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On the Strong Gelfand pairs of hypergroups and
admissible vectors related to representations

KouAKOU GERMAIN BrROU

ABSTRACT. In this paper, we study the strong Gelfand pairs of hypergroups and we give a characterization
of admissible vectors related to the left regular representation of these Gelfand pairs.

1. INTRODUCTION

The shift invaraiant subspace of Ly(G) where G is a locally compact abelian group
has been investigated by many authors, specifically by Kamyabi and Toubi in [9]. They
have shown that evey shift invariant space can be decomposed as an orthogonal sum
of spaces each of which is generated by a single function whose shifts form a Parseval
frame. In the case of hypergroups, Tabatabaie and Jokar in [13] have extended the result
by giving a characterization of admissible vectors related to the left regular representation
of a commutative hypergroup.

Hypergroups generalize locally compact groups where the convolution of two Dirac
measures is a Dirac measure. A hypergroup is a locally compact Hausdor space equipped
with a convolution product which maps two Dirac measures to a probability measure
with compact support.

The goal of this paper is to give a characterization of admissible vectors related to the
left regular representation when the hypergroup G has a compact subhypergroup K such
that (G, K) is a Gelfand pair. The notion of Gelfand pairs for hypergroups is well-known
(see [6, 12, 15]). In the next section, we give background for hypergroups. In section 3,
after studying trong Gelfand pairs, we establish a necessary and suffucient condition to a
vector in Ly (G) to be Parseval- admissible related to the left regular representation.

2. NOTATIONS AND PRELIMINARIES

Let G be a locally compact Hausdorff space. We keep most of the notations which we
used in our previous works :
- C(G) (resp. M (Q)) the space of continuous complex valued functions (resp. the space of
Radon measures) on G,
- Cy(G) (resp. My(G)) the space of bounded continuous functions (resp. the space of
bounded Radon measures) on G,
- K(G) (resp. M.(G)) the space of continuous functions (resp. the space of Radon mea-
sures) with compact support on G,
- Cy(G) the space of elements in C'(G) which are zero at infinity,
- 05 the point measure at z € G,
- supp(f) the support of the function f,
- supp(u) the support of the measure p.
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Let us recall the definition of a hypergroup. It is that has been given by Jewet in [8].

Definition 2.1. [6] Let G be a locally compact Hausdorff space. G is said to be a hypergroup if
the following assumptions are satisfied.

(H1) There is a binary operator * named convolution on My(G) under which M,(G) is an
associative algebra such that:
i) the mapping (u, v) — p * v is continuous from My(G) x My(G) in Myp(G).
i)V, y € G, 05 * &y is a measure of probability with compact support.
iii) the mapping: (x,y) — supp(0, * 0y) is continuous from G x G in €(G).
(H2) There is a unigue element e (called neutral element) in G such that §, * §e = de * §; =

0,V € G.

(H3) There is an involutive homeomorphism: © — T from G in G, named involution, such
that:
i) (0x%0y)~ = 0gx0z, Yo,y € Gwith p~ (f) = p(f~), where f~(z) = f(Z),Vf € C(G)
and p € M(G).

ii)Va,y,z € G, z € supp(d, * 6,) if and only if x € supp (0, * dy).
The hypergroup G is commutative if 6, * 6, = 0, * 6, fotall z,y € G.

Let us provide background and references for hypergroups and harmonic analysis on
hypergroups as they relate to our study. This will be useful for those who are just getting
into hypergroups.

2.1. Convolution in M;(G).
Letz,y € G and for f € C(G), (0 * 0,)(f) will be denoted by f(x * y). Thus,

flaxy) = (6. %6,) /f a5, + 8,)(2).

The convolution of two measures p, v in M (G) is defined by:

(1 * v)( //5*5y Ydp(z)dv(y //fx*yd,u )dv(y), f € C(G).

For pin My(G), p* = (1)~ . So My(G) is a Banach *-algebra.
For fin C(G), f*= f~.

