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Strong and weak ideals in Bl-algebras

DANIEL ABRAHAM ROMANO!

ABSTRACT. In this paper, we introduce the concepts of strong and weak ideals in Bl-algebras and study their
properties. While these two concepts in general Bl-algebra are mutually different, they coincide in the case when
this algebra is right distributive.

1. INTRODUCTION AND PRELIMINARIES

In 1966, Y. Imai and K. Iséki ([11, 12]) introduced BCK/BCl-algebras. In 1983, Q. P. Hu
and X. Li ([10]) introduced BCH-algebras. An algebra 2l =: (A, *,0) of type (2,0) (ie., a
non-empty set A with a binary operation '+” and a constant 0), is called a BCH-algebra if
it satisfies the following axioms:

(Re) (Vz € A)(z*z = 0),

(Ex) (Va,y, 2 € A) (2 y) 2 = (x % 2) xy),

(An) (Vz,y € A)((zxy=0Ayxx=0) = x=y).

It is well known that for any BCH-algebra 2 the following holds

M) (Vz € A)(zx0=x).

A BCH-algebra 24 =: (A, *,0) is said to be a BCI-algebra if it, additionally, satisfies the
identity

(BCI) (Var, g, 2 € A)(((w % y) * (& #2)) + (2 ) = 0).

(In the text [12], K. Iséki literally wrote ”In this note, we shall consider a new algebra
induced by the BCl-system of propositional calculus by C. A, Meredith quoted into A.
N. Prior, Formal Logic ([16], p. 316).”) A BCK-algebra is a BCI-algebra 2l =: (A, *,0)
satisfying the law

(L) (Vz € A)(0 2 =0).

(BCK-algebra is a generalization of the concepts of set-theoretic difference and propo-
sitional calculi.) The concept of BH-algebras, as a generalization of BCK/BCI/BCH-
algebras, was introduced in 1998 ([13]) by Y. B. Jun, E. H. Roh and H. S. Kim. An al-
gebra 2 =: (A4, *,0) of type (2,0) with the following axioms (Re), (M) and (An) is called a
BH-algebra. The notion of B-algebras was introduced by ]. Neggers and H. S. Kim ([15]).
They defined a B-algebra as an algebra 2 =: (A4, *, 0) of type (2, 0) satisfying the following
axioms:

(Re) (Vo € A)(z xx =0)

M) Ve e A)(z*x0=1x)

B) (Vx,y,z € A)((xxy)x 2 =x* (2% (0% y))).

It is known that several generalizations of B-algebras have been extensively studied by
many researchers and the internal architectures of such algebras have been studied in
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detail. One such generalization is the Bl-algebra, introduced in 2017 ([8]) by A. Borumand
Saeid, H. S. Kim and A. Rezaei. According to the creators of the Bl-algebra concept, the
notion of Bl-algebras comes from the (dual) implication algebra ([8], pp.180). An algebra
A =: (A, *,0) is a dual implication algebra ([8], Definition 2.3) if it satisfies (Ex) and the
following two axioms

(Im) (Vx,y € A)(x* (y+x)=1), and

(Com) (Vz,y € A)(z * (zxy) =y * (y * 2)).
Definition 1.1 ([8], Definition 3.1). Analgebra A =: (A, *,0) of type (2,0) is called a Bl-algebra
if the following holds:

(Re) (Vz € A)(zxx = 0).

(Im) (Vz,y € A)(z * (y x x) = x).

The Bl-algebra 2 =: (A, *, 0) is said to be right distributive ([8], Definition 3.8) if it holds
(DR) (Y2, .2 € A)((x+1) % 2 = (2 2) * (y % 2).

The Bl-algebra determined in this way should not be confused with the basic implica-
tive algebra, determined by Definition 12 in [20], which is often also denoted by the prefix
Bl in the literature.

The properties of (right distributive) Bl-algebras were also the focus of this author in
[17].

