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Decomposition Of Intuitionistic Fuzzy Primary Ideals Of
Γ-Rings

P. K. SHARMA1 , HEM LATA2 and NITIN BHARDWAJ3

ABSTRACT. In this paper, we establish the intuitionistic fuzzy version of the Lasker-Noether theorem for a
commutative Γ-ring. We show that in a commutative Noetherian Γ-ring, every intuitionistic fuzzy ideal A can
be decomposed as the intersection of a finite number of intuitionistic fuzzy irreducible ideals (primary ideals).
This decomposition is called an intuitionistic fuzzy primary decomposition. Further, we show that in case of
a minimal intuitionistic fuzzy primary decomposition of A, the set of all intuitionistic fuzzy associated prime
ideals of A is independent of the particular decomposition. We also discuss some other fundamental results
pertaining to this concept.

1. INTRODUCTION

The concept of a Γ-ring has a special place among generalizations of rings. One of the
most interesting examples of a ring would be the endomorphism ring of an abelian group,
i.e., EndM or Hom(M,M) where M is an abelian group. Now if two abelian groups, say
A and B instead of one are taken, then Hom(A,B) is no longer a ring in the way as EndM
becomes a ring because the composition is no longer defined. However, if one takes an
element of Hom(B,A) and put it in between two elements of Hom(A,B), then the com-
position can be defined. This served as a motivating factor for studying the notion of
Γ-ring. Another reason for studying Γ-ring is that the set M of rectangular matrices of
the type m × n(m ̸= n) over a division ring is closed under the composition of addition
matrices but not under the composition of multiplication matrices. However multiplica-
tion can be performed by inserting a rectangular matrix of the type n ×m from the set Γ
in between the two elements from the set M . These structures provide a suitable setting
for the study of rectangular matrices. The notion of a Γ-ring, a generalization of the con-
cept of associative rings, has been introduced and studied by Nobusawa in [9]. Barnes [3]
slightly weakened the conditions in the definition of a Γ-ring in the sense of Nobusawa.
The structure of Γ-rings was investigated by several authors such as Barnes in [3], Kyuno
in [7, 8]. Warsi in [18] studied the decomposition of primary ideal of Γ-rings. Paul in [10]
studied various types of ideals of Γ-rings and the corresponding operator rings.

The concept of an intuitionistic fuzzy set as a generalization of Zadeh
′
s fuzzy sets has

been proposed by Atanassov [1, 2]. Based on the intuitionistic fuzzy sets concept, Kim,
Jun and Ozturk developed the notion of intuitionistic fuzzy ideals Γ-ring in [6]. Pala-
niappan et al. in [11, 12] studied in detail the properties of intuitionistic fuzzy ideals of
Γ-rings. The concept of intuitionistic fuzzy prime ideal in Γ-ring was also innovated by
Palaniappan and Ramachandran in [13, 14]. Sharma and Lata in [15] innovated the study
of intuitionistic fuzzy characteristic ideals of Γ-ring and its operator ring. Sharma et al.
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introduced and studied the concepts of intuitionistic fuzzy prime radical and intuitionis-
tic fuzzy primary ideal of Γ-ring in [16]. They also investigated the topological structure
space on the set of all intuitionistic fuzzy prime ideals of Γ-ring in [17].

The decomposition of an ideal in terms of primary ideals is a traditional pillar of ideal
theory. It provides the algebraic foundation for decomposing an algebraic variety into
its irreducible components. From another point of view, a primary decomposition pro-
vides a generalisation of the factorization of an integer as a product of prime powers. An
ideal I of a ring M has a primary decomposition, if I =

⋂k
i=1 Qi, where each Qi is a pri-

mary ideal in M . Further, if no Qj ⊃
⋂n

i=1,j ̸=i Qi,∀j, 1 ≤ j ≤ k and the prime ideals
Pi =

√
Qi are all distinct, then the primary decomposition is termed as minimal and the

set Ass(I) = {P1, P2, ......., Pk} is termed as the set of associated prime ideals of I . (For
detail see [4, 5]).

In this paper, we study the intuitionistic fuzzy primary decomposition and minimal in-
tuitionistic fuzzy primary decomposition of an intuitionistic fuzzy ideal in the Noetherian
Γ-ring.

2. PRELIMINARIES

Let us recall some definitions and results, which are necessary for the development of
the paper,

Definition 2.1. ([3, 8, 9, 18]) If (M,+) and (Γ,+) are additive Abelian groups. Then M is
called a Γ-ring ( in the sense of Barnes [3]) if there exist mapping M ×Γ×M → M [image
of (x, α, y) is denoted by xαy, x, y ∈ M,γ ∈ Γ] satisfying the following conditions:
(1) xαy ∈ M .
(2) (x+ y)αz = xαz + yαz, x(α+ β)y = xαy + xβy, xα(y + z) = xαy + xαz.
(3) (xαy)βz = xα(yβz). for all x, y, z ∈ M , and γ ∈ Γ.

