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Rainbow Dominator Coloring of Some Cycle Related
Graphs

S. MADHUMITHA! AND SUDEV NADUVATH?

ABSTRACT. The concept of dominator coloring of graphs emerged as a combination of the two prominent
structural aspects of graphs, namely coloring and domination in graphs. The vertex coloring that demands the
existence of a rainbow path between any two vertices of a graph; that is, a path in which every internal vertex
has a unique color, is called a rainbow vertex coloring of a graph. Melding the concepts of rainbow vertex
coloring and dominator coloring of graphs, the rainbow dominator coloring of graphs has been studied, in the
literature. In this article, we investigate the rainbow dominator coloring of some cycle related graphs, and their
complements.

1. INTRODUCTION

For basic terminology in graph theory, refer to [17], and for concepts pertaining to
coloring and theory of domination in graphs, see [1] and [6], respectively.

By G, we always mean a simple, undirected and a finite graph with its vertex set V' (G)
and edge set E(G). A vertex v € V(G) in a graph G of order n degree 1 is called a pendant
vertex in G, and the vertex u such that uv € E(G) is called its support or a support vertex
in G. A subset S C V(G) is called an independent set of G if for every pair u,v € S,
wv ¢ E(G).

Graph coloring is the assignment of colors (labels) to the entities of a graph such as its
vertices or edges, according to certain rules and the set of all entities assigned the same
color in a coloring c of the graph is called a color class with respect to c. A proper vertex
coloring of a graph G is the assignment of colors to the vertices of G such that each color
class with respect to the coloring is an independent set of GG, and the minimum number
of colors required in a proper vertex coloring of G is called the chromatic number of G,
denoted by x(G). Any proper coloring of V(G) with x(G) colors is called a x-coloring of
G.

Beginning with the proper vertex coloring of graphs, several variants of graph coloring
schemes are emerging in the literature, in order to meet the modelling requirements of
various real-life problems (ref. [1,9,12,16]). The vertex-rainbow coloring of graphs, which
is defined in [8], as given below, is one such coloring that has been used to model the
information transfer path problem in networks (see [2]).

A vertex coloring of a non-trivial connected graph G in which every pair of its vertices
are connected by a path whose internal vertices have distinct colors is called a vertex-
rainbow coloring of G, and the rainbow vertex-connection number rvc(G) of G is the minimum
number of colors used to obtain such a coloring of GG. Note that a vertex-rainbow coloring
of G need not be proper (see [8]).

Domination in graphs can be seen as the process of selecting the graph entities; usually
vertices, such that an entity of the graph is either selected or is related to the selected
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entities. In a graph G, if a vertex v € V(G) is adjacent to all vertices u € A, for some
A CV(G) or A = {v}, we say that v dominates A and A is dominated by v. By convention,
a vertex v always dominates itself (ref. [11]).

Graph coloring and domination in graphs are two well-known research areas in graph
theory, and as the applications of these areas similar in nature and coincide in many as-
pects, the notion of dominator coloring of graphs was introduced in [5], by blending the
concepts of coloring and domination in graphs as a proper vertex coloring of a graph G
in which every vertex v € V(G) dominates at least one color class. The minimum number
of colors used to obtain a dominator coloring of G is called the dominator chromatic number
of G, denoted by x4(G).

Following this, several variants of dominator coloring of graphs have been defined and
studied, based on different types of coloring and domination in graphs (ref. [3,4, 10, 11]).
Combining the concepts of vertex-rainbow coloring and dominator coloring of graphs, the
rainbow dominator coloring of a graph G was introduced in [7]. However, as that definition
was not suitable to model problems in a disconnected network, the rainbow dominator
coloring of graphs was modified in [13], as follows.

Definition 1.1. [13] A rainbow dominator coloring of a graph G is a proper vertex coloring
of G in which every vertex v € V(G) dominates at least one color class and every pair of its
vertices are connected by a path whose internal vertices have distinct colors, if such a path
exists. The rainbow dominator chromatic number of G, denoted by x,4(G), is the minimum
number of color classes in a rainbow dominator coloring of G.

An illustration of rainbow dominator coloring of a graph G is given in Figure 1, where it
can be seen that G has x(G) = 2, rve(G) = 6, x4(G) = 7, and x,.4(G) = 8.

(C) xq-coloring of G. (D) xrq-coloring of G.

FIGURE1 An example of a graph G with x(G) < rvc(G) < xa(G) < xra(G).