Some of the important properties of this class of logical algebras are given by the fol-
lowing proposition:
Proposition 1.1 ([8], Proposition 3.7). Let 2l =: (A, *, 0) be a Bl-algebra. Then:

M) (Ve € A)(z+0=1x),

(L) (Vze A)(0xz=0),

(iii) (Va,y € A)(w+y = (z*y) *y),

Vi) Vo,y,z€ A)(zxy=2 = (zxy=2z Ay*xz=1y)).

The concept of ideal in Bl-algebras is determined by the following definition:
Definition 1.2 ([8], Definition 4.1). A subset J of a Bl-algebra 2 =: (A, x,0) is called an ideal
of 2 if the following holds:

Jo)oeJ,

J) (Ve,y e A)((xxyeJ AyedJ) = z e J).

A common practice, practiced by many researchers of logical algebras, is to, in addition
to investigating the internal architecture of the observed logical algebra and its connection

with other logical algebras, also observe the substructures (such as, for example, sub-
algebras and ideals in them) in such an algebra.

Ideals in Bl-algebras are discussed in [3, 8, 18]. In this sense, while in [3] the properties
of normal ideals in Bl-algebras were considered, the focus of the paper [18] is on some
classes of implicative ideals in Bl-algebras.

Let 2 =: (4, -,0) be a Bl-algebra. We introduce a relation < on the set A by
(Ve,ye A)(z xy < xzxy=0).
For an ideal J in a Bl-algebra 2 holds ([8], Proposition 4.5)
J2) Vz,yc A)((z sy AyeJ) = zelJ).
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S. A. Bhatti [5] (see also [4] and [7]) introduced the notion of strong ideals in BCI-
algebras and obtained some results about it. This class of ideals in BCI-algebras was the
subject of study in [9] by S. M. Hong, Y. B. Jun and J. Meng and in [1] by H. A. Abujabal
and ]. Meng. In [5], the concept of strong ideal in a BCI-algebra is determined as follows:
Anideal J of a BCI-algebra 2 =: (A, %,0) is a strong ideal in 2 if the following holds

S (Ve,ye A)((xeJ ANye A\J) = zxyec A\ J).

The concept of regular ideals in BCI-algebras was introduced in 1986 by D. Meng ([14]):
Anideal J of a BCl-algebra 2/ is called regular if the following holds

(JR) Vz,y e A)((xxyeJ ANz eld) = yeJ).

S. H. Bhatti proved ([6]) that the concept of regular ideals and the concept of strong ideals
in BCl-algebras are coincident.

The concept of strong ideals in BH-algebras was discussed in [2] by S. S. Ahn and J. H.
Lee: a non-empty subset J of a BH-algebra 2 = (A, *,0) is called a strong ideal in 2 if it
satisfies (JO) and

St) (Vo,y,z € A)(((xxy)xze€J ANyeJ) = xxz€J).

In doing so, it is shown that a sub-algebra S in a BH-algebra 2 = (A, *,0) is a strong ideal
in A if and only if the following holds

(Ve,y,z€ A)((x € S Ay*xz€ A\S) = (y*xxz)*xz€ A\ S).

The concept of strong ideals in (pseudo-)BCH-algebras, determined as an ideal that
satisfies the condition (S]), was the subject of interest in [19] written by A. Walendziak.

In this paper, we introduce the concepts of strong ideals in Bl-algebras and study their
properties. It has been proven that every ideal in a right distributive Bl-algebra is a strong
ideal in such an algebra. In addition, we introduce the concept of weak ideals in BI-
algebras and establish some of its important basic properties. Also, it was shown that
these two concepts are mutually independent. Finally, it is proven that these two concepts
coincide in the right distributive Bl-algebra.

2. THE MAIN RESULTS: STRONG AND WEAK IDEALS IN BI-ALGEBRAS

In what follows, we deal with the creation of the direct product Bl-algebras. Let {(A;, *;,0;) :
i € I} be a family of Bl-algebras. If on the set

[TAi = {f:1— UicsAi | (Vi€ D)(£(i) € A},
iel
we define the operation © as follows
(¥f.9 € TTA)(Y € DU © 9)(0) = £(3) % 9(0).
i€l
we created the structure (J[,.; As, ®, fo), where f, was chosen as follows
Before we start working with direct products of Bl-algebras, we say that the operation

determined in this way is well-defined. If a priori we accept conditions that ensure the
existence of non-empty direct product, we can prove the following theorem.