The Γ-ring M is called commutative if xγy = yγx, ∀x, y ∈ M,γ ∈ Γ. An element 1 ∈ M
is said to be the unity of M , if for each x ∈ M there exists γ ∈ Γ such that xγ1 = 1γx = x.
A subset I of a Γ-ring M is a left (right) ideal of M if I is an additive subgroup of M and
MΓI = {xαy|x ∈ M,α ∈ Γ, y ∈ I}, (IΓM) is contained in I . If I is both a left and a right
ideal, then I is a two-sided ideal, or simply an ideal of M . An ideal I of a Γ-ring M is
called prime (primary) if for any ideals U, V of M such that UΓV ⊆ I implies U ⊆ I or
V ⊆ I (U ⊆ I or V ⊆

√
I), where

√
I = {x ∈ M : (xγ)n−1x ∈ I for some n ∈ N and γ ∈ Γ}

is the radical ideal of I , here for n = 1, (xγ)n−1x = x ([18]).

We now review some intuitionistic fuzzy logic concepts. We refer the reader to follow
[1, 2] and [16, 17] for complete details.

Definition 2.2. ([1, 2]) An intuitionistic fuzzy set A in X can be represented as an object
of the form A = {< x, µA(x), νA(x) >: x ∈ X}, where the functions µA, νA : X → [0, 1]
denote the degree of membership (namely µA(x)) and the degree of non-membership
(namely νA(x)) of each element x ∈ X to A respectively and 0 ≤ µA(x) + νA(x) ≤ 1 for
each x ∈ X.

Remark 2.1. ([1, 2])
(i)When µA(x) + νA(x) = 1, i.e., νA(x) = 1− µA(x) = µAc(x), then A is called a fuzzy set.
(ii) We write by IFS(X), the set of all intuitionistic fuzzy sets in X .
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If A,B ∈ IFS(X), then A ⊆ B if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x),∀x ∈
X . For any subset Y of X , the intuitionistic fuzzy characteristic function χY is an intu-
itionistic fuzzy set of X , defined as χY (x) = (1, 0),∀x ∈ Y and χY (x) = (0, 1),∀x ∈ X\Y .
Let p, q ∈ [0, 1] with p+ q ≤ 1. Then the crisp set A(p,q) = {x ∈ X : µA(x) ≥ p and νA(x) ≤
q} is called the (p, q)-level cut subset of A. We denote A(1,0) by A∗. Also the IFS x(p,q) of
X is defined as x(p,q)(y) = (p, q), if y = x, otherwise (0, 1) is called the intuitionistic fuzzy
point (IFP) in X with support x. By x(p,q) ∈ A we mean µA(x) ≥ p and νA(x) ≤ q. Thus
x(p,q) ∈ A if and only if x(p,q) ⊆ A.

Definition 2.3. ([6, 11, 16]) Let A be an IFS of a Γ-ring M . Then A is called an intuitionistic
fuzzy ideal (IFI) of M if for all m,n ∈ M,γ ∈ Γ, the following are satisfied
(i) µA(m− n) ≥ µA(m) ∧ µA(n);
(ii) µA(mγn) ≥ µA(m) ∨ µA(n);
(iii) νA(m− n) ≤ νA(m) ∨ νA(n);
(iv)νA(mγn) ≤ νA(m) ∧ νA(n).

Definition 2.4. ([6, 11, 16]) Let A,B be two IFSs of a Γ-ring M . Then the product AΓB of
A and B is defined by

(µAΓB(x), νAΓB(x)) =

{
(Supx=yγz{µA(y) ∧ µB(z)}, Infx=yγz{νA(y) ∨ νB(z)}), if x = yγz

(0, 1), otherwise

Definition 2.5. ([13, 16, 17]) Let M be a Γ-ring. A non-constant IFI P of M is called an
intuitionistic fuzzy prime ideal (IFPI) of M , if for all pair of IFIs A,B of M , AΓB ⊆ P
implies that A ⊆ P or B ⊆ P .

Definition 2.6. ([16, 17]) Let M be a Γ-ring. For any IFI A of M . The IFS
√
A defined by

µ√
A(x) = ∨{µA((xγ)

n−1x) : n ∈ N} and ν√A(x) = ∧{νA((xγ)n−1x) : n ∈ N)}
is called the intuitionistic fuzzy prime radical of A, where (xγ)n−1x = x, for n = 1, γ ∈ Γ.

Proposition 2.1. ([16, 17]) For every IFIs A and B of Γ-ring M , we have
(i) A ⊆

√
A;

(ii) A ⊆ B ⇒
√
A ⊆

√
B;

(iii)
√√

A =
√
A.

Proposition 2.2. ([16]) Let A,B be two IFIs of a Γ-ring M . Then
√
AΓB =

√
A ∩B =

√
A ∩

√
B.

Definition 2.7. ([16]) Let Q be a non-constant IFI of a Γ-ring M . Then Q is said to be an
intuitionistic fuzzy primary ideal of M if for any two IFIs A,B of M such that AΓB ⊆ Q
implies that either A ⊆ Q or B ⊆

√
Q.