2.2. Double coset hypergroup and Gelfand pair.
Let us now consider a hypergroup G provided with a left Haar measure y¢ and K a
compact subhypergroup of G with a normalized Haar measure w.

A function f € C(Q) is said to be K-biinvariant if (g, * 0, * 0, ) (f) = f(k1 * & x ko) =
f(z) = 6,(f) forall z € G and all k1, ks € K. We denote by CX (@), (resp. KX (Q)) the
space of continuous functions (resp. continuous functions with compact support) which
are K-biinvariant. For f € C(G), one defines the function f¥ by

K (x) = /K/Kf(k:1 % 2% ko)dw (k1 )dwg (ko), Vo € G.
5 e CK(@)and if f € K(G), then fK € KX(@).

For a measure p € M(G), one defines 1 by

pE(f) = u(f*) for f € K(G).
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u is said to be K-biinvariant if ,uK = p and we denote by M¥ (G) the set of all those
measures.

The double coset of z (€ G) withrespectto K is Kx{z}+*K = {k1 * x * ko; k1, ke € K} =

U supp(dk, * g * 0k, ). We write simply Kz K for a double coset.
ki,k2 €K
The double cosets space G//K is a locally compact topologycal space ([1], page 53). The

mapping px : G — G//K defined by:
pr(x) =KzK,x € G

is an open surjective continuous mapping. The following operation

Okak * OkyK = / 0g * O * dydwi (k) (see [12] and [1])
K

defines a hypergoup structure on G//K where the involution is defined by: KzK =
K7ZTK, the neutral element is K and m = | 0k, kduc(z) is a left Haar measure on G//K.

G
(G,K) is a Gelfand pair if the hypergroup G//K is commutative, that is M5 (G) is a
commutative subalgebra of M,.(G). Thus, (G, K) is a Gelfand pair if and only if KX (G)
provided with the convolution is a commutative algebra ([6], theorem 3.2.2). For details
on the notion of Gelfand pairs for hypergroups see [6, 12, 15].

In the sequel, the pair (G, K) is assumed to be a Gelfand pair.

2.3. Fourier and inverse Fourier transforms.

Let GX be the set of continuous, bounded and K- biinvariant function ¢ on G such that:
(i) ¢ is K- multiplicative (i. e. [ ¢(z * k *y)ydwi (k) = ¢(x)p(y); Va,y € G).
(1) ¢(e) =1,
(iii) 6(F) = 6(x) Var € G.
GK is called the dual space of G withrepectto K. G GKisa locally compact Hausdorff space
when equipped with the topology of uniform convergence on compact spaces. Note that

the function 1 : z — 1 belongs to GX.

When G is commutative, by taking K = {e}, G = G1) is the dual space of G.
For 1 belongs to M, (G), the Fourier transform of 4, is the mapping

fi: GE — C defined by : fi(¢) — /G (@) du(z)

i € Cy(GK).
The Fourier transform of f € K(G) is defined by

Fé) = Fra( / (@) f (2)dpc(a).

For any f belongs to K(Q), f € Co(GE)and f = fE. If f € K(G) and g € KX (G) then
Fxg9=T1a

The Fourier transform is extended to L2(G, ug) and L1 (G, ug). There exsits a unique
non-negative measure (the Plancherel measure, see [7]) 7 on G¥ such that

/|f V2 duc (e /\f )| dn(9), forall f € LE (G ) 1 La(G).
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Let o € M(GX), the inverse Fourier transform of o is the mapping

o G — C defined by : 0 / ¢(x)do (o

The inverse Fourier transform of ¢ € L? (GK ) is defined by
#@) = (pm)" (@) = | o@)e(@)dn(6),

For o € Mb(ék), & is K-biinvariant and belongs to C,(G). It is known that (see [2]):
a) {f fe IC(G)} is a sup-norm dense space of Co(G¥).

b) (K ( K))Visa sup-norm dense subspace of Cy(G).
olf fe LK(G pe) with f € Ll(GK 7), then f¥ = f and reciprocally if

¢ € Ly (G, ) with ga € L1(G, pc), then ( )= .
Thanks to the Plancherel theorem and knowing that L (G, ug)N L2(G, ne) is dense in
Ls(G, ue), one can extend the Fourier transform to the whole Ly (G, ue) and establish

that it is an isometric bijection from L (G, u¢) onto Lg(éf\(, m) (See, [3]). So if ¢ belongs
to Ly(GK, 1), then ¢ belongs to LE (G, p) and ¢ = ¢.