Theorem 2.1. The direct product of any family of Bl-algebras, determined as above, is a Bl-
algebra.

Proof. By direct verification, it can be proved that this structure satisfies the axioms of
Bl-algebra:
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Let f,g € [[,c; Ai be arbitrary elements and i € I. Then, we have:
Re) (f© f)@) = f(i) =i f(i) = 0;.
(BI) Considering that
(f o (g )@) = f@@) i (g(@) * f(i) = f(i),
we have that (BI) is a valid formula for the observed structure.
Therefore, the structure (][, 4i, ©, fo) is a Bl-algebra. O

2.1. Strong ideals. The design of the concept of strong ideals in Bl-algebras introduces
the following concept of strong ideals in BH-algebras ([2]).

Definition 2.3. A non-empty subset J of a Bl-algebra A =: (A, *,0) is called a strong ideal in A
if it satisfies (JO) and the following condition:

St)) (Vz,y,z € A)(((zxy)xz2€e J AyeJ) = z*xz€J).
Proposition 2.2. Any strong ideal in a Bl-algebra 2 is an ideal in .
Proof. Putting z = 0 in (St]), we obtain (J1). O
Proposition 2.3. In every Bl-algebra 2l =: (A, x,0), the subset {0} is a strong ideal in 2.

Proof. Let z,y,2 € A be arbitrary elements such that (z * y) x z = 0 and y = 0. Then
x*z = (x*0)* z = 0 in accordance with (M). So, the subset {0} is a strong ideal in 2. O

The concept of sub-algebras in a Bl-algebra 2 =: (A4, -, 0) is introduced by a standard
way. A nonempty subset S of A is a sub-algebra in 2 if it satisfies the condition

(S1) (Vz,yc A)((x e SANyeS) = xxyelbl).

It can immediately be concluded that the sub-algebra S in a Bl-algebra 2 satisfies the
condition

(S0)o e S.
Example 2.1. Let A = {0, a,b, c} be a set with the operation given with the table

*x10 a b ¢
0j/0 0 0 O
ala 0 a b
b|b b 0 b
cle b ¢ O

Then A =: (A, -,0) is a Bl-algebra ([8], Example 3.3).

Subsets Sy = {0}, S1 = {0,a}, So = {0,b}, S3 = {0,¢c}, S4 = {0,a,b}, and S¢ = {0, b, c}
are sub-algebras in 2. Sub-set K = {0, a,c} is not a sub-algebra in U, because, for example, we
havea € Kandce Kbutaxc=0¢ K.

Subsets Jo = {0}, J1 = {0, a}, Jo = {0,b}, J3 = {0, ¢}, J5 = {0, a, ¢} are ideals in . Subset
Sy = {0,a,b} is not an ideal in A because, for example, we have a € Sy and ¢ xa = b € Sy but
¢ & Sy. Also, subset Sg = {0, b, ¢} is not an ideal in A because, for example, we have ¢ € Sg and
axc="be Jsgbuta ¢ Js.

The ideals Jo and Jy are strong ideals in 2.

The ideal J; is not a strong ideal in 2 because, for example, we have (cxa)xb=bxb=0 € J;
and a € Jy but cxb = ¢ ¢ Jy. The ideal J5 is not a strong ideal in 2 because, for example, we
have (a*c)xb=bxb=0¢€ Jyandc € J3but axb=a ¢ Js. The ideal Js is not a strong ideal
in A because, for example, we have (a*xa)*xc=0xc=0¢€ Jsanda € Jsbutaxc=>b¢ J;. O
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Remark 2.1. As shown in the previous example, a sub-algebra, that is, an ideal in a Bl-algebra,
does not have to be a strong ideal in that algebra.

Theorem 2.2. Let f : A — B be a homomorphism of Bl-algebras. If C is a strong ideal of B ,
then f=1(C) is a strong ideal in 2.