On re-defining the notion of rainbow dominator coloring of graphs in [13], the rainbow
dominator coloring of certain standard graphs, and their complements were discussed in
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[13]. In this article, we investigate the rainbow dominator coloring of certain cycle related
graphs and their complements, by analysing their coloring patterns and determining their
rainbow dominator chromatic numbers.

2. RESULTS AND DISCUSSIONS

In this section, we determine the rainbow dominator chromatic number of certain cy-
cle related graphs, such as gear graph, sunflower graph, closed sunflower graph, prism
graphs, etc., and their complements, by analysing their structures and obtaining their
rainbow dominator chromatic numbers.

A gear graph G144;t > 2, of order n = 2t + 1 is obtained by making a vertex, say v,
adjacent to the vertices v;; i = 0 (mod 2), of the cycle Cy;.

[2]+2, 2<t<4

Theorem 2.1. Fort > 2, x,q(G1,41) = {[%1 L3 i>5
3 y 209

Proof. Let Gy 4;t > 2, be a gear graph with V(G1,:) = {v} U{v; : 1 < i < 2t} and
E(Gitt) = {vivig1,: 1 <i <2t} U{ov; : j =1 (mod 2), 1 < j < 2t}, where the suffixes
are taken modulo 2t.

When ¢ = 2, a x-coloring ¢’ of G4 2 2 such that ¢/(v1) = ¢/(v3) = ¢1 and ¢/ (v) = ¢/ (v) =
c’(v4) = ¢, is also its rainbow dominator coloring. When ¢ = 3, consider a coloring c¢* of
G1 3,3 such that ¢*(v) = cg, ¢*(v1) = ¢*(v3) = ¢1, *(va) = *(v6) = c2, *(v;) = Cotrils
otherwise, and when ¢ = 4, extend the coloring c¢* of G; 3 3 to G1,4.4 by assigning c¢*(v7) =
Cy.

The coloring c¢* is a dominator coloring of Gy 3.3 and G 4,4, as the vertex v dominates
the color class {v5}, the vertices v;_1,v;, v;+1, for 1 = 2 (mod 3), and 1 < ¢ < 2¢, dominate
the color class {v;}, where t + 1 = 1. It can be verified that there exists a rainbow path
of length 3 (resp. length 4) between any two vertices at a distance of diam(G133) (resp.
diam(G1.4,4)), in the coloring ¢*. Hence, x,rq(G1,4,t) < [%] + 2.

For the vertex v;; ¢ = 2 mod 6, in G4+, t = 3,4, to dominate a color class in any of its
dominator coloring, either it must be assigned a unique color or only the vertices v;, v;41
must be assigned a specific color. Therefore, as xq(Ca:) = [%l + 2, the optimality of ¢*
follows.

When t > 5, consider a coloring ¢ of G1 ;; such that ¢(v) = ¢3, and

ci, i=1(mod3),1<i<2t—1;
ca, i =3 (mod6), 1 <i<2t
c*(v;) =< 3, i =0 (mod 6), 1 <14 < 2t;

Crites i =2 (mod3), 1 <i <2
C(%‘H_g’, = 2t, 2t=1 (mod 3)

This coloring c of G+ +; t > 5, is its dominator coloring, as the vertex v dominates the
color class {v5}, the vertices v;_1,v;,v;11, for 1 < i < 2¢, and ¢ = 2 (mod 3), dominate
the color class {v;}, when 2t = 0,2 (mod 3), and when 2t = 1 (mod 3), v;_1, v;, v;11, for
1<i<2t—1,and i = 2 (mod 3), dominate the color class {v;}, and vo; dominates itself.

In G4, as d(v,v;) < 2, forall1 < i < 2t, d(v;,v;) = 2, when ,j = 1 (mod 2), and
d(vi,v;) = 3, wheni = 1 (mod 2), and j = 1 (mod 2), for any 1 < i # j < 2t, the
path between them is always colored using distinct colors. Hence, to prove that c is a
rainbow dominator coloring of G+, we must obtain a rainbow path with respect to ¢
only between the vertices v;, v; such that i,5 = 0 (mod 2), forany 1 < i # j < 2¢, as
d(v;,v;) = 4, in this case.
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If i,5 = 2 (mod 6), then the path v; — v;_1 — v — v;41 — v, is a rainbow path between
them, as ¢(v;—1) = ¢1 and ¢(vj41) = co. If either ¢ = 0 (mod 6), or j = 0 (mod 6), then
v; —Vi—1 — U —v;_1 — v; is a (v, v;)-rainbow path as ¢(v;—1) # ¢(vj_1), in this case owing
to the fact that ¢(v;) is unique for all ¢ = 2 (mod 3). Similarly, if either i = 4 (mod 6), or
j =4 (mod 6), then v; — v;41 — v —vj+1 — v; is a (v;, vj)-rainbow path as c(vi+1) # c(vjt1),
in this case, owing to the same reason. Hence, x,4(G1,:,1) < (%] + 3.

