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A study on Sasakian manifolds admitting ∗-η-
Ricci-Bourguignon solitons

AMIT SIL1 AND ALI AKBAR2

ABSTRACT. The aim of the the present paper is to investigate some curvature properties of Sasakian man-
ifold with respect to ∗-η-Ricci-Bourguignon soliton. We prove that a Sasakian manifold in view of ∗-η-Ricci-
Bourguignon soliton has a cyclic Ricci tensor. We also study some curvature identities like R(ξ, L).Ricg = 0,
Ricg(ξ,M).R = 0, H̄(ξ,N).Ricg = 0, where H̄ is Pseudo-projective curvature tensor. An example is illustrated
to support the result of the paper.

1. INTRODUCTION

In 1981, Jean-Pierre Bourguignon[4] introduced and studied Ricci-Bourguignon follow-
ing the work of Aubin[1]. The Ricci-Bourguignon (RB) flow is defined as follows:

Definition 1.1. Let (Mn, g) be a Riemannian manifold and h(t) be a group of metrics on Mn.
Then h(t) is called a evolve of the Ricci-Bourguignon flow [10] if the following relation is true for
h(t),

(1.1)
δh

δt
= −2(Ricg − crh),

with Ric stands for Ricci tensor under the metric g, r stands for scalar curvature and c in R stands
for an invariant.

The Ricci-Bourguignon flow will be converted to Ricci flow when c will be equal to
zero in the relation (1.1). For different values of c we get the following tensors:
For c = 1

2 , the tensor will become Einstein, for c = 1
n the tensor will become traceless Ricci

and for c = 1
2(n−1) it will reduce to Schouten. The clear concept of RB flow is also given

[2] in a space which is termed as Anti-de Sitter along a sphere. Shubham Dwivedi [10]
classified the Ricci-Bourguignon soliton in the following ways:

Definition 1.2. The RB-soliton of a Riemannian manifold M of dimension (2n+ 1) is defined in
the following way:

(1.2) LF g + 2Ricg = 2(ϑr − Ω)g,

where L represents the Lie derivative, F is a vector field on M and the real Ω is an invariant.

A. Ghosh et. al. [11] developed the concept of ∗-Ricci soliton on Sasakian manifolds
and (κ, µ)-contact manifolds. The ∗- Ricci tensor on a manifold M of dimension (2n + 1)
is given by the following relation:

2Ric∗g(X,Y ) = TrgZ −→ R(X,ϕY )ϕZ,
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where the vector fieldsX,Y, Z ∈ χ(M). Furthermore, the relation g(Q∗X,Y ) = Ric∗g(X,Y ),
holds for X,Y ∈ χ(M) for ∗ − Ricci operator Q∗ which covers the ∗-scalar curvature r∗.
The manifold M is considered as a ∗-Ricci flat when the ∗-Ricci tensor disappears in the
same way. Now the manifold M becomes ∗-η-Einstein when Ric∗g(E,F ) = Ωg(E,F ) +
ψη(E)η(F ) holds, ∀E, F ∈ χ(M). Also, the manifoldM turns into ∗-Einstein ifRic∗g(E,F ) =
Ωg(E,F ), i.e., if ψ = 0, ∀ E, F ∈ χ(M).

Definition 1.3. The ∗-η-RB soliton of a Riemannian manifold M of dimension (2n + 1), n ≥ 1
is defined by the existence of a vector field F in M with the following condition:

(1.3)
1

2
LF g +Ric∗g + ψη ⊗ η = [ϑr∗ − Ω]g,

where the vector field F ∈ χ(M).

We mention the projective curvature tensorH [19] as well as the Riemannian-Christoffel
curvature tensor R in the following manner:

(1.4) H(U, V )W = − 1

n− 1
[g(V,W )QU − g(U,W )QV ] +R(U, V )W,

(1.5) R(U, V )W +∇[U,V ]W = ∇U∇VW −∇V ∇UW,

where the Ricci operator Q is given by Ricg(U, V ) = g(QU, V ), ∀U, V,W ∈ χ(M). Also the
author in the paper [15] studied the Pseudo-projective curvature tensor. If we consider
Pseudo-projective curvature tensor by H̄ , then we can write

(1.6)
H̄(D,E)F + r

n (
α

n−1 + β)[g(E,F )D − Eg(D,F )]

= αR(D,E)F + β[Ricg(E,F )D − V Ricg(D,F )],

where D,E, F ∈ χ(M) and the scalar curvature r is given by r = tr(Ricg)Ricg and α, β ̸=
0 are constants.

