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Positive solutions to higher order fractional boundary value
problems with non-homogeneous conditions

B. R. KUMAR!, N. SREEDHAR?, AND K. R. PRASAD?

ABSTRACT. In this study, we consider the higher order nonlinear three-point fractional order boundary value
problem containing a non-homogeneous term

DI u(t)+a(t) f(u(t)) =0, te€(0,b),
uD0)=0,=0,1,...,n—2,
uP (b)) — au® (€) = A, pe {1,2,...,n — 2} is a fixed integer,
where Dg . is the Riemann-Liouville fractional derivative of order ¢ € (n — 1,n] with n > 2 being a nat-
ural number, o is a positive real constant such that 0 < a < ( g)q_p A € [0,00)isa parameter and

0 < £ < b < oco. We establish the existence as well as nonexistence of positive solutions by utilizing the
Guo—Krasnosel’skii fixed point theorem.

1. INTRODUCTION

Fractional differential equations have emerged as powerful tools for modeling and ana-
lyzing complex systems across various scientific and engineering disciplines. These equa-
tions involve derivatives of both integer and non-integer orders. This unique feature that
enables them to effectively capture memory and hereditary properties inherent in many
physical and biological processes. They are particularly valuable in fields such as physics,
chemistry, aerodynamics, complex media electrodynamics, polymer rheology, and related
areas, where traditional models often fail to accurately describe anomalous behaviors.

Due to their ability to represent such intricate dynamics, fractional differential equa-
tions have generated substantial interest in both theoretical studies and applied research,
with the aim of solving real-world problems more accurately. This dual focus has driven
the development of advanced methods specifically designed for fractional order models,
making them more useful and effective in modern science, we refer the books [10, 12, 4]
for fractional calculus.

In 2011, Saadi and Benbachir [14] established the positive solutions for three-point non-
linear fractional boundary value problem (BVP)

Di u(t) +a(t)f(u(t) =0, 0<t<l, 2<qg<3,
u(0) =0, w'(0)=0, «'(1)—p(n) =2,
where 0 < n < 1, using Guo—Krasnosel’skii and Schauder’s fixed point theorems. Tidke

and Patil [19] in 2023, studied the existence and uniqueness of solutions to the following
fractional BVP

(Diu(t) = f(t,ult), t € [a,b],
. . 1
u(a) =¢j, =0,1,...,n -2, u""V(b) = ¢,
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where ¢ € (n — 1,n], by using S-iteration method. In 2024, Shivanian [15] proved the
presence and uniqueness of solutions to the higher order three-point fractional BVP

eDiu(t) + f(t,u(t)) =0, te(0,1),

u(j)(()) =0,7=0,1,...,m—2, u(l) =~u(n),

where ¢ € (m —1,m],0 < n < 1and Dy is Caputo fractional derivative, by Banach fixed
theorem. For more information, here are a few relevant papers, see [2, 20, 1, 6, 11].

Based on the above studies, we consider the higher order fractional differential equa-
tion

1.1) Dy u(t) +a(t)f(u(t)) =0, € (0,0),
satisfying the conditions with non-homogeneous type

u(0)=0,j=0,1,...,n—2,

(1.2)
uP (b) —ou® (€) = X\, pe {1,2,...,n— 2} is a fixed integer,

where D{, denotes Riemann-Liouville fractional derivative of order ¢ € (n — 1,7n] with
n > 2being a natural number, A € [0, 00) is a parameter, 0 < { < b < 0o, ais a positive real
constant such that 0 < a < (g) qip*l, and establish the existence as well as nonexistence
of positive solutions. The problem described in (1.1)-(1.2) is a generalization of several
existing problems of both integer and non-integer orders found in the literature; see [17,
14,18, 8,13, 16, 7, 9]. We now suppose that the following conditions are valid:

(C1) f(u) € CRT,RY), a(t) € ¢(j0,b,RT) and a(t) is not identically zero on any
closed subinterval of [0, b],

(C2) the constant « is a positive real number such that 0 < a < (g)quq’

(C3) the nonnegative extended real numbers fy and f, exist and are defined as

fo= lim M and fo, = lim M
u—0t U u—o0o U

We say that f is superlinear if it satisfies fy = 0 and fo, = oo and, that f is sublinear if
it satisfies fo = oo and fo = 0.