As every v;; ¢ = 0 (mod 2), in the cycle Cy of G1 4. is adjacent only to the vertices
v;—1, and v;4+1, it can dominate a color class with respect to any of its proper coloring
if and only if the color class is either {v;} or a subset of v;_1,v;+1. As this domination
property of the vertices v;; i = 1 (mod 2), of G1 +; are same as the ones exhibited by the
vertices of any cycle, we require at least y4(C4;) colors to obtain a dominator coloring of
Gh,1,+- However, in any dominator coloring ¢ of Co, ¢(v;—1) = &(v;+1), for all the vertices
Vi 1= 2 (HlOd 3), or 5(1)1;_1) = E(’Uj_l) and 6(1}7;_;,_1) = E(’L)j+1), for Vi, Uj5 1 < ) }é ] < 2t,
such that i, j = 2 (mod 3).

In the first case, we cannot obtain a rainbow path between two vertices v; and v; such
that ¢, = 2 (mod 6), and in the second case, the vertex v cannot be assigned any of the
two colors that are assigned to more than one vertex of Cy;. Hence, in both the cases,
we require at least one color in addition to the number of colors used in any minimum
dominator coloring of G1 ¢ ; to obtain its minimum rainbow dominator coloring. As it has
been proved in [5] xq(Ca:) = [%W + 2, for all t > 3, the result follows. O

Proposition 2.1. Fort > 2, x,q(G1+¢) =t + 1.

Proof. In the complement G, of a gear graph G, as described in Theorem 2.1, any
v;; 1 < ¢ < 2t, is adjacent to all the vertices of élﬁt,t/ except v;_1,v;, v;+1, where the
suffixes are taken modulo 2¢ and the vertex v is adjacent to all the vertices v;; 1 <14 < 2¢,
for i = 0 (mod 2). Hence, the vertices v,v;; 1 < i < 2¢, for i = 0 (mod 2), induce a clique
of order t + 1 in Gy 4, yielding x,q(G1,4,¢) >t + 1.

The coloring ¢ : V(G144) — {c1,¢2,...,ci11} such that ¢(v;) = c(vip1) = Criys for
1 <i < 2t, wheni =0 (mod 2), and ¢(v) = ¢;41 is a dominator coloring of élmt/ as each
v;; 4 = 0 (mod 2), and v dominate the color class {v}, and v;; ¢ = 1 (mod 2), dominate
the color class {v;y2,v;43}, for 1 < i < 2t, where the suffixes are taken modulo 2¢, with
respect to c.

For any two vertices v;,v; € V(élw), 1 <i#j<2td(v,v;) =1, when both ¢ and
j are of the same parity; otherwise, d(v;,v;) = 2, as there exists a path v; — v;12 — v; or
v; — viy2 — v; of length 2. Also, as d(v,v;) = 1, when j is even and d(v,v;) = 2, when j
is odd, there exists a rainbow path between any two non-adjacent vertices of G+ in c.
Therefore, x,a(G11¢) =t + 1. O

A sunflower graph SF; ;, of order 2t + 1 is a graph obtained by replacing every edge
vivi+1; 1 < @ < t, by a triangle v; — u; — v;41 — v;, in a wheel graph W, , = C; + K;,
where the vertices v;; 1 < i < ¢, are vertices of degree 3 in W, 4, and the suffixes are taken
modulo ¢.

Theorem 2.2. Fort >4, x,q(SFi,¢) = [£] +2.
Proof. Let SF1,;t > 4, be a sunflower graph with V(SF; ;) = {v} U{v; : 1 < ¢ <

t}U{’LLl 01 §i§t}andE(SF17t,t) = {’U’Ui 01 Sigt}u{vi’l}prl 01 < 1 St}U{’UZ’U,Z 01 <
i <t} U{uwipr : 1 < i < t}, where the suffixes are taken modulo ¢. Consider a coloring



Rainbow Dominator Coloring of Some Cycle Related Graphs 357

@ % (s
(5 j Cq
c

C1
c
C3

©

@ )
Xﬁ 0 EXQ

4

(A) xrq-coloring of G1,7,7. (B) xrq-coloring of 5174’4.

