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Hardy Spaces and Integral Means of Certain Integral
Operators on Analytic Functions

JOCELYN JOHNSON ! and S. SUNIL VARMA?

ABSTRACT. In this paper, we determine the Hardy spaces of certain integral operators on normalised analytic
functions defined in the open unit disk in the complex plane with the prior knowledge of the Hardy spaces of
the functions or their derivatives in the integral.

1. INTRODUCTION

Given an analytic function f : A — C, where A = {z € C: |z| < 1} in the complex plane,
the integral means of f are defined as

(oL [27 | f(re®®)[Pdg} /P, if0 < p < o0

mazo<g<ar|f(re)], if p = oo.

Mp(rmf) = {

For 0 < p < o0, a function f(z) = >° ; a, 2™ analytic in A is said to belong to the Hardy
space HP? if the integral mean M, (r, f) isbounded asr — 1~. i.e,,

lim My(r, f) < K,
r—1-

where K is a constant depending on f. When p = oo, the class H* consists of all bounded
analytic functions in A. In particular, when p = 2, H? consists of all functions f(z) =
> o anz" analytic in the open unit disk with >°>° |a,|* < c0. If 0 < p < ¢ < oo, then
HP > HY D> H*[2].

Let A denote the class of analytic functions f defined on A with the normalization [4]

f0)=f(0)-1=0,

having the Taylor’s series representation

flz)=2z+ Zanz”.
n=2

Several integral operators on the subclasses of analytic functions on the unit disk were
studied in the past [1, 3, 6, 8,9, 10, 11, 14].

In this article, we construct the integral operators F)'s considering the Hornich operators
on functions in Class A, we determine the inclusion theorems involving Hardy spaces
of F!s provided the Hardy space in which the functions f’s or its derivatives used in
constructing F;’s are known. We also analyse a bound for their integral means by estab-
lishing a relation between the integral means of these integral operators and that of the
integrands. In addition, we examine the limiting behavior of the Taylor’s coefficients of
these integral operators.
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2. PRELIMINARIES

In this section we recall a subclass of analytic normalised functions introduced and
studied by Mac Gregor in the year 1962.

Definition 2.1. [12] A function f € A is said to be in class R if it satisfies the inequality
Re(f'(2)) >0, forall z € A.

We require the following lemmas to substantiate our results.

Lemma 2.1 ([13], p. 40). If f € HP? and g € H? then fg € H7ta,

Lemma 2.2 ([2], p. 88). If f/ € H? then f € HT™5%, ifp <1

Lemma 2.3 ([2], p. 88). If f/ € HP then f € H*, ifp > 1.

Lemma 2.4 ([10], p. 04). If f € A satisfies 27 f(z) € HP,(0 < p < o0) for some real vy, then
f e HP.

Lemma 2.5 ([5], p. 408). If f(z) € HP,(0 < p < 1)and f(z) = >..° | apz" then a, =

1 n=1
o(n»™1).

Lemma 2.6 ([2], p. 34). If f e R = f € HP forallp <1 = feH%,forall
O0<p<l.

3. MAIN RESULTS

In this section we state and prove the main findings of our research work.

Theorem 3.1. Let f; € HP fori=1,2,--- ,n where 0 < p; < oo and
Fi(z) = / H<m> d¢, m; €N, (3.1)
o 11¢
(1) If 17 pi < X7y mipi, where p; = p1pa - - - Pi—1Dit1 - - - Pn, then
1—[11:1 Di
Sz mipi — [y pi
(i) IfTTi—y pi = D i) maibs, where p; = p1pg - - - Pi—1Pi+1 - - - P, then Fy € H*.