Proof. Since f(0) = 0, we have 0 € f~1(C).

Let z,y,z € Abesuch that (zxy) xz € f~1(C) and y € f~1(C). Then (f(z) * f(y)) *
f(2) = f((z*y) x2z) € Cand f(y) € C. Since C is a strong ideal in B, it follows from (St])
that f(z x z) = f(z) * f(2) € C. Sothatz x z € f~(C). Hence f~!(C) is a strong ideal in
A O

Corollary 2.1. Let f : 2 — B be a homomorphism of Bl-algebras. Then Kerf = {z € A :
f(x) = 0} is a strong ideal of 2.

Proof. Since the subset {0} is a strong ideal in the Bl-algebra B, by Proposition 2.3, we
have that the kernel Kerf = f~({0}) of the homomorphism f is a strong ideal in 2l in
accordance with the previous theorem. O

The following theorem gives another determination of the concept of strong ideal in
Bl-algebras.

Theorem 2.3. Let J be an ideal in a Bl-algebra A = (A, x,0). Then J is a strong ideal in 2 if and
only if the following holds

(StJ1) (Va,y,z€ A)((xxz€ A\NJ ANyeJ) = (zxy)xze€ A\ J).

Proof. Let J be a strong ideal in 2 and let z,y,2 € A be arbitrary elements such that
xxz ¢ Jandy € J. If we assume that (x x y) * 2 € J, then it would be z x z € J since J is
a strong ideal in 2. We got a contradiction. So, it must be (z * y) * z ¢ J.

Conversely, let (StJ1) be a valid formula for the ideal J and let z,y, z € A be such that
(r+y)*xz € Jand y € J. Assume that z x z ¢ J. Then, according to (StJ1), there would be
(x xy) * z ¢ J. We got a contradiction. Therefore, z * z € J. This proves that .J is a strong
ideal in 2. O

Analogously to the previous one, the validity of the following theorem can be proven:

Theorem 2.4. Let J be an ideal in a Bl-algebra A = (A, x,0). Then J is a strong ideal in 2 if and
only if the following holds

(StJ2) (Va,y,z € A)((xxy)xz€J ANxxze A\J) = ye€ A\ J).
On the other hand, if a Bl-algebra is right distributive, we have:
Theorem 2.5. Every ideal in a right distributive Bl-algebra is a strong ideal in it.

Proof. Let J be anideal in a right distributive Bl-algebra 2f = (A4, *,0) and let z,y, 2 € Abe
such that (z*y)*z € Jand y € J. First, by Theorem 3.1in[17], wehavey € J = y*z € J
for arbitrary z € A. On the other hand, from (z*y)*z € Jand y*z € Jitfollows zxz € J
according to Theorem 3.5 in [18] since 2 is a right distributive Bl-algebra. d

Remark 2.2. Let 24 = (A, *,0) as in Example 2.1. The concept of positive implicative ideals
in Bl-algebra was introduced in [18], Definition 3.3. As shown in [18], Example 3.6, the ideal
Js = {0, a, ¢} is a positive implicative ideal in the Bl-algebra 2 but it is not a strong ideal in U as
shown in Example 2.1.

Further on, we have:
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Theorem 2.6. Let {(A;,*;,0;) : i € I} bea family of Bl-algebras, K be a subset of I and let J; be
a strong ideal in (A;,*;,0;) for each i € K. Then H Ti, where T; = J; fori € Kand T; = A,
fori € I\K, is a strong ideal in the Bl-algebra ||
Proof. First, itis clear that fy € [],.; T

If K =0, then [Lc: Ti = ILier A,, so Hie[ T; is certainly an ideal in [ [, A;. Assume,
therefore, that K # ().