FIGURE 2  xrq4-coloring of gear graph and its complement.

c:V(SFi44) > {e:1<r< [%] + 2} such that for any vertex w € V(SFy 4 4),

Criv, we{v;:1<i<t, i=1(mod2)};

M3

cw) =g, we{v:1<i<t,i=0(mod2)};
Crijqe, we{vpU{u; i1 <i <t}

With respect to ¢, every u;,v;; i = 1 (mod 2), dominate the color class {v;}, and when
i = 0 (mod 2), the vertices u; dominate the color class {v;4+1} and v; dominate the color
classes {v;_1} and {v; 41}, for all 1 <i < ¢. Also, as the vertex v dominates the color class
{v;}, forall i = 1 (mod 2), in ¢, it is a dominator coloring of SF ¢ ;.

In SFi 44, d(vi,vy) = 2, d(v,v;) = 1, d(v,u;) =2, forall 1 <i# j <t and d(u;, u;) =
4, forall1 < i <t and j > i+ 4, where the suffixes are taken modulo ¢. The path
u; —v; —v —v; —u; is a rainbow path between any two vertices u; and u;, with respect to ¢,
where i = 1 (mod 2), irrespective of the parity of j. Also, the path u;—v;41—v—v,4+1—u;isa
rainbow path between any two vertices u; and u;, with respect to ¢, where 4, j = 0 (mod 2).
Hence, x;q(SFi) < [5]+2, forallt > 4.

In SFi .+, a vertex u;; 1 < ¢ < t, dominates a color class with respect to any of its
dominator coloring if it is {u;} or {v;+1} or {u;}. If every u; dominates a color class that
contains one distinct vertex, then we need ¢ unique colors, in such a coloring of SF} ¢ ;. In
¢, as every u;, uj+1, for 1 <4 <t¢,and i = 1 (mod 2), dominates the color class v;, it gives
an optimal rainbow dominator coloring of SF ;. If x,a(SFi 1) < (%1 4+ 2, then at least
one singleton color class has been removed from ¢, which leads to the vertex u;, for some
1 <4 <t, not dominating any color class, proving the result. O

Proposition 2.2. . Fort >4, x,q(SF1.44) =t + 1.

Proof. For the complement SiFLtyt of a sunflower graph SF; ;, constructed as given in
Theorem 2.2, the coloring ¢ : V(SF1:+) — {c1,¢2,...,ci41} such that c(v;) = c(u;) = ¢,
for 1 < i < ¢, and ¢(v) = ¢4 is its rainbow dominator coloring using ¢ + 1 colors. This
is because the vertices v,u;; 1 < i < ¢, dominate the color class {v}, and the vertices
v;; 1 < ¢ <t, dominate the color class {v;y3,u;4+3}, wheret+j = j, forany 1 < j < ¢, and
d(v,v;) = 2, d(v;,u;) = 2, and d(v;,v;) = 2, for all 1 < ¢ # j < t; enusring the existence
rainbow paths v — u; 42 — v;, v; — uj_2 — u;, and v; — u; 42 — v;, between the respective
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pairs of non-adjacent vertices, with respect to c. As the vertices v, u;; 1 < ¢ < ¢, induce a
clique of order t + 1 in SFy ; 4, for any t > 4, the result follows. O

A closed sunflower graph CSFy +; t > 3, is obtained from the sunflower graph SF ; ; by
making each u;; 1 <14 < t, adjacent to u; 41 and w;_;, where the suffixes are taken modulo
t.

Theorem 2.3. Fort >4, x;q(CSF1,14) = [%] + 3.

Proof. Let CSF1 .45t > 4, be a closed sunflower graph with V(CSFy ) = {v} U {v; :
1<i<t}U{u;:1<i<t}and E(CSF1;) = {vv; 11 <i<t}U{vvip1:1 <<
ttU{vu; 01 < <tPU{uvipr 0 1 <i <t} U{uuiq1 2 1 <@ < t}, where the suffixes are
taken modulo ¢. Consider a coloring ¢ : V(CSFy ) — {¢, 11 <r < [%} + 3} such that
c(v) = co,

Crif4ss t=1(mod?2),1<i<t—1;

c(vi) = < c3, i=t, whent =1 (mod 2);

1, i=0(mod?2),1<i<t.
and

co, i=1(mod?2),1<i<t—1;
cs, 1=0(mod?2),1<i<t—2;
cri143, t=t—1, whent =1 (mod 2);

elus) = cL,QH i=1t—1, whent =0 (mod 2);
1, i =t, whent =1 (mod 2);
cs, it =t, when ¢t =0 (mod 2).