An overview of the remaining portion of the study is mentioned here. Section 2 con-
tains the solution of (1.1)-(1.2), which can be expressed as the solution of the correspond-
ing integral equation involving kernel functions. Furthermore, explicit bounds for a spe-
cific kernel function are derived. Section 3 focuses on establishing the existence as well as
nonexistence of positive solutions to the problem (1.1)-(1.2). The examples are constructed
to demonstrate the applicability of the main results in the last section.

2. ESTABLISHING KERNELS AND BOUNDS

The solution to the problem (1.1)-(1.2) is represented into the solution of the corre-
sponding integral equation, which contains kernel functions and the inequalities for ker-
nel functions are established. These are helpful in illustrating our discoveries.

Let U(t) € C(]0,b], R+). Then the solution to the problem
(2.3) Di u(t) +9(t) =0, te(0,b),

with the conditions specified in (1.2), is established.
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Lemma 2.1. Let x = b9 P~1 — o&97P~1 If the condition (C2) holds, then the solution to the
equations (2.3) and (1.2) is given by

(24) wu(t) = [H A / M(t,s)¥(s)ds + at”? / N (& 5)¥(s)ds, t € 0,0,
Jj= 1
where
ti=t(b— )Pt (t—s)at
- - , 0<s<t<b,
(2.5) M(t,s) = tq_bf(b”_ gg@,_l I(q)
TEE A 0<t<s<b,
and
S N (A U
- ) 0 S S S é- < bu
(26) NEs) =3 corfyaios 1
bi—P-10(q) 0=fsssb

Proof. Let u(t) € Cl4+1[0,b] be a solution of fractional BVP (2.3), (1.2). Then the solution
of the equation (2.3) is

1 t
2.7) u(t) = ert?™t fegtt™2 4 pe T — / (t — )71 W(s)ds,
L'(q) Jo
where e1, ez, . .., e, are arbitrary constants. Using the conditions (1.2), one can obtain
en=0,e,-1=0,...,e0 =0, and
A 1
e =

[0, (q— )] (b7 —agar-1) (71 — agr-1)(g)

«

’ —p—1 ¢ —p—1
/O(b—s) W (s)ds (bq_p_l_afq_p_l)r(q)/o (€ — )7 P 1 (s)ds.

Substituting these values in (2.7), we have

ult) = A ; e
- [IP_ (g — )] (pepmt —agert) o (bP —agePm1) T(g)
b — $)1-r-1u(5)d at?”! ‘ 4=p-1y(5)d
[ o= - g e s
I 1
0 /0 (t — )70 (s)ds
B a1 N [bqufl _ agqufl 4 aqupfl] ta—1
C (g — )] (bt —agamp=1) T bimpl(bimpl —agimp1)T(g)
b — $)1-r1u(5)d at?”! ¢ 4=p=1y(5)d
[ o= - g e s

I 1
@/0 (t — )70 (s)ds
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q—1 t rag—1(1, _ \g—p—1 ; a—1
- At +/ {t () (t—s) ]\I/(S)ds
[[_sa— )] vt —agorty o L 727T(0) o)

b 1g—1 —p—1 -1
t1=1(b—s)1P atd
e R

3 qupfl(b_s)qufl7(5_8)1171)71 e bgqufl(b_s)qufl o\de
{/o e ) s+ [ )d}

1 1
S U /./\/lts ds+atq /N& )¥(s)ds.

P
j= 1

Lemma 2.2. The kernels M(t,s) and N(t,s) given in (2.5) and (2.6) respectively, fulfills the
following stated inequalities:
(i) M(t,s) > 0and N(t,s) >0 forallt,s € [0,b],
(i) M(t,s) < M(b,s) forallt,s e |0,b],
(i) M(t,s) > z=r M(b,s) forallt € I and s € [0,b], where I = [%,32].

O

Proof. The inequalities are obtained by using algebraic computations. O

The Guo—Krasnosel’skii fixed point theorem is the analytical tool utilized to establish
the main findings of this study.

Theorem 2.1. [3, 5] Let P be a cone in a Banach Space B. Let ©1 and O, be two open subsets of
Bwith 0 € ©1 and ©1 C O. If the function T : P N (O \ ©1) — P is completely continuous
operator satisfying the following conditions, either

@ 1Tl < |lull, forue PNoBy and ||Tul| > ||ull, for ue P NoOs,or

@) || Tull = ||lull, foru € PNIOy and ||Tu|| < |ull, for u € PN IO2,
then the operator T has a fixed point in P N (O3 \ ©1).