Theorem 2.1. ([16]) Let M be a commutative Γ-ring and Q be an IFI of M . Then for any two
IFPs x(p,q), y(t,s) ∈ IFP (M) the following are equivalent:
(i) Q is an intuitionistic fuzzy prime (primary) ideal of M
(ii) x(p,q)Γy(t,s) ⊆ Q implies x(p,q) ⊆ Q or y(t,s) ⊆ Q ( x(p,q) ⊆ Q or y(t,s) ⊆

√
Q).

Theorem 2.2. ([16]) If Q is an intuitionistic fuzzy prime (primary) ideal of a Γ-ring M , then the
following conditions hold:
(i) Q(0M ) = (1, 0),
(ii) Q∗ is a prime (primary) ideal of M ,
(iii) Img(Q) = {(1, 0), (t, s)}, where t, s ∈ [0, 1) such that t+ s ≤ 1.
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Definition 2.8. ([16]) Let Q be an intuitionistic fuzzy primary ideal of Γ-ring M and P =√
Q which is an intuitionistic fuzzy prime ideal of M . Then Q is called an intuitionistic

fuzzy P -primary ideal of M .

Theorem 2.3. ([14]) A Γ-ring M is Noetherian if and only if the set of values of any IFI of M is
well-ordered subset of [0, 1].

Theorem 2.4. ([14]) Let every decreasing chain of ideals terminates at finite step in Γ-ring M .
For an IFI A of M , A has finite number of intuitionistic values, that is, µA and νA have finite
number of values.

Theorem 2.5. ([14]) Let A be an IFS in a Γ-ring M and Im(A)={(α0, β0),(α1,β1),......,(αk, βk)}
with (αi, βi) < (αj , βj) whenever i > j. Let {Un|n = 0, 1, ....., k} be the family of ideals of M
such that

(1) U0 ⊂ U1 ⊂ ......... ⊂ Uk−1 ⊂ Uk = M
(2) A(U∗

n) = (αn, βn),
that is µA(U

∗
n) = αn, νA(U∗

n) = βn, where U∗
n = Un \Un−1, U−1 = ∅, for n = 0, 1, ....., k. Then

A is an IFI of M .

Remark 2.2. ([4]) In a commutative Noetherian ring, the notion of an irreducible ideal
can be used to prove the Lasker-Noether theorem: every ideal (in a Noetherian ring) has
a primary decomposition.

3. INTUITIONISTIC FUZZY IRREDUCIBILE IDEALS

In this section, we study the irreducibility of an intuitionistic fuzzy ideal and prove
some relations between intuitionistic fuzzy prime ideals, intuitionistic fuzzy irreducible
ideals and intuitionistic fuzzy primary ideals. We first prove that every intuitionistic fuzzy
ideal in a Noetherian ring can be written as a finite intersection of intuitionistic fuzzy
irreducible ideals, where the intuitionistic fuzzy ideal takes only two values.

Definition 3.9. Let A be an intuitionistic fuzzy ideal of a Γ-ring M . We say that A is an
intuitionistic fuzzy irreducible if A cannot be expressed as the intersection of two intu-
itionistic fuzzy ideals of M properly containing A; otherwise A is called reducible.

Thus A is an intuitionistic fuzzy irreducible ideal if and only if, whenever A = A1 ∩A2

with A1, A2 intuitionistic fuzzy ideals of M , then either A = A1 or A = A2.

Proposition 3.3. Let A be a non-constant IFI of a Γ-ring M . Then A is an intuitionistic fuzzy
irreducible ideal of M if and only if the following hold:

(1) A∗ is an irreducible ideal of M
(2) Im(A) = {(1, 0), (α, β)}, where α, β ∈ [0, 1) such that α+ β ≤ 1.
(3) A is of the form

µA(x) =

{
1, if x ∈ A∗

α, if x ∈ M \A∗
; νA(x) =

{
0, if x ∈ A∗

β, if x ∈ M \A∗.

Proof. Firstly suppose that A be an intuitionistic fuzzy irreducible ideal of M . Let A∗ =
I ∩ J for some ideals I, J of M . We have A∗ ⊆ I and A∗ ⊆ J . If possible, let A∗ ̸= I and
A∗ ̸= J .
Then (I \A∗) ∩ (J \A∗) is empty. Let us define two IFSs A1 and A2 as follows:

µA1
(x) =


1, if x ∈ A∗

t1, if x ∈ I \A∗

t2, if x ∈ M \ I
; νA1

(x) =


0, if x ∈ A∗

s1, if x ∈ I \A∗

s2, if x ∈ M \ I.
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and

µA2(x) =


1, if x ∈ A∗

t1, if x ∈ J \A∗

t2, if x ∈ M \ J
; νA2

(x) =


0, if x ∈ A∗

s1, if x ∈ J \A∗

s2, if x ∈ M \ J.
Now, it is a straight forward case study to verify that A1 and A2 are IFIs of M and
A = A1 ∩ A2. Though we have A ̸= A1 and A ̸= A2. This contradict the fact that A
is an intuitionistic fuzzy irreducible ideal of M . Consequently, A∗ = I or A∗ = J and
hence A∗ is an irreducible ideal of M .