When ¢ is even, every v;, v;+1,u;; ¢ = 1 (mod 2), dominate the color class {v;}, and the
vertices u;; ¢ = 0 (mod 2), dominate the color class {v;41}, for all 1 < i < ¢, where we take
t + j = j, with respect to c. When ¢ is odd, every v;,v;+1, and u;;7 = 1 (mod 2), dominate
the color class {v;}, forall 1 <4 < ¢ — 2. The vertices v;, u;;i = t — 1,t, dominate the color
class {u;_1}, with respect to c.

With respect to ¢, there exists a rainbow path between any two non-adjacent vertices
v;, 05, v, u; of CSFy 4+, owing to the fact that d(v;, v;) < 2, d(v,u;) =2,forall 1 <i#j <t.
As d(u;,u;) =4, forall j > i+4, and 1 < i < ¢, where the suffixes are taken modulo ¢, the
path u; —v; —v —v; — u;, when i = 1 (mod 2), and the path u; — v;41 — v —v; — u;, when
i = 0 (mod 2), are rainbow paths of length 4 between u;, u;, for any 1 < i # j < t, with
respect to c. Hence, x,4(CSF1,¢) < [5] + 3, forall ¢t > 4.

In the closed sunflower graph CSF} ; ;, any u; can dominate a color class of cardinality
at most 2; that is, every u; can dominate a color class only when it is one of the following
forms : {’LLZ}, {Ui},{vi+1}, {’U,Z',l, ’U/i+1}, {ui,l, ’U7;+1}, or {Ui,h u7;+1}. If every u; must dom-
inate a color class of cardinality 2, with respect to some dominator coloring of C'SF} + .,
we require at least ¢ colors in such a dominator coloring, as such a color class can be either
{Ui—h Ui+1}, or {'Ui—h ui+1}-

If each u; dominates a color class of cardinality 1; the color class is either {u;}, {v;} or
{vi+1}. However, if each u; dominates a distinct color class of cardinality 1 in a domina-
tor coloring of C'SF} ;+, we use at least ¢ colors in such a coloring. Hence, a dominator
coloring such that u; and w;41, for each ¢ = 1 (mod 2), dominating the same color class is
an optimal one. However, as these [£] colors cannot be given to any other v; and v, we
need at least two colors in addition to it. However, the [£] + 1 assigned to v;’s cannot
be assigned to u;’s, it can be seen that we need at least [£] + 3 colors in any dominator
coloring of C'SF} ; ¢, completing the proof. O
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Proposition 2.3. Fort >4, x,q¢(CSF1,44) =t + 1.

Proof. Let CSF; ;, be the complement of a closed sunflower graph CSF ;; constructed
as given in Theorem 2.3. The coloring ¢ : V(CSF1::) — {ci1,c2,...,ci+1} such that
c(v;) = e(u;) = ¢, for 1 <4 < t, and ¢(v) = ¢;41 is its rainbow dominator coloring using
t + 1 colors, owing to the same arguments mentioned in Proposition 2.2, and the fact that
any two non-adjacent u;’s have a path of length 2 through v in CSF ¢ .

Based on the definition of a closed sunflower graph C'SF} ;,, it can be seen that the
graph CSF1 ., contains a clique of order [ %] + 1, induced by the vertices v and w;; i =
0 (mod 2),1 < ¢ < t. Forevery1l < i < t, as each u; is adjacent to the vertices
Vs, Vig1, Uit1, Ui—1 in CSFy 44, any color assigned to a vertex u; in a proper coloring of
CSF1 ., can be assigned only to v; or to v; 41, as v;+1 and u;_; are adjacent in CSF'q 14,
and v; is adjacent to v in C'SF'y 1 +.

In addition to this, as the v;’s and u;’s induce a cycle in C'SF} ; 4, it can be observed
that any color can be assigned to at most two vertices of CSF; 4, in any of its proper
coloring; thereby proving that the coloring ¢ of C'SF; ;; given above with ¢ + 1 is the
required optimal rainbow coloring of C'SF; ; ¢, for any ¢ > 4. O

(A) xra-coloring of CSF1 g s. (B) xrd-coloring of CSF'1 4, 4.

FIGURE 3  xrq4-coloring of a closed sunflower graph and its complement.

A prism graph of order 2¢, denoted by Y7, is obtained by making every vertex v; of a cycle
Cy =v1 — vy —...—v; — vy adjacent to the vertex u; of acycle C] = u; —ug — ... —up — ug.