3. EXISTENCE AND NONEXISTENCE OF POSITIVE SOLUTIONS

In this section, we establish both the existence and nonexistence of positive solutions
for the BVP (1.1)-(1.2). To facilitate our analysis, we consider the Banach space
B = {u:ue(C|0,b]} equipped with the norm

= t).
lull = masc [u(?)
Next, we define a cone P within 5 as follows:
. 1
P= {u €B:u(t)>0ont e [0,b] and rtnel}lu(t) > 4q_1||u|} .

Based on the integral equation (2.4), we introduce the operator 7 : P — B, defined as

follows:

Tu(t) — p)\L

(3.8) [ 1(q —J)} X
/ Mt $)als) f(u(s))ds + S / Y (€, s)a(s) f(u(s))ds
X 0 ’ ’

foru e Pandt € [0,b)].
Lemma 3.3. The operator T : P — B defined in equation (3.8) is a self map on the cone P.
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Proof. By positivity of kernels M(t, s) and N (€, s), we have Tu(t) > 0ont € [0, b] and for
u € P. Applying Lemma 2.2 and for u € P, to obtain

! o q—1 b
Tu(t):[ - At /M (u(s))ds + tX AN(g’s)a(S)f(u(s))dS
Abi—1 I
< [ f 1 / M(b, s) (u(s))ds + N /ON(f’S)a(S)f(U(S))ds.
So,
q—1
1 Tu| < 5 Ab? / M(bs)a(s) Flu(e)ds
(3.9) [
qg—1
s / N (€ s)a(s)f(u(s))ds,

for any u € P. Further, from the 1nequahty (3.9) and for u € P, we obtain

tel tel

”I/Na <>>s}

min 7T u(t) —min{[ - At / M(t, s) (u(s))ds

Jj= 1

ab?1

/0 N(E, s)a(s)f(u(s))ds}

> 101 (| 7wl

Therefore, 7 : P — P and hence, it is proved.

Moreover, according to Arzela-Ascoli theorem, 7 is a completely continuous operator.
Let

b g—1 b -1
(3.10) L= { /0 M. s)afs)ds + : /O N(é,s)a(s)ds}
and
- -1
(3.11) Lo =4%172 {/ M(b, s)a(s)ds + abt? N(§,s)a(s)ds} .
sel sel

]

Theorem 3.2. Assume that conditions (C1) and (C2) are fulfilled. If the function f fulfills the
properties fo = 0 and foo = 00, then the BVP (1.1)-(1.2) admits at least one positive solution for
sufficiently small values of .

Proof. We will now demonstrate that the BVP (1.1)-(1.2) possesses at least one positive
solution when A > 0 is sufficiently small.
By the definition of fo = 0, there exist £; > 0 and H; > 0 such that

(3.12) fu) < Lyu, 0<u<H.
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Let X satisfy

Ha [ ?:1(‘1 _J)} X
2pa-1

Choose u € P and |lu|]| = Hi, then from Lemma 2.2 and by the inequalities (3.12) and
(3.13), we have

(3.13) 0< AL

q—1 a q—1 b
Tu(t):{ il / Mt 5)a(s) fu(s))ds + 2 [N s)al) fluls))ds
i abd~t b
< M(b, 5)a(s)f(u(s))ds + N(E, s)als)f (u(s))ds
[ (g ] / X /0

<7+£1

/Mbs )ds+abq 1/N§, Ya(s)u (s)ds]

ab?~1
<—+£1 //\/lbs a(s)ds + /N«E, a(s)ds| [ull
Hi  H;
< =4 == =
2 + 2 Hla

so that
Tu(t) < Hi, fort € [0,b].
Therefore, || Tu|| < Hi = |Ju|. If we take
O ={ueB:|ul| <Hi},
then
(3.14) | Tu| < lul|, forue PN oQ,.
Since f., = 00, there exist L5 > 0 and Hs > 0 such that
(3.15) flu) > Lou, u>Ho.
Let Ho = max {2H1,49 ', } . Choose u € P with [Ju|| = Hz, then

lull > Ho.