Next we show that (1, 0) ∈ Im(A). If possible, suppose that (1, 0) /∈ Im(A). Then
µA(0) < 1, νA(0) > 0. Let us define two IFSs A3 and A4 as follows:

µA3
(x) =

{
1, if x ∈ A∗

µA(0), if otherwise
; νA3

(x) =

{
0, if x ∈ A∗

νA(0), if otherwise.

and A4(x) = A(0), for all x ∈ M . It is easy to verify that A3 and A4 are IFIs of M such that
A = A3 ∩ A4. But A ⊂ A3 and A ⊂ A4. Thus we arrive at a contradiction since A is an
intuitionistic fuzzy irreducible ideal of M . Consequently (1, 0) ∈ Im(A).
Further, to show that |Im(A)| = 2. It is sufficient to show that chain of the level-cut
set ideals is given by A∗ ⊆ M . If possible, let the chain of the level-cut set ideals be
A∗ ⊆ A(t1,s1) ⊆ M , where t1, s1 ∈ (0, 1) with t1 + s1 ≤ 1. Then A is given by

µA(x) =


1, if x ∈ A∗

t1, if x ∈ A(t1,s1) \A∗

t2, if x ∈ M \A(t1,s1)

; νA(x) =


0, if x ∈ A∗

s1, if x ∈ A(t1,s1) \A∗

s2, if x ∈ M \A(t1,s1).

where t2 < t1 and s2 > s1. Let us construct two IFSs A5 and A6 as follows:

µA5
(x) =

{
1, if x ∈ A(t1,s1)

µA(x), if x ∈ M \A(t1,s1)

; νA5
(x) =

{
0, if x ∈ A(t1,s1)

νA(x), if x ∈ M \A(t1,s1).

and

µA6(x) =


1, if x ∈ A∗

t1, if x ∈ A(t1,s1) \A∗

t3, if x ∈ M \A(t1,s1)

; νA6(x) =


0, if x ∈ A∗

s1, if x ∈ A(t1,s1) \A∗

s3, if x ∈ M \A(t1,s1).

where t2 < t3 < t1 and s2 > s3 > s1. It is routine case study to check that A5 and A6 are
IFIs of M and A = A5 ∩ A6. But A ⊂ A5 and A ⊂ A6. It contradict the fact that A is an
intuitionistic fuzzy irreducible ideal of M . Consequently the chain of level cut-set ideal is
A∗ ⊆ M and hence A is given by

µA(x) =

{
1, if x ∈ A∗

t1, if x ∈ M \A∗
; νA(x) =

{
0, if x ∈ A∗

s1, if x ∈ M \A∗.

Hence |Im(A)| = 2.

Conversely, let the conditions hold. Assume that A is not an intuitionistic fuzzy irre-
ducible ideal of M . Suppose that A = A7 ∩ A8 for some IFIs A7, A8 of M with A ⊂ A7

and A ⊂ A8. Then there exists x, y ∈ M such that µA(x) < µA7
(x), νA(x) > νA7

(x)
and µA(y) < µA8(y), νA(y) > νA8(y). It follows that x, y /∈ A∗. Now, if x = y, then
µA(x) < µA7∩A8(x) and νA(x) > νA7∩A8(x), i.e., A ⊂ A7 ∩ A8, which is a contradiction.
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So x ̸= y implies A∗ ⊆ ⟨A∗, x⟩ and A∗ ⊆ ⟨A∗, y⟩. Therefore A∗ ⊆ ⟨A∗, x⟩ ∩ ⟨A∗, y⟩. Let
z ∈ ⟨A∗, x⟩ ∩ ⟨A∗, y⟩, then z = m + r1γ1x = n + r2γ2y, for some m,n ∈ A∗, r1, r2 ∈ M ,
γ1, γ2 ∈ Γ.

Therefore, µA(m−n) = µA(−r1γ1x+r2γ2y) = 1 and νA(m−n) = νA(−r1γ1x+r2γ2y) =
0 implies that µA7

(−r1γ1x+r2γ2y) = µA8
(−r1γ1x+r2γ2y) = 1 and νA7

(−r1γ1x+r2γ2y) =
νA8

(−r1γ1x + r2γ2y) = 0. This imply µA7
(r1γ1x) = µA7

(r2γ2y), νA7
(r1γ1x) = νA7

(r2γ2y)
and µA8

(r1γ1x) = µA8
(r2γ2y), νA8

(r1γ1x) = νA8
(r2γ2y).

But µA7(r1γ1x) ≥ µA7(r1) ∨ µA7(x) ≥ µA7(x) > µA(x) = α.
Similarly νA7

(r1γ1x) ≤ νA7
(r1) ∧ νA7

(x) ≤ νA7
(x) < νA(x) = β. This gives r1γ1x, r2γ2y ∈

A∗. Hence z ∈ A∗. Thus, we have A∗ = ⟨A∗, x⟩ ∩ ⟨A∗, y⟩ with A∗ ⊂ ⟨A∗, x⟩ and A∗ ⊂
⟨A∗, y⟩. This implies that A∗ is not an irreducible ideal of M , which is a contradiction. □

Corollary 3.1. Let I be an ideal of Γ-ring M . Then I is an irreducible ideal if and only if χI is an
intuitionistic fuzzy irreducible ideal of M .