The ∗-Ricci soliton and its generalization have been studied by many authors for metric
manifolds of contact and paracontact structures ( see [6], [7], [8], [9], [13], [14] ). The
authors in [5], proved the trivial condition of Schouten, traceless or Einstein Ricci soliton
when they consider the RB solitons. More recent research on this soliton is available in
[12], [17], [18]. The present paper is arranged as follows.
After introduction in section 1, we give some preliminaries in section 2. Section 3 deals
with Sasakian manifold satisfyiing ∗- η-Ricci-Bourguignon soliton. In sections 4, 5 and 6
we investigate some curvature properties of Sasakian manifold satisfying R(ξ, U).Ricg =
0, Ricg(ξ, U).R = 0, H̄(ξ, U).Ricg = 0, respectively for the Pseudo-projective curvature
tensor H̄ . In section 7 we give an example of a Sasakian manifold to support our results.

2. PRELIMINARIES

If a (1, 1) type tensor field ϕ, a vector field ξ, an 1-form η and the Riemannian metric g
are admitted by the smooth manifold M2n+1, then we can write[3]:

(2.7) ϕ2(E) = −E + η(E)ξ, ϕξ = 0, η(ξ) = 1, η ◦ ϕ = 0,

(2.8) g(ϕE, ϕF ) = g(E,F )− η(E)η(F ),

(2.9) g(ϕE,F ) = −g(E, ϕF ),

(2.10) η(E) = g(E, ξ),

∀ vector fields E,F ∈ χ(M).
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An almost contact manifold M of dimension (2n+1) is a contact metric with the struc-
ture (ϕ, ξ, η, g) if [3] dη(E,F )+ g(ϕE,F ) = 0. Furthermore, the normality condition for an
almost contact structure of M holds if

(2.11) [ϕ, ϕ](E,F ) = −2dη(E,F )ξ,

where Nijenhuis tensor is represented by [ϕ, ϕ] [3].
A Sasakian manifold is defined as a normal contact metric manifold.
The following relations are true in a Sasakian manifold of dimension (2n+ 1)[16]:

(2.12) ∇Eξ = −ϕE,

(2.13) R(E,F )ξ = η(F )E − η(E)F,

(2.14) R(ξ, E)F = ξg(E,F )− Eη(F ),

(2.15) (∇Eη)F = g(E, ϕF ),

where E,F ∈ χ(M), the Levi-Civita connection for g is denoted by ∇ and the Riemannian
curvature tensor is denoted by R.

3. SASAKIAN MANIFOLD ADMITTING ∗ - η-RICCI BOURGUIGNON SOLITON

Theorem 3.1. If M be an odd-dimensional (> 1) Sasakian manifold and g heeds ∗-η-Ricci-
Bourguignon soliton, then the manifold has cyclic Ricci tensor.

Proof. We assume thatM is an odd-dimensional Sasakian manifold with ∗-η-Ricci-Bourguignon
soliton. Then we can write :

(3.16) (Lξg)(U, V ) + 2Ric∗g(U, V ) + 2(Ω− ϑr∗)g(U, V ) + 2ψη(U)η(V ) = 0,

∀ U, V ∈ χ(M).
In Sasakian manifold, we have

(3.17) (Lξg)(U, V ) = 0,

where L stands for Lie derivative.
Equation (3.17) reduces to

(3.18) Ric∗g(U, V ) + (Ω− ϑr∗)g(U, V ) + ψη(U)η(V ) = 0.