Let z,y,z € [];c; Ai be such that (x ©y) © z € [[,c; T and y € [],.; Ti. This means
(x(@) *; y(i)) *; 2(4) € J; and y(i) € J; for each i € K. Then (x ® z)(i) = x(z) *; 2(1) € J;
since J; is a strong ideal in (A;, *;,0;) foreachi € K. Hencexz ® z € ]

As shown, ]
Example 2.2. Let A = (A, =,0) be a Bl-algebra as in Example 2.1. The subset J, = {0,b} is

a strong ideal in A as shown in Example 2.1. Then according to the Theorem 2.1, A x A =:
(A x A, ®,(0,0)) is a Bl-algebra also, where where the operation ® is defined as follows

Ve, y,u,v € A)((x,y) ® (u,v) =: (% u,y *v)).

The subsets Jo x A, A x Jy and Jy x Jo are strong ideals in 2 x A according to the Theorem
2.6. |

’LEI

ZEI

T; is a strong ideal in [ | O

i€l 2€I

At the end of this subsection, let us to prove:

Theorem 2.7. The family Js(A) of all strong ideals in a Bl-algebra 2 =: (A, x,0) is a complete
lattice.

Proof. Let {J; : i € I} be a family of ideals in a Bl-algebra 2. Since it is obvious that
0 € N;erJ; holds, it remains to prove the validity of (St]) for the set N;crJ;. Letx,y,2 € A
be such that (z x y) x z € NjerJ; and y € NierJ;. Then (z xy) * z € J; and y € J; for each
i € I. Thus x * z € J; for each i € I by (St]). Hence, z - z € NierJ;.

If we denote by Z the family of all ideals of the algebra 2 that contain the set U;c;5;,
then NZ is an ideal in 2l according to the first part of this proof.

If we put MierJ; = NierJ; and U,erJ; = NZ, then (J5(A), N, U) is a complete lattice. O

Corollary 2.2. Let 20 = (A, *,0) be a Bl-algebra. For each x € A there is a minimal strong ideal
J in 2 that contains x.

Proof. This, according to what has been proven, is the intersection J,, of all strong ideals in
the Bl-algebra 2( that contain the element . Indeed, if J is a strong ideal in 2 containing
z, then J, C J. Therefore, J, is a minimal ideal in 2 that contains x. O

2.2. Weak ideals. We introduce the concept of weak ideals in Bl-algebras by the following
definition:
Definition 2.4. A non-empty subset J of a Bl-algebra 2 =: (A, *,0) is called a weak ideal in 2 if
it satisfies the following condition:

W]) (Vz,y,z€ A)((xx (yx2z) e J ANyeJ) = xzxz e J).

Let us prove that every weak ideal J in a Bl-algebra 2 satisfies the condition (J0).

Proposition 2.4. Let J be a weak ideal in a Bl-algebra 24 = (A, ,0). Then the formula (J0) is
valid.

Proof. Let J be a weak ideal in 2. Since J is a nonempty subset in A, there exists at least
onex € Asuchthatz € J. ThenJ >z =x%0=2x* (z*x) and 2 € J in accordance with
(M) and (Re). This 0 = x * = € J according to (W]). |
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Proposition 2.5. Every weak ideal in a Bl-algebra A = (A, *,0) is a sub-algebra in 2.

Proof. Let J be a weak ideal in A and let z,y € A be such that x € J and y € J. Then
Jox=x%0=u1xx(yxy) and y € J with respect to (M) and (Re). Thus z xy € J by
(WD). O

Proposition 2.6. Every weak ideal in a Bl-algebra 2 is an ideal in 2.
Proof. If we put z = 0 in (W]), we get (J1) due to the respect to (M). |

Example 2.3. Let A = (A, x,0) be a Bl-algebra as in the Example 2.1. The ideals Jy, Jy1, J2 are
weak ideals in 2.

The ideal J3 = {0, c} is not a weak ideal in A because, for example, for x = ¢,y = 0and z = a,
wehavecx (0xa) =cx0=c€ J3,0€ Jsbutcxa=>b¢ Js.

The ideal J5 = {0, a,c} is not a weak ideal in 2 because, for example, for v = a, y = a and
z=c,wehaveax*(axc)=axb=ac Jsanda € Jsbutaxc=>b¢ Js. O

A weak ideal in a Bl-algebra does not have to be a strong ideal as shown in examples
2.1 and 2.3: The ideal J; is a weak ideal in a Bl-algebra 2 (Example 2.3) but it is not a
strong ideal in that algebra (Example 2.1).