Proof. Let f; € HP fori=1,2,--- ,n.
Using Lemma 2.1, we obtain

Fy, € H*, where u =

(fz)ml GH:TZHmz 6N,i21,2,"' y

and
. ; I pi
H(fi)m’ € HM\ X\ = ===, where p; = p1ps - - Pi-1Pit1 - Pn-
i1 21:1 m;p;

On differentiating (3.1), we have,

n

AT mO Rl (z) = T (i)™

i=1
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Using Lemma 2.4, we get,

n
! i=1Pi .
Fi(z) € HMN A = %J% =Pp1P2- " Pi-1Pi+1 " Pn-

D1 Mibi

We have the following 2 cases:
(i) When [];", pi < >, mip;, we have A < 1.

Using Lemma 2.2,
Hn p
L= K3 ~
Fy € H", where i = —5 =l and p; = p1p2 - Pi—1Pi+1 " Pn-

>icimaibi — [y pi

(i) When [T}, pi > >°1_, mip;, we have A > 1.
Using Lemma 2.3,

Fy e H™.

O

Theorem 3.2. Let f; € R,i =1,2,--- ,k, g; € HY forj =1,2,--- |1, where 0 < ¢; < 00

and
2 k l ‘ n;
R = [T T (2E) at minsen (32)
i=1 j=1
then
p(Hé‘:l qj)
(S m) (T a) + Py mydy — 1Ty 4)

forallp <1,q; =qqz- -~ qj-1gj+1 - Q-

Fy, € H*, where =

)

Theorem 3.3. Let f; € Rfori=1,2,---kand

.k
B2 = [ T as, mien, (33)
0 =1
then
F3 € H" where p = — forallp < 1.
i=1 m;) —p

Proof. Let fi € Rfori=1,2,--- k.
fi' € H? fori=1,2,--- ,kand for all p < 1., using Lemma 2.6.
Using Lemma 2.1, we obtain,

’

(f;)m GH%, forallp<landm; e Nfori=1,2,--- k

and
k P

[0 e B==m (3.4)

i=1
On differentiating (3.3), we get,

k
Fy(z) = [T/ )™ mys € Nfori = 1,2, k.
i=1

We have,

, p
Fy € H>=1mi by (3.4).
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Since p < 1, it follows that p < Zle m;.
Therefore by using Lemma 2.2, we have,

F3 € H" where u = forallp < 1.

Theorem 3.4. Let f; € Rfori=1,2,---kand

k m;
T O™ e, mon,
F4<z>f/0 1_[1( . ) (f;(O)™d¢,  my,n; €N, (3.5)

then
p

(i ma) + (i ma) — (S mi — 1)

Proof. Let f; e Rfori=1,2,--- k.
By Lemma 2.6, we have,

filer7 fori =1,2,---kand forallp < 1. (3.6)

Fy € H" where y = forallp < 1.

Now by Lemma 2.1,
(f;)"’ € Hw forallp<landn; € Nfori=1,2,---,k

and

k D
(f & HEE,
i=1
From (3.6) and Lemma 2.2, we get,
fi e H™  forallp < 1. (3.7)
Using (3.7) and Lemma 2.1, we have,
k [
[T e mo-n(zhaed.
i=1

k
— [y e i (S ra-n(sim)
i=1

On differentiating (3.5), we get,
k ’ k ’ -
L0 mi)F4(Z) — H(fl(z))ml (fz (Z))” cH (Zle m)*“*”)(zle m,;) .

i=1

Using Lemma 2.4, we have,

D

in ceH (2’5=1w)+<17p>(215=1mi) '

Since p < 1, it follows that p < (335, ns) + (1 — p)(X_, ma).
Therefore by Lemma 2.2,
p
k % k
(Xima i) + (imy ma) — (i mi — 1)

forallp < land m;,n; €N, i =1,2,--- k. 0

F, € H" where y =
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Corollary 3.1. [7] Let f; € HP* and f, € HP? where 0 < py,p2 < oo and

o (49" (59) "mm

(i) If p1p2 < p1ma + pamy, then
Fs € Hmawmmi—virs |
(ii) If p1p2 > pimeg + pama, then F5 € H™.
Corollary 3.2. [7] Let f1 € Rand gy € H?, where Q = <, r > 1 and

y
Rate) = [ ity (24

) d¢,m,n € N,

then
pQ

Fe e HMQ+p(n—Q) forall p < 1.
Corollary 3.3. [7] Let fi, fo € Rand

Fi(z) = / O™ (fa(Q)y™dC, ma,m € N,

then )
F; e Htmadma=r forallp < 1.