With the help of the Lemma (5.3) (see page 284 in ([19]) and using definition of ∗-Ricci
tensor, we get

(3.19) Ric∗g(U, V ) = Ricg(U, V )− (2n− 1)g(U, V )− η(U)η(V ) = 0,

∀ vector fields U, V ∈ χ(M).
Replacing (3.19) in (3.18) we obtain

(3.20) Ricg(U, V ) = [2n− 1− Ω+ ϑr∗]g(U, V )− (ψ − 1)η(U)η(V )

Putting V = ξ in equation (3.20), we have

(3.21) Ricg(U, ξ) = [2n− Ω+ ϑr∗ − ψ]η(U).

Again for an odd-dimensional Sasakian manifold with Ricci tensor field we have

(3.22) Ricg(U, ξ) = 2nη(U).

Then from (3.21) and (3.22) we have

(3.23) ψ = ϑr∗ − Ω.
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We know that

(3.24) (∇URicg)(V,W ) = URicg(V,W )−Ricg(∇UV,W )−Ricg(V,∇UW ),

∀ U, V,W ∈ χ(M).
Using (3.20) and (2.15) we get

(3.25) (∇URicg)(V,W ) = (ψ − 1)[η(V )g(ϕU,W ) + η(W )g(ϕU, V )].

Similarly, we get

(3.26) (∇VRicg)(W,U) = (ψ − 1)[g(ϕV,U)η(W ) + g(ϕV,W )η(U)].

and

(3.27) (∇WRicg)(U, V ) = (ψ − 1)[g(ϕW, V )η(U) + g(ϕW,U)η(V )].

Then combining (3.25), (3.26) and (3.27) and using (2.9) we get

(3.28) (∇URicg)(V,W ) + (∇VRicg)(W,U) + (∇WRicg)(U, V ) = 0,

∀ U, V,W ∈ χ(M).
This gives the end of the proof. □

Theorem 3.2. LetM be an odd-dimensional Sasakian manifold. If g heeds ∗-η-Ricci-Bourguignon
soliton, then ψ = 1 and ∗-scalar curvature,r∗ = Ω+1

ϑ .

Proof. We suppose that ∇Ricg = 0. Then putting W = ξ in (3.25) we get

(3.29) g(ϕU, V )(ψ − 1) = 0,

∀ U, V ∈ χ(M).

The above relation leads to ψ = 1. Then from (3.23) we get r∗ = Ω+1
ϑ .

Thus we have the proof. □

4. SASAKIAN MANIFOLD ADMITTING ∗- η-RICCI-BOURGUIGNON SOLITON WITH
R(ξ, U).Ricg = 0

Theorem 4.3. Let M be an odd-dimensional Sasakian manifold with R(ξ, U).Ricg = 0. If ∗-η-
Ricci-Bourguignon soliton is heeded by the metric g, then ψ = 1,∗-scalar curvature r∗ = Ω+1

ϑ .

Proof. Let us supposed that, R(ξ, U).Ricg = 0. This implies that

(4.30) Ricg(R(ξ, U)V,W ) +Ricg(V,R(ξ, U)W ) = 0,

∀ U, V,W ∈ χ(M).
Using (3.20) we get from (4.30)

(4.31) (ψ − 1)[η(W )g(U, V ) + η(V )g(U,W )− 2η(U)η(V )η(W )] = 0.

Putting W = ξ in the above equation we get

(4.32) (ψ − 1)g(ϕU, ϕV ) = 0.

This gives

(4.33) ψ = 1.

Now from (3.23) we get

(4.34) r∗ =
Ω+ 1

ϑ
.

Hence the theorem is proved. □
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In view of (4.33) and (4.34) we get from (3.20)

(4.35) Ricg(U, V ) = (2n− 1)g(U, V ).

Now we arise to give a clarification by the following statement :

Corollary 4.1. An odd-dimensional Sasakian manifoldM heeding ∗-η-Ricci-Bourguignon soliton
with R(ξ, U).Ricg = 0 is Einstein manifold.

5. SASAKIAN MANIFOLD ADMITTING ∗-η-RICCI-BOURGUIGNON SOLITON WITH
Ricg(ξ, U).R = 0

Theorem 5.4. Let M be an odd-dimensional Sasakian manifold with Ricg(ξ, U).R = 0. If ∗-η-
Ricci-Bourguignon soliton is heeded by the metric g, then ψ = 1− 4n and r∗ = Ω−4n+1

ϑ .