Corollary 3.2. If A be an intuitionistic fuzzy prime ideal of Γ-ring M . Then A is an intuitionistic
fuzzy irreducible ideal of M .

Proof. By Theorem (2.2) and Proposition (3.3) and the fact that every prime ideal in Γ-ring
is an irreducible ideal. □

Note that the converse of Corollary (3.2) may not be true. See the following example:

Example 3.1. Consider M = Γ = Z be the additive group of integers. Then M is a Γ-ring.
Consider the IFI A of M defined by

µA(x) =

{
1, if x ∈ ⟨4⟩
0.4, if otherwise

; νA(x) =

{
0, if x ∈ ⟨4⟩
0.3, if otherwise.

It is easy to check that A is an intuitionistic fuzzy irreducible ideal of M , but it is not an
intuitioniatic fuzzy prime ideal of M , as A∗ = ⟨4⟩ is not a prime ideal in M .

Corollary 3.3. If A be an intuitionistic fuzzy irreducible ideal of a Noetherian ring Γ-ring M ,
then A is an intuitionistic fuzzy primary ideal in M .

Proof. From [[18], Lemma(4.2)] we see that every irreducible ideal in a Noetherian Γ-ring
is a primary ideal. Then the result follows by Proposition (3.3) and Theorem (2.2). □

Proposition 3.4. Let A be an intuitionsitic fuzzy ideal of a Noetherian Γ-ring M with Im(A) =
{(1, 0), (α, β)}, where α, β ∈ [0, 1) such that α + β ≤ 1. Then A can be expressed as a finite
intersection of intuitionistic fuzzy irreducible ideals of M .

Proof. By [[18], Lemma(4.1)], every ideal in a Noetherian Γ-ring is a finite intersection of
irreducible ideals. Therefore, suppose that A∗ =

⋂n
i=1 Ji, Ji be an irreducible ideal of M .

Define the IFIs A1, A2, ...., An by

µAi(x) =

{
1, if x ∈ Ji

α, if x /∈ Ji
; νAi(x) =

{
0, if x ∈ Ji

β, if x /∈ Ji.

Where α, β ∈ [0, 1) such that α+β ≤ 1. Then by Proposition (3.3), for each i = 1, 2, ..., n, Ai

is an intuitionisic fuzzy irreducible ideal of M and it is easy to check that A =
⋂n

i=1 Ai. □

Proposition 3.5. Let A be an intuitionsitic fuzzy ideal of a Noetherian Γ-ring M with Im(A) =
{(1, 0), (α, β)}, where α, β ∈ [0, 1) such that α + β ≤ 1. Then A can be expressed as a finite
intersection of intuitionistic fuzzy primary ideals of M .
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Proof. This follows from Proposition (3.4) and Corollary (3.3) □

4. DECOMPOSITION OF INTUITIONISTIC FUZZY PRIMARY IDEAL OF Γ-RING

In this section, we study the decomposability of an intuitionistic fuzzy ideal in a Noe-
therian Γ-ring, in terms of intuitionistic fuzzy primary ideals that the set of their respective
intuitionistic fuzzy radical ideals are independent of the particular decomposition.

To begin this section, we first recall the definition of residual quotient (A : B) of an
intuitionistic fuzzy ideal A by an intuitionistic fuzzy set B in a Γ-ring M .

Definition 4.10. For any IFI A of a Γ-ring M and for any IFS B of M , the IF residual
quotient of A by B is denoted by (A : B) and is defined as

(A : B) =
⋃
{x(p,q) ∈ IFP (M) : x(p,q)ΓB ⊆ A}

For any intuitionistic fuzzy point x(p,q) of Γ-ring M , we use a streamlined notation
(A : x(p,q)) for (A : ⟨x(p,q)⟩), where ⟨x(p,q)⟩ =

⋂
{C : C is an IFI of M such that x(p,q) ⊆ C},

be an IFI generated by x(p,q). There is no difficulty in seeing that (A : x(p,q)) is an IFI of M
and A ⊆ (A : x(p,q)).

Proposition 4.6. Let Q be an intuitioistic fuzzy P -primary ideal of Γ-ring M , where P =
√
Q.

If x(p,q) ∈ IFP (M) be any intuitionistic fuzzy point of M . Then
(i) If x(p,q) ∈ Q, then (Q : x(p,q)) = χM ;
(ii) If x(p,q) /∈ Q, then (Q : x(p,q)) is an intuitionistic fuzzy P -primary ideal and

√
(Q : x(p,q)) =

P ;
(iii) If x(p,q) /∈

√
Q, then (Q : x(p,q)) = Q.

Proof. Let x(p,q) ∈ IFP (M), Q be an intuitionistic fuzzy primary ideal of M such that
P =

√
Q.

(i) If x(p,q) ∈ Q, then (Q : x(p,q)) =
⋃
{y(t,s) ∈ IFP (M) : y(t,s)Γx(p,q) ⊆ Q}.