Theorem 2.4. Fort >4, x,qa(Y:) =t.

Proof. LetYy; t > 4, be a prism graph with V(Y;) = {v;,u; : 1 < i < t}and E(Y;) = {v;u; :
1 <i<t}U{vvipr : 1 <i <tpU{wuiqr 1 < i < t}, where the suffixes are taken modulo
t. As a rainbow path between any two vertices of Y; is same as the rainbow path between
them in a cycle C;, we need at least x,4(C;) colors in a rainbow dominator coloring of Y;.
Hence, the vertices of one of the two cycles of order ¢, say v; —vy —...—v; — vy, are colored
with x,q(C¢) colors. Now, to obtain a dominator coloring of the other cycle of order ¢ in
Y;, we need at least [%1 colors in addition to the x,.4(C;) colors used to color the vertices
vi; 1 <0<, OfY;i Hence, er(YVt) > er(ct) + ’—§~|

As it has been proved in [13] that x,4(C;) = x(C}), when t < 5, x,q(Cy) = | 5] + [£1,
whent > 5,t =1 (mod 6), and x,4(Cy) = [£] + [£], whent > 5,1 = 0,2,3,4,5 (mod 6),
it can be observed that x,.4(Y;) > ¢, forall ¢ > 3.
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To prove the result, we obtain a coloring pattern of Y; in th following cases, based on the

value t.
Case 1:
for1<i<|i] c(v;)=cy,

Ci,
C(“L%J-&-i) = {

ClLel+r4
andforl < <t,

c(viy2),
c(vit1),

CTE1+1E1+157

clu;) =

When ¢ = 0 (mod 6), consider the coloring ¢ : V(Y;) — {c1,ca, ..

., ¢t} such that

;= 0,1 (mod 3);
i =2 (mod 3).

i =1 (mod 3);
i =0 (mod 3);
i =2 (mod 3).

This is a dominator coloring of Y;; ¢t = 0 (mod 6), as the vertices u;_1, u;, ui+1 and v;_1, v;,
viy1, for 1 < ¢ < t, when i = 2 (mod 3), dominate the color class {u;} and {v;}, respec-
tively.
Case 2: When t = 1 (mod 6), let ¢ : V(¥z) — {c1,c¢o,...,c} be a coloring such that
d(v;) = c(v), forall1 <i<t—1,c(v) = ¢z yrep,andforl <i <t —2, ¢ (u;) = c(uy),
c(ug—1) = ¢1, and ¢'(u;) = ¢4, where ¢ is a dominator coloring of Y;; ¢ = 0 (mod 6), as
defined in Case 1.

The coloring ¢’ is a dominator coloring of Y;; ¢ = 1 (mod 6), as c is a dominator coloring
of Y; t = 0 (mod 6), where the vertices u; 1, u;, u;+1 and v;—1,v;,v;41, for 1 <i <t —2,
when i = 2 (mod 3), dominate the color class {u;} and {v;}, respectively, and the vertices
ut, v dominate the color class {v;}.
Case 3:  Whent = 2 (mod 6), consider the coloring ¢* : V(Y;) — {c1,¢a, ..
c*(vy) = Creq4rL)s forl1 <i< L%J, c*(v;) = ¢,

., ¢} such that

“ ) ciy i1 =0,1 (mod 3);
C \Vit|4;) = .
21+ ClE|1TiTs 1 =2 (mod 3).
for1 <i<|[i]-2
c(Vit1), i = 0 (mod 3);
c*(u;) = < e(viga), i =1 (mod 3);
CT§1+rg1+141, § =2 (mod 3).
forj=|%|+iwhenl<i<|§]-2
c(vjt1), i =0 (mod 3);
c*(uj) = ¢ c(vjy2), i =1 (mod 3);
Crtrgtergy I =2 (wod3).

and ¢*(u¢) = ¢*(uyg)) = ca,and ¢ (ug—1) = (U 1) = c1.