3. ADMISSIBLE VECTORS RELATED TO REPRESENTATIONS ON HYPERGROUPS

3.1. Strong Gelfand pair.

Definition 3.2. The pair (G, K) is called a strong Gelfand pair if
(i) ¢ — ¢ is as involution and
(ii) the pointwise product:

G) bz — (@) = [ (@) 56 ()

as convolution defines a hypergroup structure on GE with the function 1 as the neutral element.

When the hypergroup G is commutative, G is called a strong hypergroup if G =Gla
is a hypergroup with respect to pointwise multiplication.

Let us give some characterizations of a stromg Gelfand pair.

Proposition 3.1. Let (G, K) be a strong Gelfazd pair. Then
(i) (B * B2)" = BY.BY for Br, B2 € My(GE).

(ii) G is a commutative hypergroup.

Proof. Let us note that

(3.2) /G/I?X(x)d(% % 0p) (X) = (0¢ * ) (65) for ¢, n € GEandz € G.
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(i) Let 31, B2 € My(GK) and x € G. We have

Brem) @) = [ (@B« ) (0

= A(S%()()d (B1* B2) (x)
GK

[ ( [ G0a (6«0, <x>) 45:(6)dBa )

/GK/GK </GK d(dg %0 )(x)) By (8)dBa(n)

/ [ g(@)n(2)dB1 (&)dBa(n)
GK GK

/¢ B (& / n()dBs ()

=B (6).55(9)

(ii) Let ¢, n € GK. dp * 0, and 6, * 64 are belong to Mb(EE) Since (64 d,)" = (6, * d4)",
then 04 * d,) = 0, * 04 (see [2] th. 3.5 (ii)). Thus, the hypergroup G¥ is commutative. O

It is known that, ¢ € G//K if and only if ¢ = gopy belongs to GK, more<p € Cb(G//K)
if and only if Jlp € Cb(GK) such that <p(¢) = (o) for ¢ € G//K Spec1f1cally p €
IC(GK) = go € IC(G//K) For g € Mb(GK) let us define 3 in Mb(G//K) by B(®) = Ble)
Vo e IC(G//K) The mapping;:

My(GE) — My(G//K)
B — 3

is a linear bijection.
Let (G K) be a strong Gelfand pair. For any 3 and 3 |7 in in Mb(G//K) let us put 3 x

v = ﬁ x 7. This operation defines a convolution on Mb(G //K) such as G//K is a strong
hypergroup. In this case, the Plancherel measure 7 is a Haar measure supported on the

whole dual space G///7( (see [4] p.7, [8] th.12.4A) and the neutral element is the function

G///T( —C
qNS — 1

Reciprocally, let us suppose that the double coset hypergroup G//K is a strong hyper-
group. Then the operation

B~y = B3 for B,in My(GK)

defines a convolution on Mb(é}) such as G¥ is a hypergroup with respect to pointwise
multiplication.
We have also the following characterization.
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Proposition 3.2. Let (G, K') be a strong Gelfand pair. Then the Plancherel measure  is supported
on the whole G¥ and 7 is a invariant Haar measure on G¥.

Proof. w(yp) = 7(p) for any ¢ belongs to IC(G///7( ) (see [7], proof of th.3.1). Since 7 is
a Haar measure supported on the whole dual al space G / /K, then 7 is a Haar measure
supported on the whole GK. Moreover, since GK is commutative, then 7 is invariant. [

Proposition 3.3. Let (G, K) bea strong Gelfand pair, then

dp % 0p(p /(;5 T)duc(x )foré,neé}andgoelqak).