Now (Q : x(p,q)) ⊆ χM always. For other inclusion.
Let y(t,s) ∈ χM then y(t,s)Γx(p,q) = (yΓx)(t∧p,s∨q) ⊆ Q. This implies y(t,s) ∈ (Q : x(p,q)).
Thus χM ⊆ (Q : x(p,q)). Hence (Q : x(p,q)) = χM .

(ii) Obviously Q ⊆ (Q : x(p,q)). Let y(t,s) ∈ (Q : x(p,q)). So y(t,s)Γx(p,q) ⊆ Q. Since
x(p,q) /∈ Q imply that y(t,s) ∈

√
Q = P . This means that Q ⊆ (Q : x(p,q)) ⊆ P and so√

Q ⊆
√
(Q : x(p,q)) ⊆

√
P = P . This imply that

√
(Q : x(p,q)) = P .

Now we show that (Q : x(p,q)) is an intuitionistic fuzzy primary ideal of M . Assume
that for any γ1 ∈ Γ such that a(u1,v1)γ1b(u2,v2) ∈ (Q : x(p,q)) and b(u2,v2) /∈

√
(Q : x(p,q)),

then a(u1,v1)γ1b(u2,v2)γ2x(p,q) ∈ Q, i.e., (a(u1,v1)γ1x(p,q))γ2b(u2,v2) ∈ Q and Q is intuitionis-
tic fuzzy P -primary ideal of M , This implies that either a(u1,v1)γ1x(p,q) ∈ Q or b(u2,v2) ∈√
Q = P =

√
(Q : x(p,q)). This imply a(u1,v1)γ1x(p,q) ∈ Q. Thus a(u1,v1) ∈ (Q : x(p,q)).

Hence (Q : x(p,q)) is an intuitionistic fuzzy primary ideal of M .

(iii) Since Q ⊇ x(p,q) ∩ Q ⊇ x(p,q)ΓQ, i.e., x(p,q)ΓQ ⊆ Q. Therefore by the properties
of residual quotient, we have Q ⊆ (Q : x(p,q)). Further, x(p,q)Γ(Q : x(p,q)) ⊆ Q. As Q is
an intuitionistic fuzzy primary ideal of M and x(p,q) /∈

√
Q implies that (Q : x(p,q)) ⊆ Q.

Hence (Q : x(p,q)) = Q. □
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Proposition 4.7. If Q1, Q2, ......, Qn be IFIs of Γ-ring M and x(p,q) ∈ IFP (M), then

(
⋂n

i=1 Qi : x(p,q)) =
⋂n

i=1(Qi : x(p,q)).

Proof. Now y(t,s) ∈ (
⋂n

i=1 Qi : x(p,q))

⇔ y(t,s)Γx(p,q) ⊆
⋂n

i=1 Qi

⇔ y(t,s)Γx(p,q) ⊆ Qi,∀i = 1, 2, ...., n
⇔ y(t,s) ∈ (Qi : x(p,q)),∀i = 1, 2, ...., n

⇔ y(t,s) ∈
⋂n

i=1(Qi : x(p,q)).
Hence (

⋂n
i=1 Qi : x(p,q)) =

⋂n
i=1(Qi : x(p,q)). □

In the following example, we show that if Q1, Q2 are two intuitionistic fuzzy primary
ideals of a Γ-ring M , then Q1 ∩Q2 need not to be an intuitionistic fuzzy primary ideal of
M .

Example 4.2. Let M = Γ = Z, be the additive group of integers. Then M is a Γ-ring.
Let I = 2Z, J = 3Z. Clearly, I, J are primary (in fact prime) ideal in M . Define Q1 =
χI , Q2 = χJ . Then by Theorem (2.2), Q1, Q2 are intuitionistic fuzzy primary ideals of M .
Also, Q1 ∩ Q2 = χI∩J = χ6Z, which is not an intuitioniatic fuzzy primary ideal of M , as
6Z is not a primary ideal of Z.

Theorem 4.6. Let Q1, Q2, ......, Qn be intuitionistic fuzzy P -primary ideals of Γ-ring M with
P =

√
Qi,∀i = 1, 2, ..., n, an intitionistic fuzzy prime ideal of M . Then Q =

⋂n
i=1 Qi is an

intuitionistic fuzzy P -primary ideal of M .

Proof. Let x(p,q), y(t,s) ∈ IFP (M) be such that x(p,q)Γy(t,s) ⊆ Q =
⋂n

i=1 Qi and x(p,q) /∈ Q.
Then x(p,q) /∈ Qj , for some j ∈ {1, 2, ....., n} also x(p,q)Γy(t,s) ⊆ Qj , for all j ∈ {1, 2, ....., n}.
Since each Qj is an intuitionistic fuzzy P -primary ideals of M , we have

y(t,s) ∈
√
Qj = P =

⋂n
i=1

√
Qi =

√⋂n
i=1 Qi =

√
Q.