Corollary 3.4. [7] Let f1 € HP* where 0 < p; < co. and

A= [ (59" o e

(i) If p1 < mq, then Fg € Hmio
(ii) prl > my, then Fy € H*®.

Corollary 3.5. [7] Let fieR and Fg(z) = foz(f{((;))mldg, my €N, then Fy € Hmlpfp
forallp < 1.

In the upcoming results, we determine the Hardy spaces of these integral operators by
varying the integrands in class A and their exponentials over R*.

Theorem 3.5. Let f € HP and g € H?,0 < p,q < oo and

z @ B
o) = [(F2) (%) ag, a0 68)
(i) If pq < ag+ Bp then Fyy € H" where j = %.

(ii) If pq > aq + Bp then Fig € H™.

(iii) My (r, Fyo) < M2y, (1, f)MgM(r, 2) where A € (0,00)and £+ 1 =1, mn> 1.
1

(iv) If Fio(z) = 2+ > 00y an2™ and % + g > 2 then a,, = o(nﬁfl).

Proof. Let f € H?, then it implies that,

) 1 2m i
lim — |f(re™)|Pdo
0

r—1 27

is bounded.
If h(z) = (f(2))*, for some a > 0,
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: T : 1 o 10\ |ax
lim M (1) = Jing 5= [ e s

is bounded if ax < p which implies 2 < 2.
Thus, h = f* € Hx.

Similarly, if g € HY, then g® € H?.

By using Lemma 2.1, we get,

(f)*(g)? € H=75, where a, 3 > 0and 0 < p,q < co. (3.9
Differentiating (3.8), we get,
2T F(2) = (£(2)*(9(2))".
Also from equation (3.9), we have,
2**PF (2) € Haatms
and hence from Lemma 2.4, it follows that
Fyo(z) € Hwa777,

(i) If p¢ < ag + Bp, then by Lemma 2.2, we have,

Fip e H*, u= L,a,ﬁ>0and0<p,q<oo.
aq + Bp —pq
(ii) If pg > aq + Bp, then by Lemma 2.3, we have,
Fio € H*>.

(iii) Differentiating (3.8) we get,

Fio(z) = <M>a<g(z))ﬁ o, 8> 0.

Therefore,

A

|5 (42
= (;ﬂ /0% % Mmd@y (;W /0% @ mde) :

1 1
where — + — =1, m,n > 1.
m n

' o f g
— M)\(T, FlO) S Makm(””? ;)Mg)\n(r, ;)
(iv) If £ + 2 > 2, then

pq

———— «a,>0and 0 < p,q < co,by Lemma 2.5.
aq+ Bp—pq Y

an = o(n%_l),,u =

O

We now state the results for different integral operators, the proof of which are similar to
above and hence omitted.
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Theorem 3.6. Let f € H?, g be analyticin A, g’ € H?,0 < p,q < oo and

Fu) = [ (f(co)a@’(c»ﬁdc, 08> 0.

. — Pq
(i) If pg < aq+ Pp then Fry € H", p = 5—.

(i1) If pg > aq + Bp then Fyy € H™.

(iii) Mx(r, F},(z)) < M2

S (1 L)V ME, (g (2)), A € (0,00] and L + L =1,
m,n > 1.

() If Fii(z) = 2+ > 00y a,2™ and % + g > 2 then a,, = o(n(i)fl).

Theorem 3.7. Let f, g be analyticin Aand f € H?, g’ € H?,0 < p,q < oo and

Fu2) = [ (101 (©) d, a.8> 0
(i) IfPQ<0éq+,3pthenF126Hulu:$.

(ii) If pq > aq + PBp then Fio € H™.