Proof. Since 4 * 6, = 5¢5,77r, we have

Sy % y() = /GAKsowa%(e)dw(e)

= [ oo ([ 0@ssadna(o)) axto)

- Leo(] o(x)qs(w)n(a:)duG(x)) dn(0)

= [ stamta) ( [ 6@)0(6)ax(6)) ducta)
G GK
/ B(2)(2)$(@)dp (), Ve € K(GE).

O
Definition 3.3. The hypergroup G is called a Pontryagin hypergroup if (G, K) is strong and GK
is a hypergroup with respect to pointwise multiplication (i.e. G¥ is a strong hypergroup).

Remark 3.1. It is clear that, G is a Pontryagin hypergroup iff the commutative hypergroup G/ /K
is a Pontryagin hypergroup.

Proposition 3.4. Let (G, K) be a strong Gelfand pair. Then the following statements hold.
(i) 6, € GK Yz € G. -
(ii) If G is Pontryagin, then { tx € G} = GK.

Proof. Let us note that 5,y € Cb(éE) and ci(gb) =¢(T)forr € Gand ¢ € GE.
(i) Let x € G and ¢,n € GX. We have

0o(%m) = [z 0:(0)d(34 * 5,)(0)
= [ 0(T) (34 * 6,)(0)
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and also

Since 4, (1) = 1, we conclude that 5, € GX.

(ii) Since GK is a hypergroup, then G///7{ is a hypergroup and G//ﬁ( is isomorphic to
G//KVlathemappmngK — 5KEK (see [1], Theorem 2.4.3). Lets € GK andc € G//K
such that g((,zb) = ¢(dopk), Vo € G//K Then there exists = € G such that dx,x = ¢ and
for any ¢ € G//K we have

5;(¢ OPK)-

~

Thus, ¢(¢) = 6,(¢) forany ¢ € é?, anf¢ = 5; O

3.2. Admissible vectors.
Let us remind some definitions.

Definition 3.4. ([13]). Let (U, Hy ) be a representation of a hypergroup G in the Hilbert space
Hy, H be a subhypergroup of G, and V. C Hy. A vector hg € Hy is called a (U, V')-admissible
vector with respect to H if there are constant numbers A, B > 0 such that for every h € V,

Al < [ (Walho). )P dminte) < B,
where my is a left Haar measure on H and Uz = U ().

If A= B =1, hy is called a Parseval (U, V)- admissible vector.

Let L : My(G) — B(L2(G, i) be the left regular representation of G.

3.3) Lu(f) = p* f for p € My(G) and f € Lao(G, ).

Proposition 3.5. Let (G, K) be a Gelfand pair and ¢ € LE (G, ug). Then the following sate-

ments hold. L

(i) For any « € G, Lz(p) = 0, ¢.
K

(i) (La(), f) = { (La(@)) . £ ) for any | € LE (G, uc).
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Proof. (i) Let x € G. Then m =3, x ¢ = 6, @ since ¢ € LE(G, pc).
() Let f € L¥(G, pc). We have

((La@) . 1) = (a0, 1)
= (WK * 0y x P x WK, [)

:<UJK*6$*<)03JC>

= Jo(wi % 05) * 0(y) f(y)dpa(y)

= Jo Joe(Z * y)d(wk * 6.)(2) f(y)dpc(y)

= Jo [ o™ @ * k* x)dwk (k) f (y)dpc(y)

=[x Joo@*y) f(k*y)duc(y)dwk (k)

= [ 0@+ y) TW)duc(y), since f € LE (G, uc)

= 0z x ¢, f) = (Lz(p), [) -

Definition 3.5. Forany ¢ € Lo(G, pe) and H a subhypergroup of G, let us set
A, g = linear span{Lx(p) : x € H}

L2(G i)
V%H = Aso,H

AﬁH = linear span {(Lx((p))K ‘x € H}

L2(G,pnc)

Vi =AKy
If H = G, we write simply A, (resp. V,,) for A, ¢ (resp. Vi, q).