Hence Q is an intuitionistic fuzzy P -primary ideals of M . □

Definition 4.11. A primary decomposition of an intuitionistic fuzzy ideal A in a Γ-ring
M is an expression of A as a finite intersection of intuitionistic fuzzy primary ideals Qi,
say A =

⋂n
i=1 Qi.

Definition 4.12. An intuitionistic fuzzy primary decomposition of an intuitionistic fuzzy
ideal A =

⋂n
i=1 Qi of Γ-ring M is said to be minimal if:

(1) all intuitionistic fuzzy primary ideal Qi have distinct
√
Qi;

(2)
⋂n

j ̸=i=1 Qj ⊈ Qi.

Remark 4.3. If intuitionistic fuzzy primary decomposition A =
⋂n

i=1 Qi is not minimal,
that is if

√
Qj =

√
Qk = P for j ̸= k, then we may achieve (1) of Definition (4.12) by

replacing Qj and Qk by Q
′
= Qj ∩Qk which is an intuitionistic fuzzy P -primary ideal of

M by Theorem (4.6). Repeating this process, we get will arrive at an intuitionistic fuzzy
primary decomposition in which all

√
Qi are distinct. If

⋂n
j ̸=i=1 Qj ⊆ Qi, we may simply

omit Qi. Repeating this process, we will achieve (2) of Definition (4.12).

Lemma 4.1. Let A1, A2, ...., An be IFIs of Γ-ring M and let P be an intuitionistic fuzzy prime
ideal of M . Then

(1) If
⋂n

i=1 Ai ⊆ P , then Ai ⊆ P for some i;
(2) If

⋂n
i=1 Ai = P , then Ai = P for some i.
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Proof. (1) Suppose Ai ⊈ P for all i. Then ∃s, (xi)(pi,qi) ∈ Ai such that (xi)(pi,qi) /∈ P for 1 ≤
i ≤ n. Therefore (x1)(p1,q1)Γ(x2)(p2,q2)Γ.....Γ(xn)(pn,qn) ⊆ A1ΓA2Γ....ΓAn ⊆

⋂n
i=1 Ai ⊆ P .

But, since P is an intuitionistic fuzzy prime ideal and A1ΓA2Γ....ΓAn ⊆ P , then Ai ⊆ P
for some i.

(2) If P =
⋂n

i=1 Ai, then P ⊆ Ai for some i, and from part (1), Ai ⊆ P for some i.
Hence P = Ai, for some i. □

Definition 4.13. An intuitionistic fuzzy prime ideal P in a Γ-ring M is called an intu-
itionistic fuzzy associated prime ideal of an IFI A if P =

√
(A : x(p,q)) for some x(p,q) ∈

IFP (M).

Moreover, for an IFI A of a Γ-ring M . We define IF − ASS(A) to be the set of all
intuitionistic fuzzy prime ideals associated with the IFI A, i.e.,

IF −ASS(A) = {
√
(A : x(p,q)) :

√
(A : x(p,q)) is an IF prime ideal of M , x(p,q) ∈
IFP (M)}.

Theorem 4.7. Let A be an IFI of a Noetherian Γ-ring M . Suppose A =
⋂n

i=1 Qi, be a minimal
intuitionistic fuzzy primary decomposition of A. Let Pi =

√
Qi, 1 ≤ i ≤ n. Then IF −

ASS(A) = {Pi, i = 1, 2, ..., n} and these, are independent of the particular decomposition.

Proof. Let A =
⋂n

i=1 Qi with Pi =
√
Qi, 1 ≤ i ≤ n be the minimal intuitionistic fuzzy

primary decomposition of A. Consider any x(p,q) ∈ IFP (M), we have

(A :x(p,q))=(
⋂n

i=1 Qi :x(p,q))=
⋂n

i=1(Qi :x(p,q)). Hence
√
(A : x(p,q))=

⋂n
i=1

√
(Qi :x(p,q)).

Also, by Proposition (4.6), if x(p,q) ∈ Qj then
√
(Qj : x(p,q)) = χM and if, x(p,q) /∈ Qj ,

then
√
(Qj : x(p,q)) = Pj , be an intuitionistic fuzzy prime ideal of M . So√

(A : x(p,q)) =
⋂n

i=1

√
(Qi : x(p,q)) =

⋂
x(p,q) /∈Qj

Pj .

Now, suppose that P ∈ IF − ASS(A), then P =
√

(A : x(p,q)) be an intuitionistic fuzzy
prime ideal of M , for some x(p,q) ∈ IFP (M).
Since

√
(A : x(p,q)) =

⋂
x(p,q) /∈Qj

Pj , then by Lemma (4.1)(2) we have
√
(A : x(p,q)) = Pj

for some j. So, P ∈ {Pi, i = 1, 2, ..., n}. Therefore, IF −ASS(A) ⊆ {Pi, i = 1, 2, ..., n}.
Conversely, as the decomposition is minimal so