Proof. We suppose that, Ricg(ξ, U).R = 0. Then this implies that

(5.36)
Ricg(U,R(V,W )X)ξ −Ricg(ξ,R(V,W )X)U +Ricg(U, V )R(ξ,W )X

− Ricg(ξ, V )R(U,W )X +Ricg(U,W )R(V, ξ)X −Ricg(ξ,W )R(V,U)X
+ Ricg(U,X)R(V,W )ξ −Ricg(ξ,X)R(V,W )U = 0,

∀ U, V,W,X ∈ χ(M).
Taking inner product on both-side of (5.36) by ξ we get

(5.37)
Ricg(U,R(V,W )X)− η(U)Ricg(ξ,R(V,W )X) + η(R(ξ,W )X)Ricg(U, V )

− η(R(U,W )X)Ricg(ξ, V ) + η(R(V, ξ)X)Ricg(U,W )− η(R(V,U)X)Ricg(ξ,W ))
+ η(R(V,W )ξ)Ricg(U,X)− η(R(V,W )U)Ricg(ξ,X) = 0.

Using (3.20) and putting W = X = ξ, we obtain from (5.37)

(5.38) [4n− 1− 2Ω + 2ϑr∗ − ψ]g(ϕU, ϕV ) = 0.

Hence the equation (5.38) gives

(5.39) 4n− 1− 2Ω + 2ϑr∗ − ψ = 0.

In view of (3.23) we obtain from (5.39)

(5.40) r∗ =
Ω− 4n+ 1

ϑ
.

Again from (3.23) we obtain

(5.41) ψ = 1− 4n.

This complete the proof. □

Furthermore, we have from (5.39), (5.41) and (3.20)

(5.42) Ricg(U, V ) = −2ng(U, V ) + 4nη(U)η(V )

Hence we arrive to give a clarification by the following statement:

Corollary 5.2. An odd-dimensional Sasakian manifoldM heeding ∗-η-Ricci-Bourguignon soliton
with Ricg(ξ, U).R = 0 is η-Einstein manifold.
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6. SASAKIAN MANIFOLD ADMITTING ∗-η-RICCI-BOURGUIGNON SOLITON WITH
H̄(ξ, U).Ricg = 0

Theorem 6.5. Let M be an odd-dimensional Sasakian manifold with H̄(ξ, U).Ricg = 0. If ∗-η-
Ricci-Bourguignon soliton is heeded by the metric g, so either ψ = 1,r∗ = Ω+1

ϑ or r = 2n(2n+1)α
α+2nβ ,

where α, β ̸= 0 are constants.

Proof. We consider that H̄(ξ, U).Ricg = 0. Then we have the following:

(6.43) Ricg(H̄(ξ, U)V,W ) +Ricg(V, H̄(ξ, U)W ) = 0,

where U, V,W ∈ χ(M) and H̄ is the Pseudo-projective curvature tensor in M .
Now from (1.6) we can write

(6.44)
H̄(ξ, U)V = αR(ξ, U)V + β{Ricg(U, V )ξ −Ricg(ξ, V )U}

− r
2n+1 (

α
2n + β){g(U, V )ξ − g(ξ, V )U},

where α, β ̸= 0 are constants.
In view of (2.14), (3.20) and (3.21) we obtain from (6.44)

(6.45)
H̄(ξ, U)V = {α− r

2n+1 (
α
2n + β)}{g(U, V )ξ − η(V )U}

+ β{2n− 1− Ω+ ϑr∗}{g(U, V )ξ − η(V )U}
+ β(ψ − 1){η(V )U − ξη(U)η(V )}.