. 1
(3.16) rtnel}lu(t) > 11

Then from Lemma 2.2, and by inequalities (3.15) and (3.16), one can obtain

Atd—1 atd™!

Tu(t) = /Mts (u(s))ds +
{ = 1(] ]

> / M(t, s)a(s) f (u(s))ds +

b
/0 N, s)a(s) f (u(s))ds

at?™!

/0 N (&, s)a(s) f(u(s))ds

a1

tel

b o b
zmm{ | Mitsgats) futpas+ o [ N(f,s)a<s>f<u<s>>ds}

> o { [ Moo s+ = [ wspalo) tuteas
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2 [ Mo+ U [N atsuas)

c pr-!
> 53 {/SEIM(b,s)a(s)der “ - /SGIN(E,s)a(s)ds} I

Tu(t) > |ull, fort € [0,D].
Hence, ||Tu| > ||u|. Now, if we take
Oy ={ueB:|ul| <Ha},

So that

then
(3.17) |7l > |Ju||, foru € P NOQ,.

Consequently, applying Theorem 2.1 to the equations (3.14) and (3.17), the operator 7
possesses at least one fixed point u € P N (02 \ 1), which serves as the positive solution
to the problem (1.1)-(1.2). O

Theorem 3.3. Assume that the conditions (C1) and (C2) are fulfilled. If the function f fulfills
the properties fo = 0 and fo = oo, then the BVP (1.1)-(1.2) admits no positive solution when A
is sufficiently large.

Proof. We verify that when ) is sufficiently large, the problem (1.1)-(1.2) admits no positive
solution. For this, for any positive integer m, there exist 0 < A\; < Ag < -+ < Ay < -+
with lim;, oo A = 00 such that the problem

D3 u(t) +a(t)f(ut)) =0, te(0,b),
u(0)=0,j=0,1,...,n—2,
u(”)(b) — au(p)(f) = Am, P € {1,2,...,n — 2} is a fixed integer,

possesses a positive solution u,, (¢). From equation (2.4), one can obtain

Amb?~1 ab?~!

U (b) = [ / M(b, s) (u(s))ds +

P
Jj= 1

)\mbq1
>———— 300 as m — oo.

{ le(q —J )] X
Thus, ||un,| — oo as m — oo. B
From the definition of f., = oo, there exist L, > 0 and H > 0 such that
flu) >2Lou, u>H.
Let m be sufficiently large such that ||u,, | > H. Then

b
/0 N(E, s)a(s)  (u(s))ds

HumH > um(b)
A 0971 abi~t [°
_ [ P /Mbs Flun(5)ds + /()N(f,s)a(s)f(um(s))ds
ab?~1
> / M0, 5)als) (i (5))ds + 22 / N(€, 5)a(5) f (m (5))ds

ab?™1

> 2L, { M(b, s)a(s)um(s)ds +

sel

/SGIN(fv S)a(s)um(S)ds}
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2L bt
> e [ Mesaas+ [ wesaeas)

= 2l[uml],

sel

which leads to contradiction and hence the theorem. O

Theorem 3.4. Assume that the conditions (C1) and (C2) are fulfilled. If the function f fulfills
the properties fy = oo and foo = 0, then the BVP (1.1)-(1.2) admits at least one positive solution

forany X € (0, 00).
Proof. Since f = oo, there exist £3 > 0 and J; > 0 such that
fu) > Lau, 0<u< T,
where L3 > L5 and £, is mentioned in (3.11). Then for any v € P, ||u|| = J1, we get

atd™!

Tu(t) = — / M(t, s)a(s) f (u(s))ds + /O N, s)a(s)f (u(s))ds

|:J1QJ

atd—1
> / M(t.5)a(e)f (u(s))ds + = / N(€, s)als) f (u(s))ds

. b ata—1 b
>mm{ | Mitsgats) futas+ o [ Ms,s)a(s)f(u(s))ds}

tel

> oo { [ Mo+ L [ e s sato)as)

L3 ab?~!
> T { SEIM(b, s)a(s)u(s)ds + . zejN(f,s)a(s)u(s)ds}
> % { [ M s)ats)ds + O‘b; /SEIN(f,s)a(s)ds} ]
= |ull

Therefore, || Tu|| > ||ul|. Now, if we set Q3 = {u € B : |Jul| < J1}, then
(3.18) | Tul| > ||ul|, foru € PN OQs.
Further, since f> = 0, there exist £, > 0 and 7> > 0 such that

flu) < Lyu, u> T,

where £4, < £y and £, is mentioned in (3.10). The result is demonstrated by examining
the below cases.
Case (i): Suppose the function f is bounded. Then there is a positive constant R with

flu) <R, 0<u<oo.