This is a dominator coloring of Y;, as the vertices w;—_1, u;, wit+1 and v;_1,v;,v41, for
1 <i<[%] -2 wheni=2 (mod 3), dominate the color class {u;} and {v;}, respectively,
with respect to c¢. Also, the vertices uj_1,u;,uj41 and v;_1,v;,vj41, where j = L%J + 1,
for1 <i < [§] — 2, and when i = 2 (mod 3), dominate the color class {u;} and {v;},
respectively, in c. The vertices v;, u; dominate {v;} and v| ¢ |, u| ¢ | dominate {v+,}, in this
coloring.
Case4: Fort =3 (mod 6),letc” : V(Y;) — {c1,c2,..., ¢} be a coloring such that for all
1<i<t—1,c"(v;) =c*(v), and ¢ (u;) = ¢*(w;), " (ur) = ¢*(ve—1) and ¢’ (v¢) = ¢, where
¢* is a dominator coloring of Y;; ¢ = 2 (mod 6), as defined in Case 3.
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This is a dominator coloring of ¥;; ¢ = 3 (mod 6), as all vertices except v; and u,
dominate the color classes, as explained in Case 3, and the vertices v; and u; dominate the
color class {v;}.
Case 5 When t
c(vi) = ¢,

4 (mod 6), ¢ : V(Y;) — {c1,¢a,..., ¢} such that for 1 < i < |£],

o ) ci, i =0,1 (mod 3);
C\V|t144) = .
|‘2J+ CL%J+[%]’ 152(m0d3)
for1 <i<|£]-1,
c(vit1), 1 =0 (mod 3);
é(u;) = < c(viga), =1 (mod 3);
forj=|%]+iwhenl<i<|L]-1,

.

(v11) 0 (mod 3);
e(u;) = | c(vjt2), 1 (mod 3);
CrL1+TE1 447 Jj =2 (mod 3),

~.
If

~.
Il

wheret+1 =1, and E(UL%J) = ¢4, ¢(uy) = ¢4

Based on the domination properties of the vertices mentioned in Case 3, it follows that
¢ is a dominator coloring of Y;, when ¢ = 4 (mod 6).

Case 6:  Fort =5 (mod6),let” : V(Yz) — {c1, o, ..., } be a coloring such that for all
1<i<t—1,c"w;) =¢é(v;), and " (u;) = e(u;), " (u) = cq and ¢’ (vs) = ¢;, where Cis a
dominator coloring of Y;; ¢ = 4 (mod 6), as defined in Case 5.

This is a dominator coloring of ¥;; ¢ = 5 (mod 6), as all vertices except v; and u,
dominate the color classes, as explained in Case 5, and the vertices v; and u; dominate the
color class {v;}.

In all the cases, the coloring ¢ of Y, there exists a rainbow path between the vertices
v;, 05, as the vertices of the cycle v; — va — ... — v, — vy are given the rainbow dominator
coloring of C;. Also, this guarantees the existence of a rainbow path between the vertices
u;, uj, and w;, v;, for any 1 < 4 # j < ¢, as the vertices of the v; — v; path are internal
vertices of the u;, uj, and u;, v;, path in Y;. This completes the proof. O

Proposition 2.4. Fort >3, x,q(Y;) = t.

Proof. In the complement Y, of a prism graph Y; described in Theorem 2.4, each v; is
adjacent to all the vertices of Y, except u;, vi41,v;—1, forall 1 < i < ¢, where t + j = j,
forany 1 < j <t — 1. Hence, any color can be assigned to at most two vertices, either
Vi, Vig1, OF Ui, Uiy1, OF v;, u;, for 1 < i < ¢, in any proper coloring of Y, where the suffixes
are taken modulo ¢. Therefore, x,q(Y¢) > t.

The coloring ¢ of Y such that c(v;) = c(u;) = ¢;, for 1 < i < t, is its rainbow dominator
coloring, as there exists a path of length 2 between any pair of non-adjacent vertices, v;, u;
OF Vj, Viq1 OF Ui, jr1 Of Yy through the vertices u;12, u; 43 and v, 3, respectively; proving
the result. O

LetCy =v1—vo—...—vy—vy and C] = ug —ua —. .. —uy —uq be two cycles. A web graph

of order 3t, denoted by W, is a graph obtained by making u;, € V(C}) and v; € V(C})
adjacent, and adjoining a vertex w; to each v;.

t+ 2, whentiseven;

Proposition 2.5. Fort > 3, x,q(Wb .
P = 3 Xral t){t+3, when t is odd.
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Proof. In a web graph Wb,; t > 3, with V(Wb,) = {u; : 1 <@ <t}U{v; 1 1 <i <t}U{w; :
1 < < t}, let w; be the pendant vertex adjacent to v;’s, for all 1 < i < ¢, that form a cycle
of order t, and let u;’s be the vertices of a cycle of order ¢ such that each u; is adjacent to
the corresponding v;’s. Here, as there are ¢ support vertices v;; 1 < ¢ < ¢, we require at
least ¢ colors in any dominator coloring of Wb;. As these ¢ colors cannot be assigned to
any other vertex other than the support vertices of Wb, to color the u;’s and w;’s we need
at least x(C}) colors; yielding x,a(Wb;) >t + x(C}).