Using (3.20) in the equation (6.45) we obtain

(6.46)

Ricg(H̄(ξ, U)V,W )
= {2n− 1− Ω+ ϑr∗}{α− r

2n+1 (
α
2n + β)}{η(W )g(U, V )− g(U,W )η(V )}

+ β[2n− 1− Ω+ ϑr∗]2{g(U, V )η(W )− g(U,W )η(V )}
− β(ψ − 1){2n− 1− Ω+ ϑr∗][g(U, V )η(W )− g(U,W )η(V )}
− (ψ − 1){α− r

2n+1 (
α
2n + β)}{η(W )g(U, V )− η(U)η(V )η(W )}.

By interchanging V and W in equation (6.46) we obtain

(6.47)

Ricg(H̄(ξ, U)W,V )
= {2n− 1− Ω+ ϑr∗}{α− r

2n+1 (
α
2n + β)}{η(V )g(U,W )− g(U, V )η(W )}

+ β{2n− 1− Ω+ ϑr∗}2{η(W )g(U, V )− g(U, V )η(W )}
− β(ψ − 1){2n− 1− Ω+ ϑr∗}{η(V )g(U,W )− g(U, V )η(W )}
− (ψ − 1){α− r

2n+1 (
α
2n + β)}{η(V )g(U,W )− η(U)η(W )η(V )}.

Using (6.46) and (6.47) in (6.43) we have
(6.48)

{(ψ − 1)α− r
2n+1 (

α
2n + β)}{η(W )g(U, V ) + g(U,W )η(V )− 2η(U)η(V )η(W )} = 0.

Now putting W = ξ in (6.48) we get

(6.49) (ψ − 1){α− r

2n+ 1
(
α

2n
+ β)}g(ϕU, ϕV ) = 0.

So from (6.49) we have either, ψ = 1 or r = 2n(2n+1)α
α+2nβ .

Now if ψ = 1, then from (3.23) we obtain

(6.50) r∗ =
Ω+ 1

ϑ
.

This complete the proof. □

Now if ψ = 1 and r∗ = Ω+1
ϑ , then from (3.20) we get

(6.51) Ricg(U, V ) = (2n− 1)g(U, V ).

Hence we arrive to give a clarification by the following statement:
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Corollary 6.3. An odd-dimensional Sasakian manifoldM admitting ∗-η-Ricci-Bourguignon soli-
ton with H̄(ξ, U).Ricg = 0 is Einstein manifold when r ̸= 2(2n+1)nα

α+2nβ , where α, β ̸= 0 are
constants.

7. EXAMPLE

Let us first give an example of a five dimensional Sasakian manifold. Let us consider
the five dimensional manifold M = {(u, v, w, p, q) ∈ R5 : q ̸= 0}, where (u, v, w, p, q) are
the standard co-ordinates in R5.

We consider linearly independent vector fields on M given by

f1 = 2(q
∂

∂w
− ∂

∂u
), f2 = 2

∂

∂q
, f3 = −2

∂

∂w
, f4 = 2(v

∂

∂w
− ∂

∂p
), f5 = −2

∂

∂v
.

Now metric g is given by

g(fs, ft) = 0, s ̸= t; s, t = 1, 2, 3, 4, 5.

Also we have

g(f1, f1) = g(f2, f2) = g(f3, f3) = g(f4, f4) = g(f5, f5) = 1.

Now 1-form η is written with η(U) = g(U, f3), ∀ vector field U ∈ M . We consider the
(1, 1)-tensor field ϕ in the following way:

ϕf1 = f2, ϕf2 = f1, ϕf3 = 0, ϕf4 = f5, ϕf5 = −f4.

Now we can write

η(f3) = 1, ϕ2(W ) = −W + η(W )f3, g(ϕW,ϕX) = g(W,X)− η(W )η(X)

where W , X are the vector fields on M .
So for f3 = ξ, the structure (ϕ, ξ, η, g) forms a Sasakian formation on M .
We consider the Levi-Civita connection ∇. So we can proceed as follows:

[f1, f2] = 2f3, [f4, f5] = 2f3.