We now take

q—1
Jp > max 251,?,L ,
L [ ?:1(61_.7')}96
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and then for any u € P with ||u|| = J2, we obtain

1 —1
Tu(t) = — M / MU, 5)a(s) f(u(s))ds + <

[ =1 q ]

b1 abt= IR [

< +’R/ M(b, s)a(s)ds + / N (&, s)a(s)ds

[ §-’71(q—j)}x 0 X Jo
Jz T2
7 + 7 = Jo.

So, [[Tul| < [ull
Case (ii): Suppose the function f is unbounded. Choose

- 2Xb71
jQZmaX 2\.7171.727p—. )
[Hj:l(q_.j)} X
with
flw) < f(F2), 0<u< o
Then for u € P and ||u|| = J2, we have

gq—1 q—1
Tu(t) = +— Al /Mts Flu(s))ds + 2
[0 -] x
g—1 ba— 1
< A /Mbs jz)ds+
[ =1 q .7

T2 abt=1 b
< 5 T L4T> {/0 M(b, s)a(s)ds + N /0 N(E,s)a(s)ds}

So, || Tu|| < ||ul|. Therefore, in both cases, we can define

Qy={ueP:|ul <},
then

(3.19) [Tull < |Jull, foru € P N oy

/ N (& 5)a(s) F(T)ds

195

b
/0 N(€,8)a(s)/ (u(s))ds

b
/0 N, s)a(s) f(u(s))ds

Hence by Theorem 2.1, the inequalities (3.18) and (3.19), the operator 7 has at least one
fixed point u € P N (Q4 \ Q3), which serves as the positive solution to the problem (1.1)-

(1.2).

4. EXAMPLES
Examples are offered to support our established results.
Example 4.1. Consider the fractional differential equation
(4.20) Diu+2t+ 1) =0, te(01),
with

(4.21) w(0) =0, v (0) =0and v’ (1) — —=u’ <1) =\

O
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Here
f(ut) = (u(t))? and a(t) = 2(t + 1), fort € [0,1].

Clearly, f(u) is a continuous function on R™ and a(t) is a continuous function on [0, 1] such that
a(t) # 0 on any closed subinterval of [0, 1]. Also,

O s

Then the conditions (C1) and (C2) are satisfied. Further,
3 3

LU . u
fo= lim — =0and foo = lim — = o0.
u—0t U uU—00 U

So, all the conditions of Theorem 3.2 are satisfied and hence, the problem (4.20) and (4.21) has at
least one positive solution by choosing A that 0 < X\ < 2, where Hy > 0. According to Theorem
3.3, the problem (4.20) and (4.21) has no positive solution for sufficiently large values of .

Example 4.2. Consider the fractional differential equation

z 1
(4.22) Oau + 5(t +2)e 2 =0, te(0,1),
with
(4.23) w(0) =0, v/ (0) =0, v”(0) =0and u" (1) — Lu" (1) =\
. ) ) 4\/§ 4
Here

f () = e 2"® and a(t) = %(t +2), fortelo,1].

Clearly, f(u) is a continuous function on R* and a(t) is a continuous function on [0, 1] such that
a(t) # 0 on any closed subinterval of [0, 1]. Also,

AN 1
(5) SIS A

Then the conditions (C1) and (C2) are satisfied. Further,

—2u —2u

. . €
fo= lim =ocoand foo = lim
u—0t U u—oo U

=0.

Therefore, all the assumptions of Theorem 3.4 are satisfied and implying that the problem (4.22)
and (4.23) admits at least one positive solution for any X € (0, c0).

5. CONCLUSIONS

This paper establishes the existence of positive solutions to the fractional order prob-
lems with three-point boundary conditions involving a non-homogeneous term, using
the Guo-Krasnosel’skii fixed point theorem. These results unify the theory of integer and
non-integer order differential equations and highlight the effectiveness of fractional cal-
culus.
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