Definition 3.6. Let (G, K) be a Gelfand pair. A complex-valued function of G is called trigono-
metric polynomial if for some aq, ..., a, € Cand ¢1, ..., ¢n, € GE, we have

f= Zai¢i~
i=1

The set of all trigonometrics polynomial on G is denoted by Trig(G).
We have the following theorems wchich are our main results.
Theorem 3.1. Let G be a Pontryagin hypergroup and ¢ € L¥ (G). Then f € VX if and only if
f € LE(G) and for some t € Trig(GE), f = &t.
Proof. Let f = > a,(Lz;(¢))* where a; € C and z; € G fori € {1,2,...,n} C N. Then
i=1

=Y a,K«pe LE(G)and f = <Za5fw\> $. By Proposition 3.4 (i), t = 3. a,4,, € GK.
1=1 1=1 1=1
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n

Reciprocally, let f € LEX(G) and J = gt wheret € Trig(ak). Then t = > a;p; for some
i=1
aiy...,an € Cand ¢1,...,0, € EE By Proposition 3.4 (ii), there exists z; € G such that
pi = gx\ forany i € {1,2,...,n}. Thus, f= Zaigx\i@ = Za(éx/*\go) Since f € L¥(G)
=1 =1
and &,, * p € LE(GQ) forany i € {1,2,...,n}, then
[ =15 =3 a,(6:, )" € V[, and the proof is complete. O
1

Theorem 3.2. Let G be a Pontryagin hypergroup and ¢ € LE(G) N L1(G). ¢ is a Parseval
(L, VE)- admissible if and only if |2] = Xsup pp-

Proof. Let ¢ € L5 (G) N Li(G) and f € VE. Then by Theorem 3.1, f = ot where t =

?

n —
a;p; witha; € Cand ¢; € GE fori € {1,2,...,n}. For z € G, we have
=1

(Lap). ) = (L)1)

with A(9) = |5(¢)|" 1(6)-
Since ¢ € L1(G), then by [3] (Proposition 3.3), € Lo (G). Thus, knowing thatt € L. (G),

we have [A(¢)] < [|3]2 [lt]|. for any ¢ € GK. Thatis A € Ly (GK). Furetheremore,
Jam IMND) | dr(9) = [5% 18(6)]” [t(0)] dm(0)
< o Jo= [B() dr(9)
= |1t lll3

then A € Ll(EE). It follows that A € LQ(EE) and AY € L1(G) N Ly(G). Thus, we have on
aone hand AV = A by [2] (Theorem 3.5) and on the other hand ||AY ||, = ||A[|,. Seeing this
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we have

Sl L), AP dpa(e) =[] fom EIA@)R(6)| dua(a)
= J5 Y@ dua(a)
= Jo A @) dua (a)

= Jgw IM@)[ dn(0)
= I ||BOP @] dn(o)

= Jaw [20)[* [H(@)° dn(9).
As | fl3 = HJ?HE = [z% 1B3(8)|° [t(¢)|* dm (), it follows that ¢ is a Parseval (L, V)- admis-

sible vector if and only if

/A|¢(¢)\4 \t(¢)|2dﬂ(¢):/A|@(¢)I2lt(¢)l2d7r(¢)<:> 18 1) (18(¢)[*~1)d(¢) = .

GK GK GK

This holds if |¢] = xsuppa- Moreover, let us put Ef = {qb €GK . 15()|° > 1} and E

[6€ G 3(0) <1} 1f [ 18(6) 1) (18(6)* — 1)dn(6) = 0, then by taking ¢ =
Xpz+ ort = xp_, it follows that B} = @ and E; = @. So |§| = 1 on suppg, and the proof
is complete. O

4. CONCLUSION

In this paper we have given a characterization of the admissible vectors related to the
left regular representation of a Gelfand pair. This is a generalization of the characteriza-
tion given by Tabatabaie and Jokar in [13] for commutative hypergroups. Indeed, for any
commutative hypergroup G with neutral element e, the pair (G, {e}) is a Gelfand pair and

Glel =G,
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