(iii) My (r, Fio(2)) < M2, (7, f’(z))Mg/\n(n g'(2)), A€ (0,00)and L +1 =1,
m,n > 1.

(iv) If Fia(2) = 2+ >0 5 a,2™ and S+ § > 2 then a,, = o(n(ﬁ)_l).

Theorem 3.8. Let f € H?,0 < p < oo and

- f(C))a
Fi3(z) = =) d¢, 0.
13(2) /0< ¢ ¢, a>
(Z) pr<0£th€l’lF136H'u‘/lu:L

a—p"’

(Zl) prz o then F13 € H®°.

(iii) My(r, Fi3(2)) = M2y, (r, L2), X € (0, 00].

(iv) If Fiz(2) = 2+ 32005 a0 2" and & > 2 then a,, = o(n() 7).

Theorem 3.9. Let f be analytic in A with f' € H?, 0 < p < oo and

Fua(z) = /O (F(O)*dC, o > 0.
(i) If p < athen Fiy € H*, p = 2.

p
(ii) If p > o then Fyy € H*.
(iii) Mi(r, Fiy(2)) = Mgy, (1. f'(2)), A € (0,00].

(iv) If Fia(2) = 2+ 32005 an 2" and & > 2 then a, = o(n's) — 1).

53
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Theorem 3.10. Let f be analytic in A with f' € H?, 0 < p < oo and

Fis(s) = | ) (f (C))a ('(C)?dC, a, B > 0.

¢

(1) I_fp< 1andp< %thenf’m GHﬂl,ﬂlzm.

(ii) Ifp < Land p > $E2 then Fi5 € H*.

(iii) Ifp > land p < 8 then Fy5 € H"2, 15 = ﬁ.

(iv) If p > land p > B then Fy5 € H*®.

(V) M(r, Fi5(2)) < M, (r, L) ME, (r, £/(2), A € (0,00] and £ + L =1,

m,n > 1.

i) If Fis(2) = 2 + 300, a,2™ and p < min{1, 51 then a,, = o(n(Tll)_l).

’ 24«

(0i)) If Fis(2) = 2+ 322, an2" withp < Land p < £ then a,, = o(n'72) 7).

Proof. Let f' € HP,p < 1, then by Lemma 2.2, we obtain,
feH™s.

(f(Z)>a ¢ geitn

z

Using Lemma 2.1, we have,

(f'(2))" € HE.

(12) e e mmm = 2

and

z
On differentiating (3.10), we get,

2Fis = (f(2))%(f'(2))%, a8 > 0.

Using Lemma 2.4, we obtain,

F.eH"m=—2L p<ianda,f>0.

a(l—p)+p
(i) Whenp < a(l—p)+4:
Using Lemma 2.2, we have,

p
Fis € H" gy = .
a(l-p)+pB—p

(ii) Whenp > a(l —p)+ 3
Using Lemma 2.3, we have,
Fi5 € H™.
If f/ € H?, where p > 1,by Lemma 2.3 f € H™.
Using Lemma 2.1, we have,
(19" e
z

(f'(2)) € HF

(I1-p)+8

(3.10)
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(M)a(f’(Z))ﬁ € H"n = %.

z

and

Therefore,
Fll5 € H" wheren = % withp > 1and 5 > 0.

(iii) When p < g3,
Using Lemma 2.2, we get,
F15 c HUZ”MQ — L
B—p
(iv) Whenp > 5,
Using Lemma 2.3, we get,
Fys € H™.

The remainder of the proof is similar in lines with the proof of Theorem 3.5. O

4. CONCLUSION

In this paper, we have determined the Hardy space in which the integral operators lie,
provided one knows the same of the functions or it’s derivatives in the integrand of the
integral operator. We have estimated an inequality of the integral means connecting the
integral operators and the functions in the integrand. A bound for the Taylor coefficients
of the integral operator, depending on the Hardy space in which the integral operator lie
is also determined in this paper.
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