⋂n
j ̸=i=1 Qj ⊈ Qi. Then for each i ∈

{1, 2, ..., n}, there exists (xi)(pi,qi) ∈
⋂n

j ̸=i=1 Qj and (xi)(pi,qi) /∈ Qi, we have

√
(A : (xi)(pi,qi)) =

⋂n
j=1

√
(Qj : (xj)(pj ,qj)) = Pi

(Since all other’s
√

(Qj : (xj)(pj ,qj)) = χM , for j ̸= i by Proposition (4.6)).
So, Pi ∈ IF −ASS(A). Therefore, {Pi, i = 1, 2, ..., n} ⊆ IF −ASS(A).
Hence, IF − ASS(A) = {Pi, i = 1, 2, ..., n}. Thus IF − ASS(A) are independent of the
particular decomposition. □

Example 4.3. Let M = Γ = Zp
n1
1

× Zp
n2
2

× ..... × Zp
nk
k

be a commutative ring of order
n = pn1

1 pn2
2 ...pnk

k , where pi are distinct primes. Then M is a Γ-ring. Let M = ⟨x1, x2, ...., xk⟩
such that o(xi) = pni

i , for 1 ≤ i ≤ k. Let U0 = ⟨0⟩, U1 = ⟨x1⟩, U2 = ⟨x1, x2⟩,........,Uk =
⟨x1, x2, .........., xk⟩ = M be the chain of ideals of M such that U0 ⊂ U1 ⊂ ......... ⊂ Uk−1 ⊂
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Uk.
Let A be any intuitionistic fuzzy ideal of M defined by

µA(x) =



1 if x ∈ U0

α1 if x ∈ U1\U0

α2 if x ∈ U2\U1

...........

αk if x ∈ Uk\Uk−1

; νA(x) =



0 if x ∈ U0

β1 if x ∈ U1\U0

β2 if x ∈ U2\U1

...........

βk if x ∈ Uk\Uk−1.

where 1 = α0 ≥ α1 ≥ ..... ≥ αk and 0 = β0 ≤ β1 ≤ .... ≤ βk and the pair (αi, βi) are called
double pins and the set ∧(A) = {(α0, β0), (α1, β1), ......, (αk, βk)} is called the set of double
pinned flags for the IFI A of M (by Theorem (2.5)).
Define IFSs Ai on M as follows:

µAi(x) =

{
1, if x ∈ Mi

αi+1, if otherwise
; νAi(x) =

{
0, if x ∈ Mi

βi+1, otherwise.

where αi, βi ∈ (0, 1) such that αi + βi ≤ 1, for 1 ≤ i ≤ k and αk+1 = α1, βk+1 = β1 and
Mi = Zp

n1
1

× ..... × Z
p
ni−1
i−1

× ⟨0⟩ × Z
p
ni+1
i+1

× ....... × Zp
nk
k

is a primary ideal of M . Clearly,
Ai are intuitionistic fuzzy primary ideal of M . It can be easily checked that A = ∩n

i=1Ai is
an intuitionistic fuzzy primary decomposition of A.

Example 4.4. Consider M = Γ =
∏∞

i=1 Z2, a direct product of infinitely many copies of
the field Z2 = {0̄, 1̄} be a boolean ring. Then M is a Γ-ring, which is not a Noetherian ring,
as the strictly ascending chain of ideals 0 ⊂ Z2 × 0 ⊂ Z2 ×Z2 × 0 ⊂ ...... is not stationary.
For every ti, si ∈ [0, 1) such that ti + si ≤ 1, define Ai ∈ IFS(M) as

µAi(x) =

{
1, if x =

∏∞
i=1 0̄

ti, if otherwise
; νAi(x) =

{
0, if x =

∏∞
i=1 0̄

si, if otherwise.

for all x ∈ M . Then by Theorem (2.2), Ai is an intuitionistic fuzzy prime ideal and hence
primary ideal of M .

Consider the IFI A of M defined by A(x) = (0, 1),∀x ∈ M . Then A has no intuitionistic
fuzzy primary decomposition in M , i.e., A ̸=

⋂n
i=1 Ai, for any n ∈ N.

CONCLUSION

In this paper, we introduced and studied the irreducibility of an intuitionistic fuzzy
ideal of a Γ-ring. We proved that every intuitionistic fuzzy ideal A in a commutative
Noetherian Γ ring can be decomposed as the intersection of a finite number of intuition-
istic fuzzy primary ideals and established the intuitionistic fuzzy version of the Lasker-
Noether theorem for a commutative Noetherian Γ ring. This decomposition is called an
intuitionistic fuzzy primary decomposition. In addition to this, we have shown that, in
case of minimal intuitionistic fuzzy primary decomposition of an intuitionistic fuzzy ideal
A, the set of all intuitionistic fuzzy associated prime ideals of A, is independent of the par-
ticular decomposition. This primary decomposition theorem provides a generalization of
the factorization of an ideal in a Noetherian ring as the intersection of a finite number of
primary ideals. In a similar fashion, one can think of extending the intuitionistic fuzzy pri-
mary decomposition theorem to some other algebraic structures in spite of a commutative
Γ-ring. From that point of view, our work on intuitionistic fuzzy primary decomposition
in a commutative Noetherian Γ-ring sets up a new hierarchy, and surely it develops the
study for some further research.
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