olb) = p(n)
(iii) b~ta’b =a  foralli e N
(iv) b= a'b* = o foralli,k € N
(v) (a) is normal in G,, and (a) N (b) = {I}
(i) G={a,b)y={ba? : 0<i<epn)—1,0<j<n-1}

|1 = b |1 kx
“Tlo 1 Tlo o1
Therefore o(a) in G, = o(z) in Z,, = n.
(ii) Forany k € N,

o — {t yr: [tk (1+t+t2+...+tk_1)y}

Proof. (i) Forany k € N,

0 1 0 1

Now, bf =1 = th =1 = k> p(n).

Also,
pen) — [U Y PO e (Lt 24 ey
001 1o 1
= Ll) ﬂ ; by theorem 2.5

Therefore o(b) in G, = p(n).
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s —1
[t e -yt [t oyl 1 tThz] 1w " it
1o 1 0o 1l o 1 | ]o 1 -

(iv) Leti € N. Then b~'a’b = a'* . Hence the result is true for k = 1. Suppose the
result is true for k£ = n. Then

b= (D gipntl = 5=l (h g b )b = bl b = ait "t ; by (4i)
- ait*(n+1)

Hence the result is true for all 7, k € N.

(v) Letg = [S ﬂ € Gpand a’ € (a). Then

i—1_ |z dl|1 2] [ —det [z d] 1 iz [27t —dzT?
999 =1o 1fjo 1) o 1 [T o 1o 1[0 1

Jezt —zdzt tiza 4+ d] [1 dzx] |1 Iiz_ ize<>
=17 1 “lo 1] |o 1] —¢ ¢

Hence (a) is normal in G,,.
Let z € (a) N (b). Then

z=a'=V forsome 0<i<n-—1, and 0<j<epn) -1

:>_1xi_tyj
“Z1lo 1] T lo 1

— t/ =1 forsome 0<j < p(n)— 1.

Since o(t) = ¢(n), we have j = 0. Therefore z = b° = I. Hence (a) N (b) = {I}.
(vi) By (v) we have,

G:<b><a>={biaj : OSiS@(n)—l,OSan—l}z(a,b>
O

Theorem 2.8. Let n = p or 2p where p is an odd prime. Then < [(1) ﬂ > is a characteristic

subgroup of G,,.

z d

Proof. Let g = [0 1

] € Gy. If z #£ 1, then

; by theorem 2.6

-1 |Z dpil_ 7 (I4 24224+ +2P72)d] _[1 0
T o1y T o 1 ~ o1

Therefore o(g) in G, <p—1 < n.
Let z = 1. Then

k
v oAt 1 kd o
g —{0 J —[0 1} = o(9) in G,, = o(d) in Z,,
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1

0 313 : 0<z<n-—1,(z,n) =1;. Therefore,
. 1 1 1 1 .

there are ¢(n) elements of order n. Since o = n, we have 0 1|/ the

Hence the elements of order n in G,, are

0 1

unique cyclic subgroup of G,, of order n. Hence (1) 1 is the characteristic subgroup

of G,.

Theorem 2.9. Let n = p or 2p where p is an odd prime. Then |Aut(Gy,)| = np(n).

0 1 0 1
¢ : G, — G, be an automorphism. Since <a> is a characteristic subgroup of G,, and a
has order n, we have ¢({(a)) = {a) and ¢(a) = a' for some 0 < i <n —1and (i,n) = 1.
Assume ¢(b) = bta™ for some 0 < I < p(n) —1land 0 < m < n — 1. By theorem 2.7, we
have b—lab = at .
Therefore

Proof. Take a = F 1} and b = [t O] where t € Z* such that o(t) = p(n) = p — 1. Let

o(b"ab) = g(a' ) = (6(0)) (@6 (b) = (&))"
— (blam)fl(ai)(blam) _ (ai)t_l — afmbflaiblam _ ait_l
— a—m(b—laibl)anb — ait71 — a—7rL(ai(t71)l)am — ait71