For the family J,,(A) of all weak ideals in a Bl-algebra £, it can be proved analogously
to the proof of Theorem 2.7 that:

Theorem 2.8. J,,(A) it forms a complete lattice.

The following theorem gives another determination of the concept of weak ideal in
Bl-algebras.

Theorem 2.9. Let J be an ideal in a Bl-algebra A = (A, x,0). Then J is a weak ideal in 2 if and
only if the following holds

(WJ1) (Vz,y,z € A)((zxz€e ANJ AyeJ) = xx(yxz) € A\ J).

Proof. Let Jbeaweakidealin 2 and letz,y, z € Abe arbitrary elements such that xxz ¢ J
and y € J. If we assume that = « (y * z) € J, then it would be = x z € J since J is a weak
ideal in 2. We got a contradiction. So, it must be = * (y x z) ¢ J.

Conversely, let (W]1) be a valid formula for the ideal .J and let z,y, z € A be such that
z*(y*xz) € Jand y € J. Assume that z x z ¢ J. Then, according to (WJ1), there would be
x* (y*z) ¢ J. We got a contradiction. Therefore, = * z € J. This proves that J is a weak
ideal in 2. ]

Also, analogously to the proof of the previous theorem, it can be proved that it holds:

Theorem 2.10. Let J be an ideal in a Bl-algebra 2 = (A, *,0). Then J is a weak ideal in 20 if and
only if the following holds

WJ2) (Va,y,z€ A)((zx(yx2) e J ANaxxze A\J) = ye A\ J).
However, we have:

Theorem 2.11. If 2 = (A, %,0) is a right distributive Bl-algebra, then every strong ideal in 2 is
a weak ideal in 2.

Proof. Let J be a strong ideal in a right distributive Bl-algebra 2( and let z, y, 2 € A be such
that z * (y x z) € J and y € J. Since by Proposition 3.12(v) in [8], we have (z x y) * z <
x * (y * z), we conclude that (z * y) * z € J due to the presence of the valid formula (J2).
Then z * z € J according to (St]). O

Corollary 2.3. Every ideal in a right distributive Bl-algebra is a weak ideal in it.
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Proof. Every ideal in the right distributive Bl-algebra is a strong ideal in it, according to
Theorem 2.5. This means that every ideal in a right distributive Bl-algebra is a weak ideal
in it according to Theorem 2.11 O

Remark 2.3. Let A = (A, *,0) be a Bl-algebra as in Example 2.1. The ideal J; = {0,a} is not a
positive implicative ideal in 2, as shown in [18], Example 3.3, but it is a weak ideal in A as shown
in Example 2.3.

3. CONCLUSIONS

The concept of Bl-algebras was introduced in 2017 by A. Borumand Saeid, H. S. Kim
and A. Rezaei. Ideals in such logical algebras were discussed in [3, 8, 18]. This paper is
a continuation, in the literal sense, of previous research on ideals in Bl-algebras. Here,
in this paper, two new ideals in Bl-algebras are designed: strong and weak ideals. It is
shown that these two concepts in Bl-algebras are different from each other.

As a continuation of such research on ideals in Bl-algebras, one could, for example,
create the concept of p-ideals in Bl-algebras as follows:

Definition 3.5. Let 2 = (A, x,0) be a Bl-algebra. A nonempty subset J in A is a p-ideal in 2 if
in addition to (J0) it also satisfies the following condition

PN (Vz,y,z€ A)(((zx2)x (yx2)e J ANyeJ) = z€J).

It can be immediately seen that every p-ideal in a Bl-algebra 2 = (A, *,0) is an ideal in
2. Indeed, if we put z = 0 in (p]), we get (J1).

One could, of course, try to establish a connection between the notion of p-ideal deter-
mined in this way and the notion of a strong/weak ideal in Bl-algebras.
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