The coloring ¢ : V(Wb;) — {c1,¢2,. .., Cpy(cy)} such that c(v;) = ¢i3 1 < < t, c(w;) =
c(u;)) =131 <i<t—1,i=1(mod 2), c(wy) = c(uz) = ¢33t =1 (mod 2), and c(w;) =
c(u;) = co; 1 < i <t,i=0(mod 2),is a rainbow dominator coloring of Wb, with t 4+ x(C)
colors, as the vertices u;, v;, w; dominate the color class {v;}, forall 1 < i < ¢, in ¢, and
between any w; and wj, or u; and u;, or w; and u;, or v; and v;, there exists a rainbow path
Vi — Vi41 — ... — Vj—1 — vj, which are all given unique colors in c. Hence the result. O

Proposition 2.6. Fort > 3, x,;a(Wb;) =t + [%].

Proof. For t > 3, let Wb, be a web graph with V(Wb;) = {u; : 1 < i <t}U{v; : 1 <
i <t}U{w; : 1 <1i <t} as described in Proposition 2.5. Define a coloring ¢ : V(Wb,) —
{c1,ca,... ,ctH%w}such that c(w;) = c¢(v;) = ¢;, for 1 <i <t,and c(u;) = c(uit1) = Cryrit
for1 <i <t wheni=1 (mod?2).

This is a rainbow coloring of W, as any two non-adjacent u;’s have a path of length
2 through some w;, and there exists a u; — w;+1 — v; path between any u; and v;. Also,
between two non-adjacent v;, v;, there exists a path v; —w;« —v;, where 1 < i # j # i* <t.
In addition to it, each u;; 1 < 7 # j < t, dominates the color class {v;, w,}, every w;
dominates the color class {u;, u;41}, and every v; dominates the color class {w;, w;12},
with respect to c. Hence, c is a rainbow coloring of Wb, with ¢+ (%1 colors. As the vertices
w;; 1 <i<t,and uj; j =0 (mod 2), for 1 < j < t, form a clique of order ¢ + | L] in Wy, it
follows that x,.q(Wb,) >t + [ ].

If ¢ is even, we are done. If ¢ is odd, the vertex u,; in any dominator coloring of W,
must be assigned a unique color, as it can either be assigned the color assigned to the
vertices ui, uz—1, or v;. However, as the colors assigned to these vertices are assigned to
one more vertex, to which u; is adjacent to, such an assignment of colors is not possible.
Hence, x,;a(Wb;) =t + [%], when ¢ is odd. O

Based on Proposition 2.5, and Proposition 2.6, the rainbow dominator chromatic num-
ber of a sunlet graph, and its complement is given in the following result, where a sunlet
graph of order 2t, denoted by SI;, is obtained by adjoining a vertex to every vertex of a
cycle C;.

Proposition 2.7. Fort >3, x,q(Sl;) =t + 1, and x,q(Sl;) = t.

Proof. As every vertex of a cycle C; in a sunlet graph S, is a support vertex, it has to have
a unique color in any of its dominator coloring. Therefore, any path between two vertices
of this cycle C; in Si; is a rainbow path in this coloring. Also, as any path between two
pendant vertices of Si; is also through the vertices of C; in Sl;, it can be observed that
Xra(Sl) =t + 1. o

All pendant vertices of Sl; induce a clique in Si;, and every pendant vertex of Si; is
not adjacent to only its support vertex of Si; in the graph Si;. Hence, any color can be
assigned only to at most two vertices of Sl;, in any of its proper coloring.

A proper coloring of SI; that assigns a color ¢; for every pendant vertex and its corre-
sponding support vertex in Sl;, as given in the coloring ¢ of Wb, in Proposition 2.6 is an



Rainbow Dominator Coloring of Some Cycle Related Graphs 363

optimal rainbow dominator coloring of S, owing to Proposition 2.6. Hence, x,q4(Sl;) =
t+1,and x,q(Sl;) = t, forall t > 3. O

3. CONCLUSION

In this article, we investigated the rainbow dominator coloring of some cycle related
graphs, and their complements, by obtaining their rainbow dominator coloring pattern
and the corresponding chromatic number. As this is just a beginning of the study on this
topic, it offers wide avenues for future explorations that includes obtaining bounds for
the rainbow dominator chromatic number of graphs, determining the rainbow domina-
tor coloring of several classes of graphs and its derived graphs, and addressing several
realisation problems.
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