B e S I e (e

— it H(tH = 1) = 0mod(n) ; since o(a) =n
— tH"' —1=0mod(n) = (¢t H" = 1mod(n)

= 1—-1=0 ;since o(t ') in Z7, = p(n) and I — 1 < p(n)

Hence ¢(b) = ba’ for some 0 < j < n— 1. Consequently, there are at most ny(n) automor-
phisms on G,, and hence

[Aut(Gn)| < np(n)

Conversely, suppose for each0 < i < n—1land 0 < j < p(n) — 1, define a map
(bi,j : Gn — Gn by

@i (bla™) = blam

where b = ba’, i = a* and 0 < I < p(n) — 1 and 0 < m < n — 1. We show that ¢ j is an
automorphism.
Let bla™, b*a® € G,,. Then

Bambra® = b (a™b")a® = b (b a™ " ) )a® by Theorem 2.7
_ bl-l—k:am(t*l)k-&-s
—1\k ~ A,,n—llcs ~ f A\NM kAs
iy ('amba®) = (B Fam ) = (B R @)™ = (b)! () (@)™ (@)
= (0)"(@)"(b)"(@)* = ¢1,5(b'a™) i (v a*)

Hence ¢; ; is a homomorphism. By Theorem 2.7, we have <d13> = G. Hence ¢; ; is onto.
Since G,, is finite, ¢; ; is one-one also. Therefore ¢; ; is an automorphism.
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Next we will prove that ¢; ; are different. Suppose ¢; ; = ¢ s where 0 < i,k <n —1
and 0 < j,s < ¢(n) — 1. Then

$ij(a) = ppo(a) = a'=a* = i=k
Again,
$ij(b) = dps(b) = ba’ =ba® = @’ =a° = j=s
Consequently there are at least ny(n) automorphisms on G,,. Hence
|Aut(G)| = ne(n)
O

Take a = [(1) ﬂ and b = [8 ﬂ where t € Z}(n = por2p) and o(t) = p(n) =p — 1.

There is a unique automorphism on G,, which map a — a’ and b — ba/ where 0 < i,j <
n —1and (i,n) = 1. Denote this automorphism by ¢, ;, called automorphism induced by
the map a — o’ and b — ba’. Hence

Aut(Gp) ={¢ij + 0<i,j<n—1,(i,n) =1}

Theorem 2.10. Aut(G,,) is isomorphic to G,, for n = p or 2p where p is an odd prime.
Proof. Define ¢ : Aut(G,,) — G, by
so =y ] ogiisa-16m =1
Now,
i j © brs(a) = @i j(a¥) = a™
and
i © Dk,s(b) = @i j(ba®) = ¢ j(b)¢i j(a) = ba’a™ = ba™ 7

Hence ¢; ; o ¢, s = ¢1,m Where | = ik mod(n) and m = (ik + j) mod(n).

So,

W(Bi 0 Brs) = D(dm) = {é T{L] _ {zk mgd(n) (J +is)1m0d(n)

IR L
o |:0 1:| |:0 1:| = (i ;)Y (Pk,s)
Clearly v is one-one and onto. Hence ¢ is an isomorphism from Aut(G,,) onto G,,. O

It well known that Dy is the only abelian Dihedral group and that its group of automor-
phisms is the symmetric group of order 6(S3). Thus Aut(AutDys) = AutS; = S3 = AutDy.
Aut(AutDg) is isomorphic to G4 which is a non-abelian group of order 8. Dg has 4 inner
automorphisms in which every element has order 2 except trivial automorphism. Hence
AutDS = Dg. So Aut(Auth) = Auth.

Hence we have the following.

Theorem 2.11. Let n = p or 2p where p is prime. Then Aut(Aut(Dazy,)) is isomorphic to
Aut(Dgn).
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3. CONCLUSION

In this paper, it is proved that Aut(Aut(D2y)) is isomorphic to Aut(Ds,) whenever n
is twice a prime number. The case when n is even and not twice a prime number will be
considered in future work.
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