For the remaining cases [fs, ft] = 0. The Koszul formula is given by

2g(∇UV,W ) = Ug(V,W )+V g(W,U)−Wg(U, V )−g(U, [V,W ])−g(V, [U,W ])+g(W, [U, V ]),

where U, V,W ∈ χ(M).
By Koszul’s formula, we obtain the following:

∇f3f1 = 0, ∇f1f2 = f3, ∇f1f3 = f2, ∇f1f4 = 0, ∇f1f5 = 0,

∇f1f1 = 0, ∇f1f2 = f3, ∇f1f3 = f2, ∇f1f4 = 0, ∇f1f5 = 0,

∇f2f1 = f3, ∇f2f2 = 0, ∇f2f3 = f1, ∇f2f1 = 0, ∇f2f1 = 0,

∇f3f1 = f2, ∇f3f2 = f1, ∇f3f3 = 0, ∇f3f4 = 0, ∇f3f5 = f4,

∇f4f1 = 0, ∇f4f2 = 0, ∇f4f3 = f5, ∇f4f4 = 0, ∇f4f5 = f3,

∇f5f1 = ∇f5f2 = ∇f5f3 = ∇f5f4 = ∇f5f5 = 0.

So this implies that the structure (M,ϕ, ξ, η, g) forms a Sasakian manifold. Obviously, the
results can be easily established.
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8. CONCLUSION

The article deals with the study of Sasakian manifold with ∗-η-Ricci-Bourguignon soli-
ton. Also we apply some geometrical identities on Sasakian manifold. The outcomes of
the work play a significant role to determine the scalar curvature and ∗-scalar curvature
in geometrical analysis. Also few achievements of research in this way exist in others
framework like quasi-Sasakian manifold etc. Working on this research we have noticed
that if the relation between Ricci tensor and ∗-Ricci tensor is established on different type
of manifolds, then many significant results may be disclosed in near future.

Acknowledgments. The authors would like to thank the referee for some useful com-
ments and their helpful suggestions that have improved the quality of this paper.
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Sasakian-space-forms with Î²-Kenmotsu structure, J. Korean Math. Soc. 60(2023) 341-358.
[7] Cho, J. T.; Kimura, M. Ricci solitons and real hypersurfaces in a complex space form, Tohoku Math. J.,

61(2009), 205-212.
[8] Dey, S.; Turki, N. B. ∗-η- soliton and gradient almost ∗-η- soliton within the framework of para-Kenmotsu

manifolds, Front. Phys. 10(2019), 809405, https://doi.org/10.3389/fphy.2022.809405.
[9] Dey, S.; Sarkar, S.; Bhattacharyya, A. ∗-η- Ricci soliton and contact geometry, Ricerche di Matematica(2021)

https://doi.org/10.1007/s11587-02100667-0.
[10] Dwivedi, S. Some results on Ricci-Bourguignon solitons and almost solitons, preprint

(2020).(arXiv:1809.11103v2 [math.DG].
[11] Ghosh, A. Kenmotsu 3-metric as Ricci solitons, Chaos, Solitons and Fractals, 44(2011) 647-650.
[12] Ghosh, A.; Patra, D. S. ∗-Ricci Soliton within the frame-work of Sasakian and (κ, µ)-contact manifold,

International Journal of Geometric Methods in Modern Physics, 15(2018), 1-23.
[13] Li, Y. L.; Dey, S.; Pahan, S.; Ali, A. Geometry of conformal η-Ricci solitons and conformal η-Ricci almost

solitons on paracontact geometry, Open Math. 20(2022) 574-589.
[14] Prakasha, D. G.; Hadimani, B. S. η-Ricci solitons on para-Sasakian manifolds, J. Geom., DOI 10.1007/s00022-

016-0345-z. and its geometric applications arxiv math., DG. 1021111599(2016).
[15] Prasad, B. A pseudo projective curvature tensor on a Riemannian manifold. Bull. Calcutta Math. Soc.,

94(2002) 163-166.
[16] Roy, S.; Dey, S.; Bhattacharyya, A.; Hui, S. K. ∗-Conformal η-Ricci Soliton on Sasakian manifold,

arXiv:1909.01318v1 [math.DG](2019)..
[17] Singh, A.; Kishor, A. Some types of η-Ricci Solitons on Lorentzian para-Sasakian manifolds. Facta Universi-
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